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While most research on strategic manipulation in two-sided matching markets has focused on agents’ incentives to misreport their
own preferences, little attention has been given to their incentives
to manipulate preferences from agents on the other side of the market. This paper fills this gap by showing that in two sided stable
matching mechanisms in which colleges are not fully allowed to
express their true preferences over students, colleges have incentives to reduce their attractiveness among unacceptable students.
We identify at least two scenarios in which such behavior is expected two occur: when colleges share the same legal preferences
over students, or when the market is sufficiently large. This contrasts with previous results from the literature that would predict
that colleges’ incentives to reduce their quality for a subset of unacceptable students should disappear in large stable matching markets. The results from this paper thus highlight the importance of
the imposition of regulatory policies that not only prevent schools
from giving low priority to less profitable students in the admission
process, but also prevent them from discouraging the application of
those students.
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When studying two sided matching markets one usually takes agents’ preferences as given, while assuming they are completely free to express any arbitrary
preferences to the matchmaker. As a result, the study of strategic manipulation
in matching markets has focused on characterizing agents’ incentives to misreport
their own preferences.
But one can think of several instances in which, due to legal or moral concerns,
agents face constraints as to which preferences they are allowed to report to the
matchmaker. That tends to be the case when admissions to superior education are
determined by students’ performance in national standardized tests, as in those
cases colleges have little freedom to report preferences other than the ranking
generated from students’ test scores, lest they be accused of discrimination.1 That
also tends to be the case in centralized admissions to public schools in the US
and around the world, as schools’ admission criteria are required to be consistent
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under the US decentralized college admission system, some highly renowned colleges have
recently been put under scrutiny for their alleged discriminatory practices that favored the admission of
rich students who bribed school officials (https://www.nytimes.com/2019/03/12/us/college-admissionscheating-scandal.html).
1 Even
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with pre-specified rules imposed by the district, including the lottery mechanism
to be used to break ties among students who would otherwise receive the same
priority.
Those constraints can then induce colleges or schools to seek other avenues
through which they can manipulate the mechanism in their favor, including the
manipulation of students’ preferences. As an example, a private college that is
required by law to waive its tuition (or at least part of it) to low income students
who excel in standardized test scores, may have incentives to make itself less
attractive to those students, as they generate less revenue than students who are
charged full tuition.2 There are several ways a school could potentially make itself
less attractive to low income students, such as building its campus far away from
poor neighborhoods, or requiring students to purchase expensive materials and
uniforms, or even making the school appear too aristocratic to accept low income
students.3
Similar tactics can be employed against minorities, such as illegal immigrants.
As an example, in May of 2011, the US Department of Justice published a guidance note in response to occurrences of discriminatory practices whereby some
schools would require students to state their immigration status on the act of
enrollment (Frisby (2013)). The note states that such requirement “may chill or
discourage the participation” of students with illegal residency status. As this
practice violates a series of anti discriminatory statues enforced by the agency,
the note advises schools to revise the documents they require for enrollment.4
Anecdotal evidence also suggest that similar practices have been used to dissuade disabled students from enrolling in some charter schools across the US.
Discouraging practices would include asking for disability status or prior receipt
of special education services in application forms, as some schools have been
known to refuse special accommodations to student who had already received
them in a previous school (GAO (2012)). Fiore et al. (2000) also interviewed administrators from a sample of 32 charter schools across the US, and found that in
approximately one fourth of them, school officials admitted that at some point of
their career they had discouraged the enrollment of certain types of students with
disabilities by explaining to their parents that the school did not have enough
resources to accommodate their needs.
2 This may happen in places like Chile, which as of 2016 has been experimenting on a “gratuidad”
policy whereby low income students who excel in a national standardized test can get tuition free education from universities enlisted in the program. While universities receive a government grant for each
student admitted through this program, the compensation is usually much lower than tuition sticker
prices. So students admitted through the program can be perceived as a burden by some universities.
3 As an example of the latter tactic, a public school in Madrid has recently been accused
of refusing admissions or discouraging the application of socioeconomically disadvantaged students. One way it allegedly discouraged those applications was by posting on its website that
its students “enjoyed a good socioeconomic situation”. After the accusations were made public, the statement was removed from the website. The full story (in Spanish) can be found at
https://elpais.com/ccaa/2019/11/04/madrid/1572864987 079058.html
4 The
complete guidance note can be found at https://www.aclu.org/files/assets/DOJDOE re Plyler May 2011.pdf.
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This paper thus analyzes colleges’ incentives to manipulate their quality in
stable matching mechanisms, in a scenario in which they have no control over the
preferences they report to the matchmaker. As previously mentioned, that could
be the case if colleges’ admission criteria are required to be entirely based on a prespecified set of rules (e.g., consistent with students’ performance in standardized
tests) that also prohibits discriminatory practices (e.g., giving low priority to
minorities).
We show that, in stable matching mechanisms in which all colleges are required
to elicit the same preferences over students, colleges have a weakly dominant
strategy of making themselves less attractive to as many unacceptable students
they can, while not reducing their desirability among acceptable students; where
a student is said to be unacceptable if the college would rather keep one of its
slots empty over giving it to the student.
In the more realistic environment in which colleges’ legal preferences over students differ, we show that in large stable matching markets in which students have
a limited number of acceptable choices, virtually all colleges are made weakly better off by making themselves unacceptable to as many unacceptable students they
can, while not reducing their desirability among acceptable students. Under some
additional technical conditions regarding the data generating process governing
agents’ preferences, it can be shown that in large stable matches this strategy
profile constitutes a quasi Bayes Nash equilibrium. This contrasts with previous
results from the literature that would predict that colleges’ incentives to reduce
their quality for a subset of unacceptable students would disappear in large stable
matching markets (Hatfield, Kojima and Narita (2016)). While those previous
results hold for cases in which colleges have the freedom to report their true preferences, we shown that they break down once colleges’ reported preferences are
taken as given and differ from their actual preferences.
Our results thus highlight the importance of the imposition of regulations that
not only prevent colleges from adopting discriminatory admission criteria, such as
not admitting illegal immigrants or handicap students, but also imposes penalty
to schools that deliberately make themselves less attractive to those students.
This study focuses its analysis on stable matching mechanisms due to their
tractability and wildly usage in centralized matching markets. In particular,
college admission markets in which each student is admitted to his most preferred
program among all the ones for which his program-specific score from a national
standardized test surpasses the threshold score for that institution, are stable
(Biró (2007)).5 As that is the case for many college admission markets, such as
the ones from Chile, Brazil, Turkey, China, South Korea, etc., this setting allows
us to derive conclusions that are relevant to many existing markets.
Some of our results also hold in other types of matching mechanisms, such as
the top trading cycles and the Boston mechanisms, as explained in sections B
5 For this equivalence hold, cutoff grades must not cause the college to admit more students than their
capacity, or lead colleges to admit unacceptable students.
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and C from the appendix. In the case of the Boston Mechanism, the result is
even stronger: if students adopt the straightforward strategy of reporting their
true preferences to the matchmaker, then it is weakly dominant for colleges to
make themselves unacceptable to all of their unacceptable students, even in small
markets and under heterogeneous preferences. So changing the algorithm used to
perform matches is not likely to solve the problem.
I.

Related literature

Hatfield, Kojima and Narita (2016) have shown that in the college admission
problem many prominent matching mechanisms, including stable mechanisms, are
susceptible to a type of manipulation in which colleges deliberately make themselves look less attractive to a certain group of “unprofitable” students. Hatfield,
Kojima and Narita (2016) cite as an example situations in which teaching institutions intentionally reduce their desirability among disabled students.
But the authors also show that a college would have incentives to adopt such
a strategy in a stable matching mechanism if and only if it could manipulate
the mechanism by misreporting its preferences. Because under certain hypothesis
the incentives to misreport preferences vanish in large stable matches (Kojima
and Pathak (2009), Ashlagi, Kanoria and Leshno (2017) and Saraiva (2019)), a
corollary from this result is that colleges’ incentives to reduce their own quality
for a subgroup of students also tends to disappear in large stable markets.
But as mentioned in the introduction, such result relies on the premise that
colleges are allowed to freely report their true preferences over the “unprofitable”
students, when in reality their preferences may be restricted by law requirements
that prohibit certain types of discrimination. Building on the aforementioned
example regarding disabled students, we have that though a college may wish to
give those students a low priority in the admission process, there are usually legal
provisions in place preventing colleges from undertaking such a policy.6
This paper is also related to the work of Balinski and Sonmez (1999), who have
shown that in the student optimal stable match (SOSM) students can not be
made better off by having lower priority in certain schools. But such result can
not be extended to other stable matches, and, as observed by Hatfield, Kojima
and Narita (2016), can not be extended to colleges. Indeed, even in the college
optimal stable match, colleges may benefit by having lower priority among certain
students, as long as at least one of the colleges has more than one vacancy.
While this papers studies colleges’ incentives to manipulate students’ preferences, one can also find instances in which colleges may try to influence students’ reported preferences, without necessarily affecting their true preferences.
Figueroa, Lafortune and Saenz (2018), for instance, study the effect of the re6 In the US, title II from the American with Disabilities Act of 1990 states that “[N]o qualified
individual with a disability shall, by reason of such disability, be excluded from participation in or
be denied the benefits of the services, programs, or activities of a public entity, or be subjected to
discrimination by any such entity”.
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quirement made by some colleges in Chile whereby they would only consider for
admission students who had listed the school as one of their top 4 choices. They
find theoretical and empirical evidence that those tactics helped those schools
attract mid-to-high quality students. Though their results do not perfectly fit
our framework, it highlights the existence of a demand from schools to influence
preference reports from students; and one obvious way of accomplishing that is
by manipulating students’ actual preferences, the focus of our study.
Finally, this paper is related to the literature that studies agents’ incentives
to manipulate their own preferences in large stable matches, as our asymptotic
results rely on the predictions made in those studies. Papers from this literature
include Roth and Peranson (1999), Immorlica and Mahdian (2005), Kojima and
Pathak (2009), Storms (2013), Ashlagi, Kanoria and Leshno (2017), Lee (2017),
Saraiva (2019) and Azevedo and Budish (2019).
II.

Environment

This section introduces the environment form our study. Most of it is very
standard and can be skipped by someone already familiar with basic concepts from
matching theory. The only significant distinction from standard specifications is
the addition of legal preferences for schools, which are the preferences that schools
are required to report to the matchmaker, and which do not necessarily correspond
to their actual preferences.
A market is comprised of two disjoint sets of participants: a set C =
{c1 , c2 , · · · , cm } of m colleges and a set S = {s1 , s2 , · · · , sn } of n students. Each
college is assumed to have a certain number of vacancies given by qc ∈ N. Each
student can either be matched with a single college or stay unmatched, and each
college c can either be matched with a subset of students not exceeding its capacity qc , or stay unmatched. Each student s has a list of strict rational preferences
over C and ∅, denoted by s , and each college c has a legal strict rational preferences over the 2|S| set of subsets of students plus the empty set ∅, denoted
by lc . Those legal preferences are the ones colleges are forced to report to the
matchmaker, and contrast with their true preferences. We denote college c’s true
preferences over subsets of students by c .
If ∅ s c, then student s is said to prefer being unmatched over being matched
to college c, or that college c is unacceptable to student s. If ∅ c S̃ then college c
is said to prefer being unmatched over being matched with the subset of students
S̃, or that the subset of students S̃ is unacceptable to college c. Because a college
c will only be allowed to be matched with at most qc students, it is assumed
without loss of generality that a college prefers to remain unmatched over being
matched with any group of students exceeding its capacity, i.e., ∅ c S̃ and ∅ lc S̃
for all S̃ such that |S̃| > qc . A market is then a tuple (S, C, S , lC , C , q), where
S = (s )s∈S , lC = (lc )c∈C , C = (c )c∈C and q = (qc )c∈C .
Colleges’ true preferences are assumed to be responsive, which simply means
that they rank students regardless of the set of other students that they are
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already matched with.7 This assumption is stated formally in assumption 1 below.
Assumption 1 (Responsive preferences) For each college c and each s, s0 ∈ S,
{s} c {s0 } implies that for any S̃ ⊆ S with s ∈ S̃ and s0 ∈
/ S̃, it must be the case
that S̃ c S̃ ∪ {s0 }\{s}.
Under responsive preferences, it is sometimes possible to work exclusively with
colleges’ preferences over individual students, omitting their preferences over subsets of students. That motivates the introduction of some notation regarding
colleges’ preferences over individual students. Define Rc as the true preference
relation over individual students derived from c , i.e., Rc is a preference relation
defined on S ∪ ∅ such that sRc s0 if and only if {s} c {s0 } for all s, s0 ∈ S ∪ ∅. An
analogous notation is used to designate college c’s legal preferences over individual
students, Rcl .
Definition 1 In market (S, C, S , lC , C , q), a matching µ is a correspondence
mapping C ∪ S into itself, possibly assuming empty values, such that:
1) ∀c ∈ C, µ(c) ⊆ S (possibly, with µ(c) = ∅), and |µ(c)| ≤ qc .
2) ∀s ∈ S, µ(s) ⊆ C (possibly, with µ(s) = ∅), and |µ(s)| ≤ 1.
3) ∀c ∈ C and s ∈ S, s ∈ µ(c) if and only if µ(s) = c.
In words, a matching is a correspondence that maps students to colleges. Condition 1 from definition 1 means that a college c is either matched to a subset of
students which does not exceed its capacity qc , or is unmatched (when µ(c) = ∅).
Condition 2 means that a student is either matched to a single college or is unmatched (when µ(s) = ∅). And condition 3 means that a college c is matched with
a subset of students that includes student s if and only if student s is matched
with college c.
Let j be the weak preference relation associated with j . An individual
j ∈ C ∪ S is said to weakly prefer the matching µ over the matching µ0 if and
only if µ(j) j µ0 (j), and with abuse of notation that is denoted by µ j µ0 .
l , R , q), a matching µ is said to be individuFor a given market (S, C, S , RC
C
ally rational to agent j ∈ C ∪ S if µ(j) j ∅. For this same market, a collegestudent pair (c, s) is said to block the matching allocation µ if c s µ(s) and
sRc s0 for some s0 ∈ µ(c).
A class of matching functions that has been widely studied due to their practical
applications are the so called stable matches, defined as follows:
Definition 2 For a given market (S, C, S , lC , C , q), a matching µ is stable
if:
7 The assumption of responsive preferences is commonly made in the matching literature for tractability reasons. In particular, when preferences exhibit complementarities, a stable matching allocation may
not even exist (Roth and Stomayor (1992)).
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1) µ is individually rational to all agents in the market,
2) There is no college-student pair that blocks µ.
In an environment with a finite number of agents, one can always find a stable match by adopting the well known Gale and Shapley deferred acceptance
algorithm with students proposing described below:
Algorithm 1 (Student-proposing deferred acceptance algorithm)
Round 1) In the first round, each student applies to her most preferred college. We
denote A1c ⊆ S as the set of students who apply to college c at round 1.
Then each college c accepts its preferred students among the ones in A1c ,
and rejects all other students in excess of its capacity qc (i.e., it accepts the
min{qc , |A1c |} best students from A1c ). Students who are accepted by a college
are tentatively matched with that college.
Round t) At every subsequent round t > 1, students who are not currently tentatively
matched propose to their most preferred college among the ones they consider acceptable and have not rejected them yet, and each college c becomes
tentatively matched with the best students among ∪tj=1 Ajc not exceeding its
capacity qc .
The algorithm continues until each student is either tentatively matched with an
acceptable college or has already been rejected by all of their acceptable colleges.
The algorithm must eventually stop, as no student proposes to the same college
more than once, and because there is a finite number of students and colleges in
the market. Students who finish the algorithm tentatively matched with a college
ends up matched with that college, while the ones who finish the algorithm with
no tentative match end up unmatched. As stated earlier, the resulting allocation
obtained through this algorithm is stable (Gale and Shapley (1962)).
A matching mechanism is defined as a game whereby students and colleges
report their preferences and vacancies to a matchmaker who then, based on those
reports, decides who gets matched with whom, i.e., determines the final allocation
through a matching function.
0 , q 0 ) as the matching allocation obtained by implementing
Denote ψ(0S , RC
0 , q 0 }. A
mechanism ψ, when reported preferences and vacancies are {0S , RC
matching mechanism is said to be stable if the resulting matching allocation is
stable with respect to agents’ reports. In our environment in which colleges must
always report their legal preferences, a matching mechanism is said to be stable
if the resulting allocation is stable with respect to students’ reported preferences,
and colleges’ legal preferences.
l , R , q), a matching mechanism ψ is stable
Definition 3 In market (S, C, S , RC
C
0
l
0
l , q0)
if, given any report (S , RC , q ), the resulting matching allocation ψ(0S , RC
0
l
l
0
is stable in market (S, C, S , RC , RC , q ).
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One particular stable matching mechanism that has become increasingly popular due to its desirable properties, is the one that implements the Gale and Shapley
algorithm with students proposing, i.e., the one in which the matchmaker implements the Gale and Shapley algorithm over agents’ reports in order to determine
the final allocation. One of the desirable properties of this mechanism is that,
under truthful reporting, it yields the best allocation to students among all stable
matching mechanisms, which is why this mechanism is sometimes referred to as
the Student Optimal Stable Matching mechanism, or SOSM for short (Roth and
Stomayor (1992)).
The next section continues the description of the environment in a scenario
in which colleges’ only channel to influence the final allocation is by making
themselves less attractive to a subset of students. The section also describes the
t , and
hypothesis governing the relationship between colleges’ true preferences, RC
their legal preferences, RC .
III.

Manipulation of students’ preferences by colleges

Improving a college’s quality is usually expensive, requiring investment on costly
attributes such as staff, faculty, facilities, etc. So in order to remove cost driven
incentives from the analysis, this paper focuses on a very specific type of quality manipulation: reduction of a college’s perceived quality among a subset of
students, as this type of manipulation tends to be costless or even cost reducing.
A student is said to be unacceptable to a college, if the college prefers (according
to its real preference) an empty slot, over having the slot allocated to that student.
We assume legal and real preferences over acceptable students coincide, so that
the only potential distinction between them is that some unacceptable students
may be deemed acceptable according to legal preferences. This is stated formally
in assumption 2 below:
l , R , q), let S u ≡ {s ∈ S; ∅R s}. For
Assumption 2 In market (S, C, S , RC
c
C
c
0
l
0
u
any s, s ∈ S ∪ ∅\Sc , sRc s if and only if sRc s0 .

Of course, in real applications the distinction between legal and real preferences
can be much more complex than that: some students may be deemed acceptable
according to both preferences, though in different degrees. But the above assumption simplifies the analysis without compromising the main intuition from
our results, namely, that schools tend to have incentives to reduce their desirability among students for which their ranking has been greatly inflated by legal
preferences.
Colleges are not allowed to report preferences to the matchmaker other than
their legal ones, but they can reduce their desirability among subsets of students.
For simplicity, assume that colleges’ strategy space consists in making themselves
unacceptable to any subset of students of their choosing.
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t , q), each college c can select any
Assumption 3 In market (S, C, S , RC , RC
subset of students S˜c ⊆ S and change students’ original preferences from S to
∗S , where ∗S is such that:

i) For every s ∈ S˜c , ∅ ∗s c (college c becomes unacceptable to students in S˜c ).
ii) For every s ∈ S˜c and every c0 , c00 6= c, c0 s c if and only if c0 ∗s c (colleges
can not affect students’ preferences from other colleges).
iii) For every s ∈
/ S˜c and every c0 , c00 ∈ C, c0 s c if and only if c0 ∗s c (preferences of students not in S˜c are not affected).
The above hypothesis can be relaxed in at least two ways without compromising
our mani results: 1) instead of assuming that colleges can become completely
unacceptable to a subset of students of their choosing, they can only reduce
their desirability up to a certain extent, without necessarily becoming entirely
unacceptable, and 2) they may only be able to reduce their desirability for a
subgroup of students, say, only those who attend interview sessions with school
officials before applying. In the first case, colleges will have a tendency to make
themselves as undesirable as possible among unacceptable students, whereas in
the second case colleges will be inclined towards making themselves unacceptable
to as many unacceptable students as they can.
IV.

Optimal strategy when colleges have the same legal preferences over
students

In order to obtain results that are valid in small markets, one has to impose
restrictions on colleges’ preferences. For now we will impose the restrictive assumption that all colleges have the same legal preferences over students, which
will be relaxed in the next session, where we analyze colleges’ incentives in large
markets.
t , q), all colleges have the same legal
Assumption 4 In market (S, C, S , RC , RC
preferences over individual students, i.e., for any c, c0 ∈ C, Rc = Rc0 .

It is a known result that when colleges have the same preferences over students,
there exists a unique stable match, which is obtained by implementing the serial
dictatorship algorithm in which the most desirable student gets matched with her
most preferred school, the second most desirable student gets matched with her
preferred school among the ones still with open vacancies, and so on (Gusfield
and Irving (1989)).
This implies that when colleges always report the same preferences over students, all stable matching mechanisms yield the same outcome, including the
SOSM mechanism. Because students have a weakly dominant strategy of reporting their true preferences in the SOSM, it follows that truthful reporting is also a
dominant strategy in all other stable matching mechanisms in which all colleges
are bound to display the same preferences over students.
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Theorem 5 If all colleges have the same legal preferences over students, and are
not allowed to misreport those preferences, students have a weakly dominant strategy of reporting their true preferences to the matchmaker in any stable matching
mechanism.
So under the hypothesis that all colleges share the same legal preferences over
students, students behave as non strategic players, i.e., they report their true
preferences to the matchmaker in any stable matching mechanism.
As to colleges, we show that under the aforementioned hypotheses they have a
weakly dominant strategy of making themselves unacceptable to all unacceptable
students, while not manipulating the preferences from acceptable students. This
is stated formally in theorem 6.
Theorem 6 Suppose assumptions 2, 3 and 4 hold in market (S, C, S
t , q). Then, under the student optimal stable matching mechanism, each
, RC , RC
college in this market weakly prefers making itself unacceptable to as many unacceptable students as it can, while not reducing its desirability among acceptable
students.
Proof: In the appendix.
The intuition as to why the first part of theorem 6 holds can be summarized
as follows. If all colleges have the same legal preferences over students, the deferred acceptance algorithm with students proposing yields the same allocation
as any other stable match, so we can focus our analysis on this specific algorithm.
Because colleges would rather have an open seat as opposed to being matched
with an unacceptable student, it is clearly on their best interest to avoid being
matched with those students, which can be accomplished by making themselves
unacceptable to unacceptable students. The only reason a college may actually
prefer to be considered as an acceptable choice by unacceptable students, is to
use those students to displace tentatively matched students, who will then trigger
a chain of offers and rejections at the end of which the college is rewarded with a
new and potentially better offer. But it can be shown that when all colleges have
the same preferences over students, a college can never be rewarded a better offer
by creating such chain reaction.
Similarly, for the second part, the only reason a college would want to avoid
being matched with an acceptable student, is to trigger a chain of rejections at
the end of which a new offer is made to the college. However, when all colleges
share the same legal preferences over students, such new offer must come from a
student that the college considers strictly worse than the acceptable student used
to trigger this chain of rejections. Therefore, it is in schools’ best interest not to
reduce their desirability among acceptable students.
Under this environment in which colleges have the same preferences over students, one can also obtain results of weak dominance for other matching mechanisms, such as the top trading cycles mechanism (TTC). That happens because,
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in such restrictive environment, the allocation obtained by implementing a stable matching mechanism is the same as the one obtained by implementing the
TTC mechanism (lemma 11 from the appendix), which, combined with theorem
6, implies that colleges also have a weakly dominant strategy of making themselves unacceptable to all of their unacceptable students, while not manipulating
preferences from acceptable students.
While the assumption that all schools have the same legal preferences over students sounds restrictive, in many settings schools do exhibit highly correlated
legal preferences, especially when they are based on standardized national test
exams. So theorem 6 suggests that, at least when schools’ legal preferences over
students are fairly homogeneous, they will be expected to discourage the application of unacceptable students, while not discouraging the application from the
remaining students.
But of course, in many settings one does observe significant degree of heterogeneity across schools’ rankings over students. The next section shows that, when
that is the case, colleges will still have incentives to reduce their desirability among
unacceptable students, provided the market is sufficiently large.
V.

Optimal strategy under heterogeneous legal preferences

The results from the previous section only apply to situations in which colleges
share the same legal preferences over students. But under heterogeneous legal
preferences, colleges can potentially be made better off by being considered as
acceptable by unacceptable students, as illustrated in example 1 below. In this
example a simplified notation is used to express agents’ preferences as follows:
Rc : s1 , s2 ,
represents college c’s legal preferences, where student s1 is preferred over student
s2 , and considers all remaining students in the market as unacceptable. An
analogous notation is used to express colleges’ true preferences, as well as students’
preferences.
Example 1 Consider a market with two colleges, c1 and c2 , each with quota
q = 1, and three students: s1 , s2 and s3 . Colleges’ legal preferences over students
are given by:
Rc1 : s1 , s2 , s3 ,
Rc2 : s3 , s1 , s2 ,
while their true preferences are given by
Rct 1 : s1 , s3 ,
Rct 2 : s3 , s1 , s2 .
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Students’ preferences over colleges are given by
s1 : c2 , c1 ,
s2 : c1 , c2 ,
s3 : c1 , c2 .
Then, if colleges do not manipulate students’ preferences and students report
their true preferences to a matchmaker that implements the SOSM, the resulting
allocation µS has college c1 matched with student s1 , and college c2 matched with
student s3 (i.e., µS (c1 ) = {s1 } and µS (c2 ) = {s3 }). But notice that if college c1
made itself unacceptable to s2 , then students’ preferences would be:
s1 : c2 , c1
s2 : c2 ,
s3 : c1 , c2 ,
and the resulting allocation after implementing the SOSM mechanism would have
college c1 matched with s3 , and college c2 to be matched with s1 (i.e., µS (c1 ) =
{s3 } and µS (c2 ) = {s1 }), so that both colleges (in particular, college c1 ) would
end up worse off according to their true preferences.
So example 1 illustrates that, under arbitrary preferences, it is no longer a
dominant strategy for colleges to make themselves unacceptable to unacceptable
students in stable matching mechanisms. The next theorem helps to identify
conditions under which colleges have incentives to make themselves unattractive
to unacceptable students, and only those students. Because this type of strategy
is very appealing from the intuitive point of view, we refer to it as straightforward
behavior.
Definition 4 A college’s strategy is said to be straightforward if it consists of
making itself unacceptable to all of its unacceptable students, while not manipulating preferences from acceptable students.
Theorem 7 A necessary condition for a college to have incentives to adopt the
straightforward strategy is that, in the event the college can report any preferences
to the matchmaker, its optimal strategy consists in reporting its true preferences.
Proof: In the appendix.
The intuition as to why theorem 7 holds is that, if a college adopts the straightforward strategy, it gets the same allocation as the one it would get if it reported
its true preferences. Moreover, if colleges are allowed to manipulate their own
preferences then they clearly have a higher degree of freedom through which they
can manipulate the mechanism, as compared to only being allowed to make themselves unacceptable to a subset of students. This implies that if colleges can not
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be made better off by misreporting their own preferences to the matchmaker,
they also can not be made better off by being considered acceptable by some unacceptable students, or not being considered acceptable by acceptable students.
In example 1, for instance, if college c1 was allowed to report any preferences to
the matchmaker, it could succeed in ending up matched with its most preferred
student, s1 , by reporting students s2 and s3 as unacceptable, i.e., by reporting
Rc1 : s1 . If, on the other hand, the college reported its true preferences Rc1 : s1 , s3
to the matchmaker, it would end up matched with a worse student, student s3 .
Because college c1 can benefit by misreporting its preferences, it then follows
from theorem 7 that the college has incentives to deviate form straightforward
behavior.
But there is a large literature showing that incentives to misreport preferences
are small in large stable matches if each student has a limited number of acceptable choices (Immorlica and Mahdian (2005), Kojima and Pathak (2009), Storms
(2013) and Saraiva (2019)). The intuition as to why that is the case can be summarized as follows. It can be shown that the only reason why a college would
want to misreport its preferences in the SOSM mechanism is to trigger a chain of
new offers, which can cause a new offer to be made for that college. Indeed, if a
college c rejects an attractive student at some point of the deferred acceptance algorithm, that student can propose to a different college which can then accept the
student in favor of another student it was tentatively matched with, which gets
rejected. The newly rejected student can then propose to another college, thus
repeating the process, until a new offer is made to college c, the one that triggered
this chain reaction. But as shown in this literature, if each student has a small
number of acceptable choices, the chances are that either one of the students in
the aforementioned chain of new offers will exhaust all of his acceptable choices
before a new offer is ever made to college c (Saraiva (2019)), or at some point of
the chain a new offer is made to a college with open positions before a new offer
is ever made to college c (Kojima and Pathak (2009) and Storms (2013)). The
former result is stated in theorem 8, where P m are parameters that characterize
the data generating process (DGP) governing agents’ preferences. For pedagogic
purposes, the technical details pertaining this DGP were deferred to section E
from the appendix.
Theorem 8 (Saraiva (2019)) Let (S m , C m , P m , q m )m∈N be a sequence of stochastic markets such that |C m | = m and max({q m }) ≤ q for every m ∈ N, where
q ∈ N. Then, the expected proportion of colleges that have incentives to misreport their preferences in stable matching mechanisms applied to this sequence of
markets converges to zero as n → ∞, assuming that other agents report their
preferences truthfully.
Because a necessary condition for a college c to have incentives to make itself
unacceptable to a set of students other than Scu is that, in the event it could
report any preferences to the matchmaker, the college could be made strictly
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better off by reporting some preferences other than its true preferences (theorem
7); it follows immediately from theorem 8 that in large stable matching markets
almost all colleges will have incentives to adopt the straightforward strategy.
Corollary 1 Let (S m , C m , P m , q m )m∈N be a sequence of stochastic markets such
that |C m | = m and max({q m }) ≤ q for every m ∈ N, where q ∈ N. Then, the
expected proportion of colleges that have incentives to deviate from straightforward
behavior converges to zero as m → ∞.
So at least in large markets, schools are expected to discourage applications of
less profitable students when faced with legal constraints preventing them from
rejecting those students. So even though stable matching mechanisms are known
to have desirable properties, which might explain their success in practical applications (Roth and Peranson (1999)), stability by itself does not eliminate schools’
incentives to engage in indirect forms of discrimination in the admission process, such as the one discussed in this paper. This motivates the imposition of
additional regulation preventing those practices.
While corollary 1 suggests that most colleges have no incentives to deviate from
straightforward behavior, it does not guarantee that this is true to all colleges in
equilibrium. The next section presents conditions under which straightforward
behavior from all colleges is a quasi equilibrium.
A.

Equilibrium Analysis

Corollary 1 states that the proportion of colleges that have incentives to deviate
from straightforward behavior is small given that other colleges follow this same
strategy. While this result already gives us insight as to how colleges will behave
in practice (i.e., they will probably just follow through the aforementioned strategy), it still allows for the theoretical possibility that a few colleges may wish to
deviate from this strategy, even in large markets. Moreover, if those few agents
were to deviate from straightforward behavior, that could trigger a chain reaction
causing other colleges to deviate as well. This section shows that in an environment in which preferences are private information, and in which a few additional
technical conditions are met (namely, assumptions 9 which imposes a bound on
agents’ preferences plus a technical assumption on the DGP governing students’
preferences), then all agents in the market have small incentives to deviate from
this strategy in large markets.
Proving this result can be accomplished by following the steps in Saraiva (2019)
that shows that, under those additional conditions, the probability that each student and college can manipulate the mechanism by misreporting their preferences
converges to zero as the market grows large. From theorem 8 this then implies
that the probability that each college can benefit by making itself unacceptable
to a set of students different than its set of unacceptable students converges to
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zero.8 By assuming that colleges’ utilities are bounded, this then implies that the
expected interim benefit of deviating from straightforward behavior is small.
Because this result is built under an incomplete information environment, assumptions have to be made regarding agents’ cardinal preferences. Since colleges’
preferences over students are assumed to be responsive, there exists an additive
utility function that represents their ordinal preferences. More precisely, there
exists an utility function uc (·) for college c defined over 2S , the set of all possible
subsets of S, such that, for any S 0 ⊆ S,
 P
if |S 0 | ≤ qc
0
s∈S 0 uc ({s}),
uc (S ) =
,
< 0, else
where uc ({s}) > 0 ∀s ∈ S (i.e., all students are acceptable to all colleges), and
uc ({s}) > uc ({s̃}) if and only if sRct s̃.
Analogously, we can define a utility function function us (·) to each student s,
such that us (c) > us (c0 ) if and only if c s c0 , and us (c) < 0 if and only if college
c is unacceptable to student s.
For our sequence of random markets, we assume that uc (·) and us (·) are both
bounded, i.e., there exists a w ∈ R such that sup uc ({s}) < w and sup us (c) < w,
where each supremum is taken over colleges, students, and the size of the market,
m.
Assumption 9 Let (S m , C m , P m , q m )m∈N be a sequence of stochastic markets
m
m m
such that |C m | = m, and {um
c }c=1 and {us }s=1 are agents’ realized utility functions. We assume that utility functions are bounded, i.e., there exists a w ∈ R
m
m and all c ∈ C m and
such that sup um
c ({s}) < w and sup us (c) < w for all s ∈ S
all m ∈ N.
Assumption 9 is required to ensure that the potential gains from misreporting
preferences do not increase at a faster rate than the diminishing probability of
being able to manipulate the mechanism as the market grows larger.
In a market in which colleges can report any preferences to the matchmaker, a
strategy for an agent i ∈ C ∪S is defined as a function Ri∗ (·) that maps the agent’s
realized ordinal preferences ui (·) to a preference list ri∗ . In this case we define an
ε-equilibrium as a strategy profile (Ri∗ (·))i∈C∪S such that, for every agent i and
every realization of his ordinal preferences ui ,




∗
Eu−i ui (ψ((Rj∗ (uj ))j∈C∪S , q)(i)) ≥ Eu−i ui (ψ(Ri0 (ui ), R−i
(uj ), q)(i)) − ε,
for all other strategies Ri0 (·) that agent i may adopt, where the expectation is taken
over everyone else’s ordinal preferences, and ε ≥ 0. In words, an ε-equilibrium is a
8 While theorem 8 states that the proportion of colleges that have incentives to misreport their preferences is small, given that others report their preferences truthfully, it does not state that that is true
for all agents. But with the addition of some technical assumptions that limit the popularity of schools,
the statement can be extended to all schools in the market.
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strategy profile in which agents’ incentives to deviate, when they exist, are small.
The case in which ε = 0 coincides with the standard Bayesian Nash equilibrium
concept, where the incentives to deviate are nonexistent.
The ε-equilibrium is defined analogously for a market in which colleges have
no control over their reported preferences, only students’ preferences. The only
difference is that in such environment, colleges’ strategy space consists in choosing
a set of students for whom they want to be perceived as unacceptable.
Theorem 10 (Saraiva (2019)) If the assumptions from theorem 8 holds, plus
assumption 9 and a technical assumption that limits colleges’ popularity; then for
any ε > 0 there exists an m0 ∈ N such that truth-telling by every college and
student is an ε-Nash equilibrium for any market in the sequence with more than
m0 colleges.
It follows immediately from theorems 7 and 10 that, when the conditions of
theorem 10 are met, it is an ε-equilibrium for all colleges to make themselves
unacceptable to unacceptable students, and only those students, when the market
is sufficiently large.
Corollary 2 If the assumptions from theorem 10 holds, then for any ε > 0 there
exists an m0 ∈ N such that truth-telling by every student, and every college adopting straightforward behavior is an ε-Nash equilibrium for any market in the sequence with more than m0 colleges.
VI.

Conclusion

This paper shows that stable matching mechanisms are not immune to a type
of manipulation wherein colleges purposefully make themselves unattractive to
unprofitable students. Such tactic allows colleges and schools to bypass antidiscriminatory laws, and thus, effectively avoid being matched with unprofitable
students.
While the results presented in this paper target stable matches, they can be
extended to other matching mechanisms as well. In particular, the results hold
under even milder conditions for the Boston mechanism (section C from the appendix), and they also apply to the TTC mechanism when colleges share the same
legal preferences over students (section B from the Appendix). This indicates that
changing the mechanism will not inhibit schools from engaging in discriminatory
practices.
So in a world in which most attention has been given to schools’ discriminatory
policies regarding their admission criteria, this paper highlights the importance
of monitoring other indirect forms of discrimination that can be equally effective.
While this research focused in analyzing colleges’ incentives to manipulate their
attractiveness, a natural extension from this work would be to consider those
incentives on the students’ side of the market. Indeed, while students usually
do not face the preference constraints that are normally imposed on colleges,
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the nature of the mechanism may induce students to misreport their preferences,
and the discrepancy between their reported and true preferences may then induce
them to reduce their attractiveness among certain schools. This could happen, for
instance, if some schools require students to elicit them as one of their top choices
in order to be considered for admission. As show by Figueroa, Lafortune and
Saenz (2018), this requirement induces some students to give a higher priority to
those schools in order to be considered for admission. But because their reported
ranking for those schools are inflated, those same students may feel inclined to
reduce their perceived desirability among those schools.
In terms of methodology, a possible extension from our specification would be
to allow colleges to exhibit some degree of substitutability in their preferences. Indeed, while this paper makes the simplifying assumption that colleges’ preferences
over students are not affected by the set of students the college is already matched
with (i.e. their preferences are responsive); there are many practical instances in
which this hypothesis is violated. One such instance happens when schools, in
an attempt to cultivate a more diverse community of students, engage in affirmative actions favoring the recruitment of certain minorities. This is exemplified
by a recent and controversial court ruling that allowed Harvard to effectively discriminate against Asian-Americans, under the pretext this would allow the school
to enroll other underrepresented minorities, such as African-Americans.9 While
the demand for diversity is likely to reduce colleges’ incentives to discourage the
enrollment of less profitable students, it may lead them to discourage the recruitment of students who, from their point of view, are already in excess supply (in
the above example, Asian-Americans).
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Appendix
A.

Proof of theorem 6

Proof: The proof of this theorem is subdivided in two parts: first we show that
colleges weakly prefer making themselves unacceptable to as many unacceptable
students as they can, then we show that colleges want to keep themselves acceptable to as many unacceptable students as they can.
Claim 1 Colleges weakly prefer making themselves unacceptable to as many unacceptable students as they can.
To prove this claim we will show that colleges weakly increase the set of profitable students they end up matched with in a stable matching mechanism by
making themselves unacceptable to an unprofitable student.
Suppose college c has an unprofitable student su (i.e., su ∈ Scu ). Consider the
pair of students’ preferences S and ∗S , where c0 s0 c00 iff c ∗s0 c00 for all s0 6= su
and all c0 , c00 ∈ C, and c0 su c00 if and only if c0 ∗su c00 for all c0 , c00 6= c, and
∅ ∗su c. In words, the only potential difference between S and ∗S is that student
su finds c acceptable in S but not in ∗S . Because all colleges are assumed to
have the same legal preferences over students, and because those preferences can
not be misreported to the matchmaker, the final matching allocation will depend
exclusively on students’ reported preferences, which, due to theorem 5, coincides
with their actual preferences. So denote µ as the matching allocation obtained
when implementing a stable matching mechanism and assuming students report
preferences S , and let µ∗ be the matching allocation obtained when students
report preferences ∗S instead.
Now suppose by way of contradiction that ∃s ∈ S such that s 6= su and s ∈ µ(c)
but s ∈
/ µ∗ (c). Then, because preferences are assumed to be strict, either one of
the following possibilities must hold:
Case 1) Suppose c = µ(s) s µ∗ (s). Then from lemma ??, there must be a student
s0 6= s with a higher overall priority than s such that µ(s0 ) s0 c and
µ∗ (s0 ) = c ∗s0 µ(s0 ). Because preferences from all students other than su
are the same in S as in ∗S , this implies that s0 = su . But µ∗ (su ) = c is a
contradiction with ∅ ∗su c.→←
Case 2) Suppose µ∗ (s) s c = µ(s). Then from lemma ??, there must be a student
s0 6= s with a higher overall priority than s (i.e., s0 Rc s) such that µ(s0 ) =
µ∗ (s) s0 µ∗ (s0 ) and µ∗ (s0 ) ∗s0 µ(s0 ) = µ∗ (s). Because preferences from
all students other than su are the same in S as in ∗S , this implies that
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s0 = su . If µ∗ (su ) = c that leads to a contradiction with ∅ ∗su c. If
µ∗ (su ) 6= c, then because student s’ preferences from remaining colleges, as
well as other students’ preferences do not change from S to ∗S , it must
be the case that either µ(s0 ) = µ∗ (s0 ) or µ(s0 ) = c. µ(s0 ) = µ∗ (s0 ) is clearly
a contradiction with µ∗ (s0 ) ∗s0 µ(s0 ). If, on the other hand, µ(s0 ) = c, then
because µ(s0 ) = µ∗ (s), it must be the case that µ∗ (s) = c, a contradiction
with s ∈
/ µ∗ (c). →←
Claim 2 Colleges weakly prefer keeping themselves acceptable to as many profitable students as they can.
To prove this claim, suppose college c has a desirable student sd (i.e., sd ∈
/ Scu ).
∗
0
00
Consider the pair of students’ preferences S and S , where c s0 c iff c ∗s0 c00
for all s0 6= sd and all c0 , c00 ∈ C, and c0 sd c00 if and only if c0 ∗sd c00 for all
c0 , c00 6= c, and ∅ ∗sd c. In words, the only potential difference between S and
∗S is that student sd finds c acceptable in s but not in ∗s . Because all colleges are assumed to have the same legal preferences over students, and because
those preferences can not be misreported to the matchmaker, the final matching
allocation will depend exclusively on students’ reported preferences, which, due
to theorem 5, coincides with their actual preferences. So denote µ as the matching allocation obtained when implementing a stable matching mechanism and
assuming students report preferences S , and let µ∗ be the matching allocation
obtained when students report preferences ∗S instead.
Repeating the exact same arguments as the one used to prove the first claim,
it can be shown that for any s 6= sd such that s ∈ µ(c), it must be the case that
s ∈ µ∗ (c). So in order for µ∗ (c) tc µ(c), one of the following must be true:
Case 1) Suppose |µ(c)| = |µ∗ (c)|. Then, because µ(c)\sd ⊆ µ∗ (c), µ∗ (c) tc µ(c) and
|µ(c)| = |µ∗ (c)| implies that sd ∈ µ(c) and ∃s ∈ µ∗ (c) such that s ∈
/ µ(c)
and sRct sd .
Case 1.1) Suppose µ(s) s µ∗ (s) = c. Then from lemma ??, there must be a
student s0 6= s with a higher overall priority than s (i.e., s0 Rc s) such
that µ(s0 ) s0 µ(s) and µ∗ (s0 ) = µ(s) ∗s0 c. But preferences from all
students other than sd are the same in S as in ∗S , which implies
that s0 = sd . But because sd is desirable, sRct sd implies sRc sd . It then
follows from transitive of legal preferences Rc , that sd Rc s and sRct sd
imply that sd Rc sd , a contradiction.→←
Case 1.2) Suppose c = µ∗ (s) s µ(s). Then from lemma ??, there must be a
student s0 6= s with a higher overall priority than s such that µ∗ (s) =
µ(s0 ) s0 c and µ∗ (s0 ) = c ∗s0 µ(s0 ). But preferences from all students
other than sd are the same in S as in ∗S , which implies that s0 = sd ,
a contradiction with µ∗ (sd ) = c, since c is unacceptable to student sd
under preferences ∗S .→←
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Case 2) Suppose |µ(c)| < |µ∗ (c)|. Then there exists a student s 6= sd such that
s ∈ µ∗ (c) and s ∈
/ µ(c). But |µ(c)| < |µ∗ (c)| implies that |µ(c)| < qc , and
therefore µ(s) s c = µ∗ (s). But then, repeating the steps of case 1.1 above,
this generates a contradiction of the form sd Rc sd .→←

B.

Manipulation of students’ preferences in the TTC mechanism

Algorithm 2 (TTC algorithm) The market starts with all students and colleges
present.
In each round of the algorithm each student points to their most preferred college
with open vacancies, and each college points to their most preferred student among
the ones that have not been matched yet. If an agent prefers staying unmatched
over being matched with another contender still in the market the agent points to
himself. This procedure creates a directed graph, which can generate cycles. For
each cycle that is formed, students are permanently matched with the college they
pointed at, and those students and vacancies are removed from the market.
This procedure continues until everyone has received an allocation. It can be
shown that, at each step of the algorithm at least one cycle must be formed, so
that the algorithm must eventually stop.
Lemma 11 When colleges have the same preferences over students, the allocation
obtained through a stable matching mechanism is the same as the one obtained by
performing the top trading cycles algorithm.
Proof: When all colleges have the same preferences over students, at each step of
the TTC algorithm every college still with open vacancies either point at themselves, thus finishing the algorithm, or they all point to the same student: the
one with highest priority among the students still in the market. This clearly
generates the same allocation as the one obtained by following the steps from the
algorithm described in ??, whereby the top student gets matched with his most
preferred choice, the second most preferred student gets matched with his best
choice among colleges still with open vacancies, and so on.
Theorem 12 It follows directly from theorem 6 and lemma 11 that, under assumptions 2, 3 and 4, colleges have a weakly dominant strategy of making themselves unacceptable to all of their unprofitable students, while not manipulating
preferences from profitable ones in the TTC mechanism.
C.

Manipulation of students’ preferences in the Boston mechanism

The Boston matching algorithm is similar to the deferred acceptance algorithm,
with the difference that at each step of the algorithm students become permanently matched as opposed to temporarily matched with the college. For this
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reason, the algorithm is sometimes referred to as immediate acceptance algorithm.
The algorithm is formally described below:
Algorithm 3 (Boston algorithm)
Round 1) In the first round, each student applies to her most preferred college. We
denote A1c ⊆ S as the set of students who apply to college c at round 1.
Then each college c accepts its preferred students among the ones in A1c ,
and rejects all other students in excess of its capacity qc (i.e., it accepts
the min{qc , |A1c |} best students from A1c ). Students who are accepted by a
college become permanently matched with that college. Else, they proceed to
the next round.
Round t) At every subsequent round t > 1, students who are not currently tentatively
matched propose to their most preferred college among the ones they consider
acceptable and have not rejected them yet. Letting Bct be the set of students
matched with college c at the end of step t, we have that each college c
becomes permanently matched with the max{qc −|At−1
c |, 0} best best students
among Atc not exceeding its capacity qc .
As this mechanism is known to be highly manipulable (Abdulkadiroglu and
Sönmez (2003)), it comes as no surprise that under such mechanism colleges display strong incentives to make themselves undesirable to unacceptable students,
even under very weak assumptions, as illustrated by theorem 13 below.
Theorem 13 Assume students behave non-strategically and report their true
preferences to the matchmaker. Then under the Boston Matching mechanism
each college c ∈ C has a weakly dominant strategy of making itself unacceptable
to all of its students that are acceptable according to the college’s legal preferences
but not according to its true preferences.
Proof: To prove this theorem we will show that colleges weakly increase the
set of profitable students they end up matched with in the Boston matching
mechanism by making themselves unacceptable to an unprofitable student.
Suppose college c has an unprofitable student su (i.e., su ∈ Scu ) which is acceptable according to its legal preferences (i.e., s c ∅). Consider the pair of
students’ preferences S and ∗S , where c0 s0 c00 iff c ∗s0 c00 for all s0 6= su and
all c0 , c00 ∈ C, and c0 su c00 if and only if c0 ∗su c00 for all c0 , c00 6= c, and ∅ ∗su c.
In words, the only potential difference between S and ∗S is that student su
finds c acceptable in S but not in ∗S . Denote µ as the matching allocation
obtained when implementing the Boston matching mechanism and assuming students report preferences S , and let µ∗ be the matching allocation obtained when
students report preferences ∗S instead.
Case 1) Suppose student su does not get to propose to college c in the Boston mechanism under the original preferences S . Then making itself unacceptable
to student su clearly will not affect college c’s allocation, i.e., µ(c) = µ∗ (c).
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Case 2) Suppose student su gets to propose to college c in the Boston mechanism
under the original preferences S , and is rejected by college c. Then, because student su is acceptable to college c under its legal preferences, that
means that at the end of the round in which student su proposed to college
c, all its vacancies have already been filled. So in this case, making itself
unacceptable to student su will not affect college c’s final allocation, i.e.,
µ(c) = µ∗ (c).
Case 3) Suppose student su gets to propose to college c in the Boston mechanism
under the original preferences S , and is accepted by college c. Then, the
students matched to college c from previous rounds are the same in either
preference report, but under ∗S college c may get a new offer in forthcoming
rounds, and it avoids being matched with the unprofitable student su .
So from the cases above, if college c makes itself unacceptable to su , then that
either does not affect college c’s final allocation, or it yields the college a new offer
in future rounds of the algorithm. So making itself unacceptable to all students
in Scu that are acceptable according to legal preferences is a weakly dominant
strategy to college c.
According to this theorem, colleges have a weakly dominant strategy of making
themselves unacceptable to all unprofitable students that are considered acceptable according to legal preferences. This is true even in small markets and under
heterogeneous legal preferences. The reason such result holds in the Boston mechanism but not in stable mechanisms, such as the SOSM, is because in the latter a
college may potentially benefit by being tentatively matched with an undesirable
student, as that can trigger a chain of new offers that rewards the college in future
steps of the algorithm. But in the Boston algorithm, however, those new offers
can never benefit the college, since the college can not displace a student with
whom it has already been permanently matched with in previous rounds, in favor
of the new offer.
D.

Proof of theorem 7

This section proceeds as follows. First it shows the very intuitive result that,
under the deferred acceptance algorithm with students proposing (i.e., under the
SOSM), if a college lists its true preferences, it gets the same allocation as the
one in which it lists its legal preferences and is made unacceptable to all its
unprofitable students (lemma 15). Then, it shows that, in a stable matching
mechanism, for every manipulation of students’ preferences in which the college
is made unacceptable to a subset of students; there exists a manipulation of the
college’s own preferences in the SOSM that yields the college the same allocation
(lemma 16). Because the SOSM is college pessimal, those two lemmas combined
imply that, in a generic stable mechanism, a college will have incentives to make
itself unacceptable to a set different than its set of unprofitable students, only if
they have incentives to misreport their preferences (theorem 7).
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Lemma 14 (Roth and Sotomayor (1989)) If colleges and students have strict
preferences over individuals, then if µ and µ0 are stable matchings, a college is
indifferent between µ and µ0 if and only if µ(c) = µ(c0 ).
Lemma 15 Suppose the set of unprofitable students from college c is Scu ⊆ S.
Under the SOSM mechanism, if college c reports to the matchmaker its legal
preferences and makes itself unacceptable to all students in Scu , and only those
students, then it gets the same allocation as the one it would obtain by reporting
its true preferences and not manipulating students’ preferences.
Proof: For a given market (S, C, S , RC , q), consider the modified students’
preferences ∗S in which college c is made unacceptable to students in S˜c ⊆ S.
More precisely, ∗S is such that:
i) For every s ∈ S˜c , ∅ ∗s c.
ii) For every s ∈ S˜c and every c0 , c00 6= c, c0 s c if and only if c0 ∗s c.
iii) For every s ∈
/ S˜c and every c0 , c00 ∈ C, c0 s c if and only if c0 ∗s c.
To prove the lemma, we will show that a matching µ is stable in market
(S, C, S , (Rct , R−c ), q) if and only if it is stable in market (S, C, ∗S , RC , q).
Therefore, letting ψS denote the SOSM mechanism, this implies that ψ(∗S , Rc )
and ψS (S , (Rct , R−c )) are both stable in either market. Because the SOSM
is college pessimal, this implies that ψ(tS , Rc )(c) tc ψS (S , (Rct , R−c ))(c) and
ψS (S , (Rct , R−c ))(c) c ψ(∗S , Rc )(c). But because in either allocation college c
can not be matched with students in Rcu , and because college c’s preferences c
coincide with preferences tc for students not in Scu , this implies that college c
must be indifferent between ψ(∗S , Rc ) and ψS (S , (Rct , R−c )), which from lemma
14, implies that ψ(∗S , Rc )(c) = ψS (S , (Rct , R−c ))(c).
So all that is left to prove is the claim stated in the previous paragraph.
Claim 3 A matching µ is stable in market (S, C, S , (Rct , R−c ), q) if and only if
it is stable in market (S, C, ∗S , RC , q).
PROOF:
Suppose by way of contradiction that µ is stable in (S, C, ∗S , RC , q), but not
(S, C, S , (Rct , R−c ), q). Then, either one of the following must occur:
Case 1 µ is not individually rational in market (S, C, S , (Rct , R−c ), q). If that
is the case, the stability of µ in (S, C, ∗S , RC , q) then implies that either one
of the following conditions must hold: i) there exists a student s ∈ S such that
µ(s) ∗s ∅ and ∅ s µ(s); or ii) there exists a student s ∈ µ(c0 ) for some c0 ∈ C
such that {s} tc0 ∅ and ∅ c0 {s}. Because the only potential difference between
(Rct , R−c ) and RC concerns college c’s preferences, and because the only potential
difference between S and ∗S concerns the ranking of college c for students in
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Scu , stability of µ in (S, C, ∗S , RC , q) implies that in either case, s ∈ Scu and
µ(s) = c. But because for every student s ∈ Scu , ∅ ∗s c, µ(s) = c for some s ∈ Scu
would imply that µ is not individual rationality in market (S, C, ∗S , RC , q), a
contradiction.→←
Case 2 There exists a college-student pair (c0 , s) that blocks µ in market (S, C, S
, (Rct , R−c ), q). Because the only potential difference between (Rct , R−c ) and RC
concerns college c’s preferences, and because the only potential difference between
S and ∗S concerns the ranking of college c for students in Scu , stability of µ in
(S, C, ∗S , RC , q) implies that the blocking coalition (c0 , s) are such that c0 = c and
s ∈ Scu (otherwise (c0 , s) would also form a blocking coalition in market (S, C, ∗S
, RC , q)).
Moreover either i) c s µ(s) and sRct s0 for some s0 ∈ µ(c) and |µ(c)| = qc ;
or ii) c s µ(s) and sRct ∅ and |µ(c)| < qc . But because s ∈ Scu , we have that
∅Rct s, so that condition ii) can not hold. If, on the other hand, condition i) held,
then sRct s0 and ∅Rct s would imply that ∅Rct s0 , i.e., that s0 ∈ Scu . But since for all
s0 ∈ Scu , ∅ ∗s c, individual rationality of µ in market (S, C, ∗S , RC , q) implies
that µ(s0 ) 6= c, a contradiction.→←
Repeating similar steps as the ones shown above, one can also prove the opposite: if µ in stable in market (S, C, S , (Rct , R−c ), q), then it must also be stable
in market (S, C, ∗S , RC , q).
t , q), consider a stable matching
Lemma 16 For a given market (S, C, S , RC , RC
mechanism ψ and consider the modified students’ preferences ∗S in which college
c is made unacceptable to students in S˜c ⊆ S. More precisely, ∗S is such that:

i) For every s ∈ S˜c , ∅ ∗s c.
ii) For every s ∈ S˜c and every c0 , c00 6= c, c0 s c if and only if c0 ∗s c.
iii) For every s ∈
/ S˜c and every c0 , c00 ∈ C, c0 s c if and only if c0 ∗s c.
Then, letting ψS denote the SOSM mechanism, we have that there exists a
preference report from college c, Rc0 , such that, if college c reported Rc0 to the
matchmaker and did not manipulate students’ preferences, it would get the same
matching allocation as the one obtained by reporting its legal preferences Rc , and
changing students’ preferences from S to ∗S , i.e.:
ψ(∗S , RC )(c) = ψS (S , (Rc0 , R−c ))(c).
Proof: Consider the strategy Rc0 from college c that selects all students not in
ψ(∗S , RC )(c) as unacceptable, while keeping the same preference ordering over
the remaining students as in R̃c . Then,
(1)

ψS (S , (Rc0 , R−c ))(c) ⊆ ψ(∗S , RC )(c).
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Clearly, because the matching ψS (S , (Rc0 , R−c ))(c) is stable according to legal
t , q), we have that the matching µ
preferences in market (S, C, S , (Rc0 , R−c ), RC
such that

ψS (S , (Rc0 , R−c ))(c0 ), if c0 6= c
0
µ(c ) =
ψ(∗S , RC )(c), if c0 = c
is also stable in this same market.10
Because the number of vacancies filled by a college is always the same in every
stable match, we have that
|ψS (S , (Rc0 , R−c ))(c)| = |µ(c)|,
which, by (1), implies that
ψS (S , (Rc0 , R−c ))(c) = ψ(∗S , RC )(c).
as we wanted to show.
Proof of Theorem 7: Let ψ be an arbitrary stable matching mechanism
t , q), and let ∗∗ be students’ preferences redefined in market (S, C, S , RC , RC
S
sulting from an arbitrary manipulation by college c. Also, let ∗S be such the
preference manipulation in which college c is made unacceptable to all of its unprofitable students, and only those students, i.e.,
i) For every s ∈ S˜cu , ∅ ∗s c.
ii) For every s ∈ S˜cu and every c0 , c00 6= c, c0 s c if and only if c0 ∗s c.
iii) For every s ∈
/ S˜cu and every c0 , c00 ∈ C, c0 s c if and only if c0 ∗s c.
Then, letting ψS be the SOSM mechanism, it follows from lemma 15 that
ψS (∗S , RC )(c) = ψS (S , (Rct , R−c ))(c). Moreover, from lemma 16, there exists a
college preference report Rc0 such that
ψS (S , (Rc0 , R−c ))(c) = ψ(∗∗
S , RC )(c).
Assuming college c can not be made better off by misreporting its true preferences implies that
(2)
ψS (∗S , RC )(c) = ψS (S , (Rct , R−c ))(c) c ψS (S , (Rc0 , R−c ))(c) = ψ(∗∗
S , RC )(c).
But because the SOSM is the worst stable match for colleges (Roth and Stomayor (1992)), we must have
(3)

ψ(∗S , RC )(c) c ψS (∗S , RC )(c).

10 To see this, notice that the matching µ equals to the matching ψ ( , (R0 , R
−c ), q), with the only
S
S
c
potential difference being that college c may be better off in µ by being matched to additional acceptable
students (according to preferences Rc0 ) who, on their turn, prefer to be matched to college c over staying
unmatched, as in ψS (S , (Rc0 , R−c ), q).
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Together, (2) and (3) imply that
ψ(∗S , RC )(c) c ψ(∗∗
S , RC )(c).
Because the choice of (Rc , qc ) was arbitrary, we have that college c can not manipulate the matching mechanism ψ by making itself unacceptable to students
other than the ones in Scu .
E.

Stochastic Markets

The evaluation of the frequency with which agents can manipulate a matching
mechanism requires preferences to be random. So this section describes the data
generating process (DGP) governing those preferences.
t , q), it is assumed that, associated with
For a given market (S, C, S , RC , RC
each college ci there is a number pci ∈ (0, 1), which from now on shall be referred
to as the popularity of college ci , and associated with each student si there is a
number psi ∈ (0, 1), thePpopularity of student
Pn si . Those popularities are assumed
p
=
1
and
to add up to one, i.e., m
i=1 psi = 1. Without loss of generality
i=1 ci
agents are ordered from highest to lowest popularity, i.e.,
pc1 ≥ pc2 ≥ · · · ≥ pcm ,
and
ps1 ≥ ps2 ≥ · · · ≥ psn .
Given these popularities, the probability that the real preference list from an
arbitrary college c is (si1 , si2 , · · · sin ) is given by
n
Y
j=1

1−

psij
Pj−1
l=0

psil

,

and analogously, the probability that the preference list from an arbitrary student
s is (ci1 , ci2 , · · · cik ) is given by
k
Y
j=1

1−

pcij
Pj−1
l=0

pcil

,

where psi0 = pci0 = 0. That is, ordered sampling without replacement is used to
determine agents’ preferences.
Notice that, because we are analyzing colleges’ incentives to misreport their
preferences, and because, from theorem 7, a necessary condition for a college’s
optimal strategy be to make itself unacceptable to all of its desirable students,
and only those students, is that the college has no incentives to misreport its
preferences in an environment in which that is allowed; we do not need to make
assumptions regarding the DGP of colleges’ legal preferences. The only constraint
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we impose regarding legal preferences, is the ones already stated in assumption
2. We also do not need to model the DGP governing the cutoff point on colleges’
rankings below which students are considered unacceptable. That is because the
number of unacceptable students from each college does not influence the computation of the upper bound derived in Saraiva (2019) regarding the proportion
of agents that have incentives to misreport their preferences.
Notice that the greater the discrepancy between popularities, the more correlated the realized preferences become. For instance, if pci = (1 − ε)εi−1 and ε is
very small, then most students are likely to end up with the same preferences,
whereas pc1 = pc2 = · · · = pcm = 1/n would cause students’ preferences to become
completely uncorrelated with one another. Except when conducting equilibrium
analysis, throughout this paper no restrictions are imposed on colleges’ popularity, and therefore on the level of correlation of students’ preferences. But in
terms of colleges’ preferences, it is assumed that they are the least correlated as
possible, that is:
1
ps1 = ps2 = · · · = psn = .
n
Though this assumption may seem restrictive, it has been noticed that in general more correlated preferences are associated with a lower number of agents
in the market being able to successfully manipulate a stable matching mechanism. In particular, if all agents in one side of the market have the exact same
preferences, then no agent in the market will have incentives to misreport their
preferences or vacancies in any stable matching mechanism, which would make
the convergence result derived in this paper trivial. Though one can find counterexamples in which more correlated preferences actually increase the level of
manipulation in the market, cases like those are relatively rare, as illustrated by
the simulations conducted by Saraiva (2019) and Ashlagi, Kanoria and Leshno
(2017).
With that in mind, a stochastic market is defined as a tuple (S, C, P, q), where
P = {pc1 , pc2 , · · · , pcm } specifies the popularity of each college in the market.
Students’ popularity are omitted from the tuple, as they are always assumed to
be the same, i.e., ps = 1/|S| for all s ∈ S. College’s legal preferences are also
omitted, since the specific DGP that causes some unacceptable students to be
considered as acceptable according to legal preferences is not relevant to any of
the proofs.
Given the above assumptions, Saraiva (2019) shows that the expected proportion of colleges that can benefit by misreporting their preferences in any stable
matching mechanism in this sequence of random markets converges to zero as the
number of colleges in the market goes to infinity (theorem 8). Moreover, Saraiva
(2019) also shows that if, in addition, this sequence of random markets always has
more students than colleges, then the proportion of students that can manipulate
any stable match also converges to zero as the number of colleges goes to infinity.

