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I When ordered pooling minimizes the expected number of tests

For any arbitrary group Gg ⊆ S, we define

TGg ≡
{

1, if |Gg | = 1

1+|Gg |∑|Gg |
I=0 h(I ,k)PGg (I ), if |Gg | > 1

,
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which corresponds to the expected number of tests for group Gg .1

Lemma I.1 If h(·,k) is discrete-concave, then for any arbitrary group Gg ⊆ S such that |Gg | = k, and any l ∈Gg ,

k−1∑
I=0

PGg \{l }(I )[h(I +1,k)−h(I ,k)]

is decreasing in the probability of infection from each subject in Gg \{l }.

Proof: Notice that
k−1∑
I=0

PGg \{l }(I )[h(I +1,k)−h(I ,k)]

corresponds to a weighted average of h(I +1,k)−h(I ,k), where the weights are determined by the probability mass
function PGg \{l }(·). Clearly, increasing the probability of infection from a subject in Gg \{l } causes this average to put
more weight on higher values of I (formally, letting Y be the random variable associated with the probability mass
function PGg \{l }(·) and Y ′ be its transformed version after the probability of infection from a subject in Gg \{l } is
increased, we have that Y ′ first-order stochastically dominates Y ). Therefore, because discrete-concavity of h(·,k)
implies that h(I +1,k)−h(I ,k) is decreasing in I , we have that increasing the probability of infection from a subject
in Gg \{l } causes

∑k−1
I=0 PGg \{l }(I )[h(I +1,k)−h(I ,k)] to decrease.

Lemma I.2 Let G1 and G2 be two disjoint subsets of S such that |G1| = k1 ≥ 2 and |G2| = k2 ≥ 2. Then consider the
following ordered partitions of G1 ∪G2:

{G∗
1 ,G∗

2 },

and
{G∗∗

2 ,G∗∗
1 },

where |G∗
1 | = |G∗∗

1 | = k1, |G∗
2 | = |G∗∗

2 | = k2, i < j for all i ∈G∗
1 and all j ∈G∗

2 and i > j for all i ∈G∗∗
1 and all j ∈G∗∗

2 .
If h(·,k1) and h(·,k2) are both discrete-concave, then

min{TG∗
1
+TG∗

2
,TG∗∗

1
+TG∗∗

2
} ≤ TG1 +TG2 .

Proof: If {G1,G2} = {G∗
1 ,G∗

2 } or {G1,G2} = {G∗∗
1 ,G∗∗

2 }, the proof is trivial. So suppose that {G1,G2} 6= {G∗
1 ,G∗

2 } and
{G1,G2} 6= {G∗∗

1 ,G∗∗
2 }, so that

min
i∈G1

i < max
j∈G2

j

and
min
j∈G2

j < max
i∈G1

i .

For an arbitrary i ∈G1 and j ∈G2 either one of the following inequalities must hold

|G1|
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)] ≤ |G2|
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] (1)

or

|G2|
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] ≤ |G1|
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]. (2)

1. Suppose that inequality 2 holds. Then define
i ≡ max

i∈G1
i

and
j ≡ min

j∈G2
j .

1The constant 1 corresponds to the pooled test performed for the group, while the second term corresponds to the probability that the
pooled test detects infection times the number of subjects in the group (who are each tested individually in the event the pooled test detects
infection). If the group is comprised of a single subject, then only one test is performed for that subject.
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Because qi ≥ qi , lemma I.1 implies that

|G1|
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)] ≤ |G1|
k−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]. (3)

Analogously, q j ≤ q j and lemma I.1 imply that

|G2|
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] ≤ |G2|
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)]. (4)

Together inequalities 2, 3 and 4 imply that

|G2|
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] ≤ |G1|
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]. (5)

Now, let us exchange the positions of subjects i and j to create the new groups

G̃1 =G1 ∪ { j }\{i }

and
G̃2 =G2 ∪ {i }\{ j }.

We will show that TG̃1
+TG̃2

≤ TG1 +TG2 . First, notice that

TG̃1
+TG̃2

≤ TG1 +TG2

⇐⇒|G1|
k1∑

I=0
h(I ,k1)PG̃1

(I )+|G2|
k2∑

I=0
h(I ,k2)PG̃2

(I ) ≤ |G1|
k1∑

I=0
h(I ,k1)PG1 (I )+|G2|

k2∑
I=0

h(I ,k2)PG2 (I ) (6)

Now notice that

k1∑
I=0

h(I ,k1)PG̃1
(I ) = q j

k1−1∑
I=0

h(I +1,k1)PG̃1\{ j }(I )+ (1−q j )
k1−1∑
I=0

h(I ,k1)PG̃1\{ j }(I )

= q j

k1−1∑
I=0

PG̃1\{ j }(I )[h(I +1,k1)−h(I ,k1)]+
k1−1∑
I=0

h(I ,k1)PG̃1\{ j }(I ).

Because G̃1\{ j } =G1\{i }, the above expression can be rewritten as

k1∑
I=0

h(I ,k1)PG̃1
(I ) = q j

k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]+
k1−1∑
I=0

h(I ,k1)PG1\{i }(I ,k1).

Analogously,

k2∑
I=0

h(I ,k2)PG̃2
(I ) = qi

k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I )]+
k1−1∑
I=0

h(I ,k2)PG2\{ j }(I ),

k1∑
I=0

h(I ,k1)PG1 (I ) = qi

k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]+
k1−1∑
I=0

h(I ,k1)PG1\{i }(I ),

k2∑
I=0

h(I ,k2)PG2 (I ) = q j

k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)]+
k2−1∑
I=0

h(I ,k2)PG2\{ j }(I ).
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Replacing these expressions into 6 and rearranging the terms, we get

TG̃1
+TG̃2

≤ TG1 +TG2 (7)

⇐⇒ (qi −q j )|G2|
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I )] ≤ (qi −q j )|G1|
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]

⇐⇒|G2|
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] ≤ |G1|
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)], (8)

which, from inequality 5, holds.

Now, defining

i
′ ≡ max

i∈G̃1

i

and
j ′ ≡ min

j∈G̃2

j ,

we have that either one of the following conditions must hold:

(a) q j ≥ q
i
′ (i.e., j > i for all i ∈ G̃1 and all j ∈ G̃2), in which case G̃1 =G∗

1 and G̃2 =G∗
2 , so that TG1

∗ +TG2
∗ ≤

TG1 +TG2 .

(b) q j < q ′
i
. In this case, notice that when we moved from G1 to G̃1 we decreased the probability of infec-

tion from one subject in this group while not altering the probability of infection from the remaining
subjects within the group. From lemma I.1 this implies that

k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)] ≤
k1−1∑
I=0

P
G̃1\{i

′
}
(I )[h(I +1,k1)−h(I ,k1)]. (9)

Analogously, when moving from G2 to G̃2 we increased the probability of infection from one subject
in this group while not altering the probability of infection from the remaining subjects in this group.
From lemma I.1 this implies that

k1−1∑
I=0

PG̃2\{ j ′}(I )[h(I +1,k1)−h(I ,k1)] ≤
k1−1∑
I=0

PG2\{ j ′}(I )[h(I +1,k1)−h(I ,k1)]. (10)

Together, inequalities 8, 9 and 10 imply that

|G2|
k−1∑
I=0

PG̃2\{ j ′}(I )[h(I +1)−h(I )] ≤ |G1|
k−1∑
I=0

P
G̃1\{i

′
}
(I )[h(I +1)−h(I )].

So we can redefine G1 = G̃1, G2 = G̃2, i = i
′

and j = j ′ and repeat the previous steps iteratively, until
the final pair of groups is given by G∗

1 and G∗
2 such that |G∗

1 | = |G1| = k1, |G∗
2 | = |G2| = k2, qi ≤ q j for all

i ∈G∗
1 and all j ∈G∗

2 .

Because at each step of this algorithm we reduce the expected number of tests for subjects within these
groups, and because at the end of this process we obtain the groups G∗

1 and G∗
2 , we have that

TG∗
1
+TG∗

2
≤ TG1 +TG2 ,

as we wanted to show.

2. If inequality 1 holds, the proof is analogous to case 1, when inequality 2 holds, instead. Indeed, if 1 holds,
we define i = mini∈G1 i and j = max j∈Gm j , and then repeat the steps in case 1 to show that switching subject

i with subject j weakly reduces the expected number of tests, provided that h(·,k1) and h(·,k2) are both
discrete-concave. Then, we iteratively switch subjects from the new groups in the same fashion until we
reach the ordered partition {G∗∗

2 ,G∗∗
1 }. Because at each step of the algorithm the expected number of tests

diminishes, we obtain TG∗∗
1

+TG∗∗
2

≤ TG1 +TG2 .
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Lemma I.3 Let G1 and G2 be two disjoint subsets of S such that |G1| = k1 ≥ 1 and |G2| = 1. Let j = max(G1∪G2) (i.e.,
j is the subject with highest probability of infection in group G1∪G2). Then consider the following ordered partition
of G1 ∪G2:

{G∗
1 ,G∗

2 },

where

G∗
1 ≡G1 ∪G2\{ j },

G∗
2 ≡

{
j
}

,

i.e., {G∗
1 ,G∗

2 } is the ordered partition that groups the k1 subjects with lowest probability of infection together, and the
subject with highest probability of infection alone.

If h(·,k1) is increasing, then
TG∗

1
+TG∗

2
≤ TG1 +TG2 .

Proof: Let G1 and G2 be two disjoint subsets of S. The proof when |G1| = |G2| = 1 is trivial. So suppose that |G1| =
k1 ≥ 2 and G2 = { j }, with j < j = max(G1 ∪G2). Let

G∗
1 ≡G1 ∪G2\{ j },

G∗
2 ≡

{
j
}

.

Because |G2| = |G∗
2 | = 1, we have that TG2 = TG∗

2
= 1. Therefore,

TG1
∗ +TG2

∗ ≤ TG1 +TG2

⇐⇒
(

1+k1

k1∑
I=0

PG∗
1

(I )h(I ,k1)

)
+1 ≤

(
1+k1

k1∑
I=0

PG1 (I )h(I ,k1)

)
+1

⇐⇒ k1

(
q j

k1−1∑
I=0

PG1\{ j }(I )h(I +1,k1)+ (1−q j )
k1−1∑
I=0

PG1\{ j }(I )h(I ,k1)

)
≤

k1

(
q j

k1−1∑
I=0

PG1\{ j }(I )h(I +1,k1)+ (1−q j )
k1−1∑
I=0

PG1\{ j }(I )h(I ,k1)

)

⇐⇒ 0 ≤ (q j −q j )

(
k1−1∑
I=0

PG1\{ j }(I )(h(I +1,k1)−h(I ,k1))

)
⇐⇒ 0 ≤ q j −q j ,

which is satisfied, since q j ≥ q j for all j < j .

I.1 Proof of theorem 1

Let {G1,G2, · · · ,Gm} be an arbitrary partition of S = {1,2, · · · ,n}, where m is the number of groups from the partition
(e.g., if all of the groups from the partition have the same size k, then m = n

k ). Also suppose that h(·, |Gg |) is
discrete-concave for every Gg ∈ {G1,G2, · · · ,Gm}. Then implement the following algorithm:

Algorithm I.1

1. Initialize the partition Ω̃= {G̃1,G̃2, · · · ,G̃m}, where G̃g =Gg for all g ∈ {1,2, · · · ,m}.

2. Initialize g = 1.

5



3. Set w = g +1.

4. Pick groups G̃g and G̃w from Ω̃.

(a) If |G̃g | ≥ 2 and |G̃w | ≥ 2, consider the following ordered partitions of G̃g ∪G̃w :

{G∗
g ,G∗

w },

and
{G∗∗

w ,G∗∗
g },

where |G∗
g | = |G∗∗

g | = |G̃g |, |G∗
w | = |G∗∗

w | = |G̃w |, i < j for all i ∈ G∗
g and all j ∈ G∗

w , and qi > q j for all
i ∈G∗∗

g and all j ∈G∗∗
w .

If TG∗
g
+TG∗

w
≤ TG∗∗

g
+TG∗∗

w
, redefine

G̃g =G∗
g and G̃w =G∗

w

else, redefine
G̃g =G∗∗

w and G̃w =G∗∗
g .

(b) If |G̃g | = 1 or |G̃w | = 1, redefine
G̃g = G̃g ∪G̃w \{max(G̃g ∪G̃w )},

and
G̃w = {max(G̃g ∪G̃w )}.

5. If w = m, proceed to the next step. Else, redefine w = w +1 and repeat step 4.

6. If g = m −1, stop the algorithm, else, redefine g = g +1 and repeat step 3.

Let Ω= {G1,G2, · · · ,Gm} be the original partition and Ω̃= {G̃1,G̃2, · · · ,G̃m} be the final partition obtained obtained
after implementing algorithm I.1. From lemmas I.2 and I.3, at each step of this algorithm the overall expected
number of tests weakly diminishes, which implies that E[T (Ω̃)] ≤ E[T (Ω)]. Because at the end of each step 6 of
algorithm I.1 we have that, for each w > m, qi ≤ q j for all i ∈ G̃g and all j ∈ G̃w , we have that Ω̃ is an ordered
partition of S. Moreover, because changes made at steps 4a and 4b of algorithm I.1 preserve pool sizes, there exists
a permutation p of the indices (1,2, · · · ,m) such that |Gp(g )| = |Gg | for all g ∈ {1,2, · · · ,m}.

As to the second part of the theorem, notice that, at each step 4b of algorithm I.1 we are allocating the subject
with highest probability of infection to be tested individually. This implies that if a subject i is tested individually
under Ω̃, then a subject j with q j > qi is also tested individually under Ω̃.

II When ordered pooling minimizes the expected number of false negatives

For any arbitrary group Gg ⊆ S, it can be shown that

F NGg ≡
{

(1−Se )qi , if Gg = {i },∑|Gg |
I=0 PGg (I )I

[
1−h(I , |Gg |)Se

]
, if |Gg | > 1

,

corresponds to the expected number of false negatives from group Gg .2

2That this is true for |Gg | = 1 is trivial. To see this is true for |Gg | > 1, define F NGg ,I ,d as the expected number of false negatives in group Gg

conditional that the group has exactly I infected subjects and conditional that infection is detected in the first stage of testing. Similarly, define
F NGg ,I ,nd as the expected number of false negatives in group Gg conditional that the group has exactly I infected subjects and conditional

that infection is not detected in the first stage of testing. Then, by the law of iterated expectations we must have

F NGg =
|Gg |∑
I=0

PGg (I )
[

h(I , |Gg |)F NGg ,I ,d + (1−h(I , |Gg |))F NGg ,I ,nd

]
.

Noticing that F NGg ,I ,d = I (1−Se ) and F NGg ,I ,nd = I , yields the desired result.
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For any arbitrary group Gg ⊆ S such that |Gg | ≥ 2 and any j ∈Gg we define

AGg , j ≡
|Gg |−1∑

I=0
(I +1)(1−h(I +1, |Gg |)Se )PGg \ j (I ),

BGg , j ≡
|Gg |−1∑

I=0
I (1−h(I , |Gg |)Se )PGg \ j (I ).

From the above expressions, AGg , j is the expected number of false negatives in group Gg conditional that j ∈ Gg

is infected. Similarly, BGg , j is the expected number of false negatives in group Gg conditional that j ∈ Gg is not
infected.

Now notice that, for any j ∈Gg ,

F NGg = q j AGg , j + (1−q j )BGg , j

= q j (AGg , j −BGg , j )+BGg , j . (11)

Lemma II.1 If hypothesis 1 holds for a given k ≥ 2, then for any arbitrary group Gg ⊆ S such that |Gg | = k, and any
l ∈Gg ,

AGg ,l −BGg ,l

is decreasing in the probability of infection from each subject in Gg \{l }.

Proof: Notice that

AGg ,l −BGg ,l =
k−1∑
I=0

PGg \{l }(I )[(I +1)(1−Se h(I +1,k))− I (1−Se h(I ,k))],

which corresponds to a weighted average of (I + 1)(1− Se h(I + 1,k))− I (1− Se h(I ,k)), where the weights are de-
termined by the probability mass function PGg \{l }(·). Clearly, increasing the probability of infection from a patient
in Gg \{l } causes this average to put more weight on higher values of I (formally, letting Y be the random variable
associated with the probability mass function PGg \{l }(·) and Y ′ be its transformed version after the probability of
infection from a patient in Gg \{l } is increased, we have that Y ′ first-order stochastically dominates Y ). So it suf-
fices to show that (I +1)(1−Se h(I +1,k))− I (1−Se h(I ,k)) is decreasing in I , a property that is satisfied if, for any
I ∈ {1,2, · · · ,k −1},

(I +1)(1−Se h(I +1,k))− I (1−Se h(I ,k))−
− [I (1−Se h(I ,k))− (I −1)(1−Se h(I −1,k))] ≤ 0

⇐⇒ I +1

2I
h(I +1,k)+ I −1

2I
h(I −1,k) ≥ h(I ,k).

Lemma II.2 Let G1 and G2 be two disjoint subsets of S such that |G1| = k1 ≥ 2 and |G2| = k2 ≥ 2. Consider the
following ordered partitions of G1 ∪G2:

{G∗
1 ,G∗

2 },

and
{G∗∗

2 ,G∗∗
1 },

where |G∗
1 | = |G∗∗

1 | = k1, |G∗
2 | = |G∗∗

2 | = k2, i < j for all i ∈G∗
1 and all j ∈G∗

2 and i > j for all i ∈G∗∗
1 and all j ∈G∗∗

2 .
If h(·,k1) and h(·,k2) satisfy hypothesis 1, then

min{F NG∗
1
+F NG∗

2
,F NG∗∗

1
+F NG∗∗

2
} ≤ F NG1 +F NG2 .

Proof: If {G1,G2} = {G∗
1 ,G∗

2 } or {G1,G2} = {G∗∗
1 ,G∗∗

2 }, the proof is trivial. So suppose that {G1,G2} 6= {G∗
1 ,G∗

2 } and
{G1,G2} 6= {G∗∗

1 ,G∗∗
2 }, so that

min
i∈G1

i < max
j∈G2

j

7



and
min
j∈G2

j < max
i∈G1

i .

For an arbitrary i ∈G1 and j ∈G2 either one of the following inequalities must hold

AG1,i −BG1,i ≤ AG2, j −BG2, j (12)

or

AG2, j −BG2, j ≤ AG1,i −BG1,i (13)

1. Assume that inequality 13 holds, and define
i ≡ max

i∈G1
i

and
j ≡ min

j∈G2
j .

Because qi ≥ qi , lemma II.1 implies that

AG1,i −BG1,i ≤ AG1,i −BG1,i . (14)

Analogously, q j ≤ q j and lemma II.1 imply that

AG2, j −BG1, j ≤ AG1, j −BG1, j . (15)

Together inequalities 13, 14 and 15 imply that

AG2, j −BG2, j ≤ AG1,i −BG1,i . (16)

Now let us exchange the position of subjects i and j to create the new groups

G̃1 =G1 ∪ { j }\{i }

and
G̃2 =G2 ∪ {i }\{ j }.

Then we must have F NG̃1
+F NG̃2

≤ F NG1 +F NG2 . Indeed, from expression 11, we have that

F NG1 = qi AG1,i + (1−qi )BG1,i ,

F NG2 = q j AG2, j + (1−q j )BG2, j .

Moreover, because
AG̃1, j = AG1,i ,

BG̃1, j = BG1,i ,

AG̃2,i = AG2, j ,

BG̃2,i = BG2, j ,

we also have that

F NG̃1
= q j AG1,i + (1−q j )BG1,i ,

F NG̃2
= qi AG2, j + (1−qi )BG2, j .

8



Therefore,

F NG̃1
+F NG̃2

≤ F NG1 +F NG2

⇐⇒ q j (AG1,i −BG1,i )+qi (AG2, j −BG2, j ) ≤ qi (AG1,i −BG1,i )+q j (AG2, j −BG2, j )

⇐⇒ (qi −q j )(AG2, j −BG2, j ) ≤ (qi −q j )(AG1,i −BG1,i )

⇐⇒ (AG2, j −BG2, j ) ≤ (AG1,i −BG1,i ),

which, from inequality 16, holds.

Now, defining

i
′ ≡ max

i∈G̃1

i

and
j ′ ≡ min

j∈G̃2

j ,

we have that either one of the following conditions must hold:

(a) q j ≥ q ′
i
, in which case G̃1 =G∗

1 and G̃2 =G∗
2 , so that F NG1

∗ +F NG2
∗ ≤ F NG1 +F NG2 .

(b) q j < q ′
i
. In this case, notice that when we moved from G1 to G̃1 we decreased the probability of infec-

tion from one subject in this group while not altering the probability of infection from the remaining
subjects in the group. From lemma II.1 this implies that

AG1,i −BG1,i ≤ A
G̃1,i

′ −B
G̃1,i

′ . (17)

Analogously, when moving from G2 to G̃2 we increased the probability of infection from one subject
in this group while not altering the probability of infection from the remaining subjects in the group.
From lemma II.1 this implies that

AG̃2, j ′ −BG̃2, j ′ ≤ AG2, j −BG2, j . (18)

Together inequalities 16, 17 and 18 imply that

AG̃2, j ′ −BG̃2, j ′ ≤ A
G̃1,i

′ −B
G̃1,i

′

So we can redefine G1 = G̃1, G2 = G̃2, i = i
′

and j = j ′ and repeat the previous steps iteratively, until the
final pair of groups is given by G∗

1 and G∗
2 .

Because at each step of this algorithm we reduce the expected number of false negatives for subjects in these
groups, and because at the end of this process we obtain the groups G∗

1 and G∗
2 , we have that

F NG∗
1
+F NG∗

2
≤ F NG1 +F NG2 ,

as we wanted to show.

2. If inequality 12 holds, the proof is analogous to case the case in which inequality 13 holds (case 1). Indeed,
when 12 holds, we define i = mini∈G1 i and j = max j∈Gm j , and then repeat the same steps in case 13 to show

that switching the positions of subjects i and j weakly reduces the expected number of tests, provided that
h(·,k1) and h(·,k2) both satisfy hypothesis 1. Then, we iteratively switch subjects from the new groups in
the same fashion until we reach the ordered partition {G∗∗

2 ,G∗∗
1 }. Because at each step of the algorithm the

expected number of false negatives diminishes, we obtain F NG∗∗
1

+F NG∗∗
2

≤ F NG1 +F NG2 .
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Lemma II.3 Let G1 and G2 be two disjoint subsets of S such that |G1| = k ≥ 1 and |G2| = 1. Let j ≡ max(G1 ∪G2) and
j ≡ min(G1 ∪G2). Then consider the following ordered partitions of G1 ∪G2:

{G∗
1 ,G∗

2 },

and
{G∗∗

2 ,G∗∗
1 },

where

G∗
1 ≡G1 ∪G2\{ j }

G∗
2 ≡ { j }

G∗∗
1 ≡ { j }

G∗∗
2 ≡G1 ∪G2\{ j },

i.e., {G∗
1 ,G∗

2 } is an ordered partition of G1 ∪G2 that individually tests the subject with highest probability of infec-
tion, while {G∗∗

1 ,G∗∗
2 } is an ordered partition of G1 ∪G2 that individually tests the subject with lowest probability of

infection.
If h(·,k) satisfies hypothesis 1, then

min{F NG∗
1
+F NG∗

2
,F NG∗∗

1
+F NG∗∗

2
} ≤ F NG1 +F NG2 .

Proof: If k = 1, the proof is trivial, as all partitions are the same. So we will assume that k > 1. As the proof is also
trivial for the cases in which G2 = { j } or G2 = { j }, let us assume that G2 = {i }, with j < i < j . Then we have that

F NG1 +F NG2 = q j (AG1, j −BG1, j )+BG1, j +qi (1−Se )

and

F NG∗
1
+F NG∗

2
= qi (AG1, j −BG1, j )+BG1, j +q j (1−Se ).

Now notice that one of the following inequalities must hold:

F NG∗
1
+F NG∗

2
≤ F NG1 +F NG2 (19)

or
F NG∗

1
+F NG∗

2
> F NG1 +F NG2 (20)

If inequality (19) holds, the Lemma is proven. So suppose that inequality (20) holds. Then we must have

q j (AG1, j −BG1, j )+BG1, j +qi (1−Se ) < qi (AG1, j −BG1, j )+BG1, j +q j (1−Se )

⇐⇒ (AG1, j −BG1, j ) < (1−Se ). (21)

We want to show that

F NG∗∗
1

+F NG∗∗
2

≤ F NG1 +F NG2

⇐⇒ qi (AG1, j −BG1, j )+BG1, j +q j (1−Se ) ≤ q j (AG1, j −BG1, j )+BG1, j +qi (1−Se )

⇐⇒ (AG1, j −BG1, j ) ≤ (1−Se ). (22)

From lemma II.1, we have that (AG1, j −BG1, j ) ≤ (AG1, j −BG1, j ). Therefore, from inequality 21, we have that

(AG1, j −BG1, j ) ≤ (1−Se ), as we wanted to show.

10



II.1 Proof of theorem 2

LetΩ= {G1,G2, · · · ,Gm} be an arbitrary partition of S = {1,2, · · · ,n}, where m is the number of groups from the par-
tition (e.g., if all of the groups from the partition have the same size k, then m = n

k ). Also suppose that hypothesis
1 holds for every k ∈ {|G1|, |G2|, · · · , |Gm |}. Then implement the following algorithm:

Algorithm II.1

1. Initialize the partition Ω̃= {G̃1,G̃2, · · · ,G̃m}, where G̃g =Gg for all g ∈ {1,2, · · · ,m}.

2. Initialize g = 1.

3. Set w = g +1.

4. Pick groups G̃g and G̃w from Ω̃.

5. Then consider the following ordered partitions of G̃g ∪G̃w :

{G∗
g ,G∗

w },

and
{G∗∗

w ,G∗∗
g },

where |G∗
g | = |G∗∗

g | = |G̃g |, |G∗
w | = |G∗∗

w | = |G̃w |, i < j for all i ∈ G∗
g and all j ∈ G∗

w , and qi > q j for all i ∈ G∗∗
g

and all j ∈G∗∗
w .

If TG∗
g
+TG∗

w
≤ TG∗∗

g
+TG∗∗

w
, redefine

G̃g =G∗
g and G̃w =G∗

w

else, redefine
G̃g =G∗∗

w and G̃w =G∗∗
g .

6. If w = m, proceed to the next step. Else, redefine w = w +1 and repeat step 4.

7. If g = m −1, stop the algorithm, else, redefine g = g +1 and repeat step 3.

Let Ω= {G1,G2, · · · ,Gm} be the original partition and Ω̃= {G̃1,G̃2, · · · ,G̃m} be the final partition obtained obtained
after implementing algorithm II.1. From lemmas II.2 and II.3, at each step of this algorithm the overall expected
number of false negatives weakly diminishes, which implies that E[F N (Ω̃)] ≤ E[F N (Ω)]. Because at the end of each
step 7 of algorithm II.1 we have that, for each w > m, qi ≤ q j for all i ∈ G̃g and all j ∈ G̃w , we have that Ω̃ is an
ordered partition of S. Moreover, because changes made at each step 5 of algorithm II.1 preserve pool sizes, there
exists a permutation p of the indices (1,2, · · · ,m) such that |Gp(g )| = |Gg | for all g ∈ {1,2, · · · ,m}.

Proposition II.1 For a given partitionΩ= {G1,G2, · · · ,Gm} of S, if

I
∂2h(I , |Gg |)

∂I 2 +2
∂h(I , |Gg |)

∂I
≥ 0, ∀I ∈ [0, |Gg |], and ∀Gg ∈Ω (23)

then
I +1

2I
h(I +1, |Gg |)+ I −1

2I
h(I −1, |Gg |) ≥ h(I , |Gg |), ∀I ∈ {1,2, · · · , |Gg |}, and ∀Gg ∈Ω, (24)

but the converse is not necessarily true.

Proof: The condition

I
∂2h(I ,k)

∂I 2 +2
∂h(I ,k)

∂I
≥ 0, ∀I ∈ [0,k],

holds if and only if
∂2I h(I ,k)

∂I 2 ≥ 0, ∀I ∈ [0,k],

11



i.e., if and only if the function f : [0,k] →R such that

f (I ) = I h(I ,k) ∀I ∈ [0,k]

is convex. Clearly, if f (·) is convex, hypothesis 1 holds.
But we can find instances in which equation 23 does not hold for some I ∈ [0,k], and yet equation 24 holds for

every I ∈ {1,2, · · · ,k −1}. Indeed, suppose that k = 3 and

h(I ,k) = 1/[1+exp(−20(I /k −3/4))],

then hypothesis 1 holds (for I = 1 and I = 2), even though condition ?? does not hold for non-integer values of I
greater than 2 and sufficiently close to k = 3.

III When ordered pooling minimizes the expected number of false positives

For any arbitrary group Gg ⊆ S s.t. |Gg | ≥ 2, it can be shown that

F PGg ≡
{

(1−Sp )(1−qi ), if Gg = {i },∑|Gg |
I=0 PGg (I )h(I , |Gg |)(|Gg |− I )(1−Sp ) if |Gg | ≥ 2

corresponds to the expected number of false positives from group Gg .3

For any arbitrary group Gg ⊆ S such that |Gg | ≥ 2 and any j ∈Gg we define

CGg , j ≡
|Gg |−1∑

I=0
PGg \ j (I )h(I +1, |Gg |)(|Gg |− (I +1))(1−Sp ),

DGg , j ≡
|Gg |−1∑

I=0
PGg \ j (I )h(I , |Gg |)(|Gg |− I )(1−Sp ).

From the above expressions, CGg , j is the expected number of false positives in group Gg conditional that j ∈ Gg

is infected. Similarly, DGg , j is the expected number of false positives in group Gg conditional that j ∈ Gg is not
infected.

Now notice that, for any j ∈Gg ,

F PGg = q j CGg , j + (1−q j )DGg , j

= q j (CGg , j −DGg , j )+DGg , j . (25)

Lemma III.1 If hypothesis 2 holds for a given k ≥ 2, then for any arbitrary group Gg ⊆ S such that |Gg | = k, and any
l ∈Gg ,

CGg ,l −DGg ,l

is decreasing in the probability of infection from each subject in Gg \{l }.

Proof: Notice that

CGg ,l −DGg ,l =
k−1∑
I=0

PGg \{l }(I )(1−Sp )[(k − I −1)h(I +1,k)− (k − I )h(I ,k)],

3That this is true for |Gg | = 1 is trivial. To see this is true for |Gg | > 1, define F PGg ,I ,d as the expected number of false positives in group Gg

conditional that the group has exactly I infected subjects and conditional that infection is detected in the first stage of testing. Similarly, define
F PGg ,I ,nd as the expected number of false positives in group Gg conditional that the group has exactly I infected subjects and conditional that

infection is not detected in the first stage of testing. Then, by the law of iterated expectations we must have

F PGg =
|Gg |∑
I=0

PGg (I )
[

h(I , |Gg |)F PGg ,I ,d + (1−h(I , |Gg |))F PGg ,I ,nd

]
.

Noticing that F PGg ,I ,d = (k − I )(1−Sp ) and F PGg ,I ,nd = 0, yields the desired result.
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which corresponds to a weighted average of (k − I −1)(1−Sp )h(I +1,k)− (k − I )(1−Sp )h(I ,k), where the weights
are determined by the probability mass function PGg \{l }(·). Clearly, increasing the probability of infection from a
subject in Gg \{l } causes this average to put more weight on higher values of I (formally, letting Y be the random
variable associated with the probability mass function PGg \{l }(·) and Y ′ be its transformed version after the proba-
bility of infection from a subject in Gg \{l } is increased, we have that Y ′ first-order stochastically dominates Y ). So
it suffices to show that (k−I −1)(1−Sp )h(I +1,k)−(k−I )(1−Sp )h(I ,k) is decreasing in I , a property that is satisfied
if, for any I ∈ {1,2, · · · ,k −1},

(k − I −1)h(I +1,k)− (k − I )h(I ,k)−
− [(k − I )h(I ,k)− (k − I +1)h(I −1,k)] ≤ 0

⇐⇒ k − I −1

2(k − I )
h(I +1,k)+ k − I +1

2(k − I )
h(I −1,k) ≤ h(I ,k).

Lemma III.2 Let G1 and G2 be two disjoint subsets of S such that |G1| = k1 ≥ 2 and |G2| = k2 ≥ 2 and consider the
following ordered partitions of G1 ∪G2:

{G∗
1 ,G∗

2 },

and
{G∗∗

2 ,G∗∗
1 },

where |G∗
1 | = |G∗∗

1 | = k1, |G∗
2 | = |G∗∗

2 | = k2, i < j for all i ∈G∗
1 and all j ∈G∗

2 and i > j for all i ∈G∗∗
1 and all j ∈G∗∗

2 .
If h(·,k1) and h(·,k2) satisfy hypothesis 2, then

min{F PG∗
1
+F PG∗

2
,F PG∗∗

1
+F PG∗∗

2
} ≤ F PG1 +F PG2 .

Proof: If {G1,G2} = {G∗
1 ,G∗

2 } or {G1,G2} = {G∗∗
1 ,G∗∗

2 }, the proof is trivial. So suppose that {G1,G2} 6= {G∗
1 ,G∗

2 } and
{G1,G2} 6= {G∗∗

1 ,G∗∗
2 }, so that

min
i∈G1

i < max
j∈G2

j

and
min
j∈G2

j < max
i∈G1

i .

For an arbitrary i ∈G1 and j ∈G2 either one of the following inequalities must hold

CG1,i −DG1,i ≤CG2, j −DG2, j (26)

or

CG2, j −DG2, j ≤CG1,i −DG1,i (27)

1. Assume that inequality 27 holds, and define
i ≡ max

i∈G1
i

and
j ≡ min

j∈G2
j .

Because qi ≥ qi , lemma III.1 implies that

CG1,i −DG1,i ≤CG1,i −DG1,i . (28)

Analogously, q j ≤ q j and lemma II.1 imply that

CG2, j −DG1, j ≤CG1, j −DG1, j . (29)

Together inequalities 27, 28 and 29 imply that

CG2, j −DG2, j ≤CG1,i −DG1,i . (30)

13



Now let us exchange the position of subjects i and j to create the new groups

G̃1 =G1 ∪ { j }\{i }

and
G̃2 =G2 ∪ {i }\{ j }.

Then we must have F PG̃1
+F PG̃2

≤ F PG1 +F PG2 . Indeed, from expression 11, we have that

F PG1 = qi CG1,i + (1−qi )DG1,i ,

F PG2 = q j CG2, j + (1−q j )DG2, j .

Moreover, because
CG̃1, j =CG1,i ,

DG̃1, j = DG1,i ,

CG̃2,i =CG2, j ,

DG̃2,i = DG2, j ,

we also have that

F PG̃1
= q j CG1,i + (1−q j )DG1,i ,

F PG̃2
= qi CG2, j + (1−qi )DG2, j .

Therefore,

F PG̃1
+F PG̃2

≤ F PG1 +F PG2

⇐⇒ q j (CG1,i −DG1,i )+qi (CG2, j −DG2, j ) ≤ qi (CG1,i −DG1,i )+q j (CG2, j −DG2, j )

⇐⇒ (qi −q j )(CG2, j −DG2, j ) ≤ (qi −q j )(CG1,i −DG1,i )

⇐⇒ (CG2, j −DG2, j ) ≤ (CG1,i −DG1,i ),

which, from inequality 30, holds.

Now, defining

i
′ ≡ max

i∈G̃1

i

and
j ′ ≡ min

j∈G̃2

j ,

we have that either one of the following conditions must hold:

(a) q j ≥ q ′
i
, in which case G̃1 =G∗

1 and G̃2 =G∗
2 , so that F PG1

∗ +F PG2
∗ ≤ F PG1 +F PG2 .

(b) q j < q ′
i
. In this case, notice that when we moved from G1 to G̃1 we decreased the probability of infec-

tion from one subject in this group while not altering the probability of infection from the remaining
subjects in the group. From lemma III.1 this implies that

CG1,i −DG1,i ≤C
G̃1,i

′ −D
G̃1,i

′ . (31)

Analogously, when moving from G2 to G̃2 we increased the probability of infection from one subject
in this group while not altering the probability of infection from the remaining subjects in the group.
From lemma III.1 this implies that

CG̃2, j ′ −DG̃2, j ′ ≤CG2, j −DG2, j . (32)
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Together inequalities 30, 31 and 32 imply that

CG̃2, j ′ −DG̃2, j ′ ≤C
G̃1,i

′ −D
G̃1,i

′

So we can redefine G1 = G̃1, G2 = G̃2, i = i
′

and j = j ′ and repeat the previous steps iteratively, until the
final pair of groups is given by G∗

1 and G∗
2 .

Because at each step of this algorithm we reduce the expected number of false negatives for subjects in these
groups, and because at the end of this process we obtain the groups G∗

1 and G∗
2 , we have that

F PG∗
1
+F PG∗

2
≤ F PG1 +F PG2 ,

as we wanted to show.

2. If inequality 26 holds, the proof is analogous to case the case in which inequality 27 holds (case 1). Indeed,
when 26 holds, we define i = mini∈G1 i and j = max j∈Gm j , and then repeat the same steps in case 27 to

show that switching the positions of subjects i and j weakly reduces the expected number of false positives,
provided that h(·,k1) and h(·,k2) both satisfy hypothesis 2. Then, we iteratively switch subjects from the
new groups in the same fashion until we reach the ordered partition {G∗∗

2 ,G∗∗
1 }. Because at each step of the

algorithm the expected number of false positives diminishes, we obtain F PG∗∗
1

+F PG∗∗
2

≤ F PG1 +F PG2 .

Lemma III.3 Let G1 and G2 be two disjoint subsets of S such that |G1| = k ≥ 1 and |G2| = 1. Let j = max(G1∪G2) (i.e.,
j is the subject with highest probability of infection in group G1 ∪G2) and consider the following ordered partition
of G1 ∪G2:

{G∗
1 ,G∗

2 },

where

G∗
1 ≡G1 ∪G2\{ j },

G∗
2 ≡

{
j
}

,

i.e., {G∗
1 ,G∗

2 } is the ordered partition that groups the k subjects with lowest probability of infection together, and the
subject with highest probability of infection alone.

If h(·,k) is increasing, then
F PG∗

1
+F PG∗

2
≤ F PG1 +F PG2 .

Proof: Let G1 and G2 be two disjoint subsets of S. The proof when |G1| = |G2| = 1 is trivial. So suppose that |G1| =
k1 ≥ 2 and G2 = { j }, with j < j = max(G1 ∪G2). Let

G∗
1 ≡G1 ∪G2\{ j },

G∗
2 ≡

{
j
}

.
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Because G2 = { j } and G∗
2 = { j }, we have that F PG2 = (1−Sp )(1−q j ) and F PG∗

2
= (1−Sp )(1−q j ). Therefore,

F PG1
∗ +F PG2

∗ ≤ F PG1 +F PG2

⇐⇒ (1−Sp )
k∑

I=0
PG∗

1
(I )(k − I )h(I ,k)+ (1−Sp )(1−q j ) ≤+(1−Sp )

k∑
I=0

PG1 (I )(k − I )(h(I ,k))+ (1−Sp )(1−q j )

⇐⇒ (1−Sp )

(
q j

k−1∑
I=0

PG1\{ j }(I )(k − I −1)h(I +1,k)+ (1−q j )
k−1∑
I=0

PG1\{ j }(I )h(I ,k)(k − I )

)
≤

(1−Sp )

(
q j

k−1∑
I=0

PG1\{ j }(I )(k − I −1)h(I +1,k)+ (1−q j )
k−1∑
I=0

PG1\{ j }(I )h(I ,k)(k − I )

)
+ (1−Sp )(q j −q j )

⇐⇒ (q j −q j )

(
k−1∑
I=0

PG1\{ j }(I ) [(k − I )h(I ,k)− (k − I −1)h(I +1,k)]

)
≤ (q j −q j )

⇐⇒
k−1∑
I=0

PG1\{ j }(I ) [(k − I )h(I ,k)− (k − I −1)h(I +1,k)] ≤ 1, (33)

Now notice that, since h(·,k) is increasing and since h(I ,k) ≤ (1−Se ) ≤ 1, we have that

k−1∑
I=0

PG1\{ j }(I ) [(k − I )h(I ,k)− (k − I −1)h(I +1,k)] ≤
k−1∑
I=0

PG1\{ j }(I ) [(k − I )h(I +1,k)− (k − I −1)h(I +1,k)]

=
k−1∑
I=0

PG1\{ j }(I )h(I +1,k)

≤
k−1∑
I=0

PG1\{ j }(I ) = 1,

which implies that inequality 33 is satisfied.

III.1 Proof of theorem 3

LetΩ= {G1,G2, · · · ,Gm} be an arbitrary partition of S = {1,2, · · · ,n} such that |Gg | ≥ 2 for all Gg ∈Ω, where m is the
number of groups from the partition (e.g., if all of the groups from the partition have the same size k, then m = n

k ).
Also suppose that hypothesis 2 holds for every k ∈ {|G1|, |G2|, · · · , |Gm |}. Then implement the following algorithm:

Algorithm III.1

1. Initialize the partition Ω̃= {G̃1,G̃2, · · · ,G̃m}, where G̃g =Gg for all g ∈ {1,2, · · · ,m}.

2. Initialize g = 1.

3. Set w = g +1.

4. Pick groups G̃g and G̃w from Ω̃.

(a) If |Gg | ≥ 2 and |Gw | ≥ 2, consider the following ordered partitions of G̃g ∪G̃w :

{G∗
g ,G∗

w },

and
{G∗∗

w ,G∗∗
g },

where |G∗
g | = |G∗∗

g | = |G̃g |, |G∗
w | = |G∗∗

w | = |G̃w |, i < j for all i ∈ G∗
g and all j ∈ G∗

w , and qi > q j for all
i ∈G∗∗

g and all j ∈G∗∗
w .

If F PG∗
g
+F PG∗

w
≤ F PG∗∗

g
+F PG∗∗

w
, redefine

G̃g =G∗
g and G̃w =G∗

w

else, redefine
G̃g =G∗∗

w and G̃w =G∗∗
g .
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(b) If |G̃g | = 1 or |G̃w | = 1, redefine
G̃g = G̃g ∪G̃w \{max(G̃g ∪G̃w )},

and
G̃w = {max(G̃g ∪G̃w )}.

5. If w = m, proceed to the next step. Else, redefine w = w +1 and repeat step 4.

6. If g = m −1, stop the algorithm, else, redefine g = g +1 and repeat step 3.

Let Ω= {G1,G2, · · · ,Gm} be the original partition and Ω̃= {G̃1,G̃2, · · · ,G̃m} be the final partition obtained obtained
after implementing algorithm III.1. From lemmas III.2 and III.3, at each step of this algorithm the overall expected
number of false positives weakly diminishes, which implies that E[F P (Ω̃)] ≤ E[F P (Ω)]. Because at the end of each
step 6 of algorithm III.1 we have that, for each w > m, qi ≤ q j for all i ∈ G̃g and all j ∈ G̃w , we have that Ω̃ is an
ordered partition of S. Moreover, because changes made at steps 4a and 4b of algorithm III.1 preserve pool sizes,
there exists a permutation p of the indices (1,2, · · · ,m) such that |Gp(g )| = |Gg | for all g ∈ {1,2, · · · ,m}.

As to the second part of the theorem, notice that, at each step 4b of algorithm III.1 we are allocating the subject
with highest probability of infection to be tested individually. This implies that if a subject i is tested individually
under Ω̃, then a subject j with q j > qi is also tested individually under Ω̃.

IV Expected number of tests, Expected number of false negatives and Ex-
pected number of false positives for extreme dilution functions

It is a well known result that, in the absence of dilution effects, ordered pooling is more desirable than other pooling
criterion in terms of minimizing expected number of tests, the expected number of false positives and the expected
number of false negatives. This result is stated formally in proposition IV.1.

Proposition IV.1 (Aprahamian, Bish and Bish (2019)) Suppose that the dilution function is given by:

h(I ,k) =
{

Se , if I > 0
1−Sp , if I = 0.

Then,

a) For any partitionΩ of S, there exists an ordered partitionΩ∗ such that E[T (Ω∗)] ≤ E[T (Ω)].

b) The probability that an infected subject is incorrectly diagnosed as healthy is the same across any partition Ω
of S such that |Gg | ≥ 2 for all Gg ∈Ω, and is given by (1−S2

e ).

c) For any partition Ω of S such that |Gg | ≥ 2 for all Gg ∈ Ω, there exists an ordered partition Ω∗ such that
E[F P (Ω∗)] ≤ E[F P (Ω)].

Proof: Suppose that the dilution function is given by

h(I ,k) =
{

Se , if I > 0
1−Sp , if I = 0.

Then,

a) Ordered pooling minimizes the expected number of tests. Indeed this follows directly from theorem 1 and
the fact that h(·,k) is concave.

b) Any matching criteria produces the same expected number of false negatives. Indeed, consider any arbitrary
infected patient from the population. Then, regardless of who he is matched with in the pooled sample,
the probability that his pooled sample tests positive for infection is (1−Se ). If the pooled test does accuse
infection, which happens with probability Se , the infected subject is individually tested and diagnosed as
healthy with probability (1−Se ). So using simple probability theory, the overall probability that an arbitrary
infected subject is incorrectly diagnosed as healthy is given by

(1−Se )+Se (1−Se ) = 1−S2
e ,

which does not depend on whom the subject is matched with in the pool.
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c) Ordered pooling minimizes the expected number of false positives. Indeed, this follows directly from theo-
rem 3 and the fact that this dilution function satisfies hypothesis 2.

So from proposition IV.1, we can see that, in the absence of dilution effects, ordered partitions seem like the
optimal choice, as they generate the same E[F N (Ω)] as any other matching criterion, and they may also potentially
minimize E[T (Ω)] and E[F P (Ω)] simultaneously (notice that the proposition does not guarantee that the ordered
partition that minimizes E[T (Ω)] is the same as the ordered partition that minimizes E[F P (Ω)]).

Next, we consider the case in which h(·,k) is affine, i.e., when h(I ,k) = a+bI . It can be shown that, in this case,
an ordered partition also performs weakly better than any partition in which all pool sizes are equal in all of the
three dimensions considered, namely, E[T (Ω)], E[F N (Ω)] and E[F P (Ω)].

Proposition IV.2 Suppose that the dilution function is given by h(I ,k) = a +bI . Then,

a) For any pair of partitionsΩ andΩ′ of S such that |Gg | = k for all Gg ∈Ω∪Ω′, we must have E[T (Ω)] = E[T (Ω′)].

b) IfΩ is a partition of S such that |Gg | = k for all Gg ∈Ω, andΩ∗ is an ordered partition of S such that |G∗
g | = k

for all G∗
g ∈Ω∗, then E[F N (Ω∗)] ≤ E[F N (Ω)] and E[F P (Ω∗)] ≤ E[F P (Ω)].

Proof: Suppose that the dilution function is given by h(I ,k) = a +bI , where b ≥ 0.

a) First, we show that the expected number of tests is not affected by the matching criteria used to form the
pools.

Let Xi , j = 1 if individual i from group j is infected. Moreover, assume that Pr ob(Xi , j = 1) = qi , j . Then, the
expected number of tests is given by

T ≡ n

k
+

n/k∑
i=1

k∑
I=0

h(I ,k)Pr ob(
n∑

j=1
Xi , j = I ).

Assuming that h(I ,k) = a +bI , we have that

T = n

k
+

n/k∑
i=1

k∑
I=0

{
[a +bI ]Pr ob(

n∑
j=1

Xi , j = I )

}
.

= n

k
+

n/k∑
i=1

[
a +b

k∑
I=0

I Pr ob(
n∑

j=1
Xi , j = I )

]
. (34)

Because
∑k

I=0 I Pr ob(
∑n

j=1 Xi , j = I ) equals to the expected number of infected in group i , and because the

number of infected in each group follows a Poisson-binomial distribution with parameters (k, {qi , j }k
j=1), this

expectation is given by
∑k

j=1 qi , j . Replacing this into expression 34, we get

T = n

k
+

n/k∑
i=1

[
a +b

k∑
j=1

qi , j

]

= n

k
+ n

k
a +b

n/k∑
i=1

k∑
j=1

qi , j ,

which clearly does not depend on how the qi , j ’s are grouped.

b) As to the proof that ordered pooling achieves a minimum in the expected number of false negatives, it follows
directly from theorem 2 and the fact that h(I ,k) = a+bI (with b ≥ 0) satisfies hypothesis 1. Finally, notice that
hypothesis 2 is clearly satisfied when h(I ,k) is affine, so that ordered pooling also minimizes the expected
number of false positives.
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Finally, we consider the extreme case in which the dilution effect is so strong that the probability of detecting
infection from a pool comprised of at least one healthy subject is given by 1−Sp , the same probability of detecting
infection from a healthy subject through an individual test. In this case we show that, conditional that all pools
have the same size, ordered partitions generates the highest expected number of tests, though it minimizes the
expected number of false negatives and generates the same expected number of false positives as any other pooling
criteria.

Proposition IV.3 Suppose that the dilution function is given by

h(l ,k) =
{

1−Sp , if I < k
Se , if I = k.

Then,

a) If Ω∗ is an ordered partition of S such that |G∗
g | = k for all G∗

g ∈ Ω∗, and Ω is any partition of S such that
|Gg | = k for all Gg ∈Ω, then E[T (Ω∗)] ≥ E[T (Ω)].

b) IfΩ is a partition of S such that |Gg | = k for all Gg ∈Ω, andΩ∗ is an ordered partition of S such that |G∗
g | = k

for all G∗
g ∈Ω, then E[F N (Ω∗)] ≤ E[F N (Ω)].

c) The probability that a healthy subject is incorrectly diagnosed as infected is the same across any partitionΩ of
S such that |Gg | ≥ 2 for all Gg ∈Ω, and is given by (1−Sp )2.

Proof: Suppose that the dilution function is given by

h(l ,k) =
{

1−Sp , if I < k
Se , if I = k.

a) First, we will show that ordered pooling maximizes the expected number of tests.

Consider a partitionΩ≡ {G1,G2, · · · ,Gn/k } of S = {1,2, · · · ,n}, where |Gg | = k for all Gg ∈Ω (i.e., each group has
the same size). The probability that group Gg has exactly k infected subjects is given by PGg (k) = ∏

j∈Gg q j ,
and the expected number of tests from this partition is given by

E[T (Ω)] = n

k
+n(1−Sp )+k(Sp +Se −1)

∑
g∈Ω

PGg (k).

Because k(Sp+Se−1) is a positive constant (recall that we assume that Se > 1−Sp ), we have that the partition
that minimizes the expected number of tests is the one that minimizes

∑
Gg ∈ΩPGg (k). We now show that

ordered pooling maximizes
∑

Gg ∈ΩPGg (k).

Suppose by way of contradiction that Ω = {G1,G2, · · · ,Gn/k } maximizes
∑

Gg ∈G PGg (k) among all partitions
that have all pool sizes equal to k, and suppose thatΩ is not an ordered partition. Then there are Gl ,Gw ∈Ω
such that PGl (k) < PGw (k) and there is a i ∈ Gl an j ∈ Gw such that (1− qi ) > (1− q j ). Then, denoting A ≡∏
τ∈Gl \{i }(1−qτ) and B ≡∏

τ∈Gw \{ j }(1−qτ), we must have that A < B . Moreover, ifΩmaximizes
∑

Gg ∈ΩPGg (k)
we must have

(1−qi )A+ (1−q j )B ≥ (1−q j )A+ (1−qi )B

⇐⇒ (1−q j )(B − A) ≥ (1−qi )(B − A)

⇐⇒ (1−q j ) ≥ (1−qi ),

a contradiction with (1−qi ) > (1−q j ).→←
b) As to the proof that ordered pooling minimizes the expected number of false negatives, it follows directly

from theorem 2 and the fact that this dilution function clearly satisfies hypothesis 1.
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c) Finally, under this extreme dilution effect, if a healthy subject is pooled tested, the test will detect infection
with probability 1−Sp regardless of who the healthy patient is matched with. In this contingency, the subject
is tested again as is declared infected with probability 1− Sp . Because those events are independent, the
overall probability that a healthy subject is diagnosed as infected is (1−Sp )2. Because this probability does
not depend on who the subject is matched with, this implies that any matching mechanism generates the
same expected number of false positives.

While it is very unlikely that pooled testing schemes are ever considered as a good alternative to individual
testing under such an extreme dilution effect, proposition IV.3 helps to illustrate that a partition used to form the
pools may perform well in one dimension (e.g., by minimizing the expected number of false negatives), but poorly
in others (e.g., by generating an excessively high expected number of tests).

V When ordered pooling maximizes social welfare

V.1 Proof of proposition 2

It suffices to show that ordered pooling maximizes the minimum utility and the sum of utilities. That ordered pool-
ing maximizes the sum of utilities follows immediately from corollary 3. So it only remains to show that ordered
pooling maximizes the minimum utility.

Without loss of generality, we can assume that there are only two groups, and that the probability of infection
from subjects is given by

q1 ≤ q2 ≤ q3 ≤ q4.

Then, the ordered partition is given by
Ω∗ = {{1,2}, {3,4}}.

The only possible alternative partitions are
Ω′ = {{1,3}, {2,4}}

and
Ω′′ = {{1,4}, {2,3}}.

1. Suppose that λ= 1.

For any qi ∈ [0,1], let
A(qi ) ≡ qi [1−Se h(2,2)]+ (1−qi )[1−Se h(1,2)],

i.e., A(qi ) is the probability that a subject is not detected as infected given that this subject is infected and
the person this subject is matched with has probability of infection of qi .

In this case, if the ordered partitionΩ∗ is implemented, subjects’ utilities are given by

u1(Ω∗) = 1−q1 A(q2), u2(Ω∗) = 1−q2 A(q1), u3(Ω∗) = 1−q3 A(q4), u4(Ω∗) = 1−q4 A(q3).

The utilities from the other 2 other possible partitions,Ω′ andΩ′′, are given by

u1(Ω′) = 1−q1 A(q3), u2(Ω′) = 1−q2 A(q4), u3(Ω′) = 1−q3 A(q1), u4(Ω′) = 1−q4 A(q2),

and

u1(Ω′′) = 1−q1 A(q4), u2(Ω′′) = 1−q2 A(q3), u3(Ω′′) = 1−q3 A(q2), u4(Ω′′) = 1−q4 A(q1).

Because A(qi ) ≥ 0, we have that a subject’s utility is decreasing in the subject’s probability of infection. More-
over, because h(·,2) is increasing (see assumption 1), we have that [1−Se h(2,2)] ≤ [1−Se h(1,2)], which im-
plies that A(qi ) is decreasing in qi . This implies that a subject’s utility is increasing in the probability of
infection of the subject he is matched with. This implies that the subject with lowest utility from each group
is the subject who has the highest probability of infection from that group.
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So suppose that, under ordered pooling, subject 2 is the one with the lowest utility, i.e., suppose that

u2(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗).

In this case, we have that

u3(Ω′) = 1−q3 A(q1) ≤ 1−q2 A(q1) = u2(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗),

and
u4(Ω′′) = 1−q4 A(q1) ≤ 1−q2 A(q1) = u2(Ω∗) = min

i∈{1,2,3,4}
ui (Ω∗),

so that ordered pooling maximizes the minimum utility.

Suppose, instead, that subject 4 is the one with lowest utility under ordered pooling, i.e., suppose that

u4(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗).

In this case, we have that

u4(Ω′) = 1−q4 A(q2) ≤ 1−q4 A(q3) = u4(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗),

and
u4(Ω′′) = 1−q4 A(q1) ≤ 1−q4 A(q3) = u4(Ω∗) = min

i∈{1,2,3,4}
ui (Ω∗),

so that again, ordered pooling maximizes the minimum utility.

2. Suppose that λ= 0.

For any qi ∈ [0,1], let
B(qi ) ≡ qi (1−Sp )h(1,2)+ (1−qi )(1−Sp )h(0,2),

i.e., B(qi ) is the probability that a subject is detected as infected given that this subject is not infected and
the person this subject is matched with has probability of infection of qi .

In this case, if the ordered partitionΩ∗ is implemented, subjects’ utilities are given by

u1(Ω∗) = 1− (1−q1)B(q2), u2(Ω∗) = 1− (1−q2)B(q1), u3(Ω∗) = 1− (1−q3)B(q4), u4(Ω∗) = 1− (1−q4)B(q3).

The utilities from the other 2 other possible partitions,Ω′ andΩ′′, are given by

u1(Ω′) = 1− (1−q1)B(q3), u2(Ω′) = 1− (1−q2)B(q4), u3(Ω′) = 1− (1−q3)B(q1), u4(Ω′) = 1− (1−q4)B(q2),

and

u1(Ω′′) = 1− (1−q1)B(q4), u2(Ω′′) = 1− (1−q2)B(q3), u3(Ω′′) = 1− (1−q3)B(q2), u4(Ω′′) = 1− (1−q4)B(q1).

Clearly, a subject’s utility is increasing in its own probability of infection. Moreover, because h(·,2) is increas-
ing (see assumption 1), we have that (1−Sp )h(1,2) ≤ (1−Sp )h(2,2), which implies that B(qi ) is increasing in
qi . Because the term B(qi ) enters negatively in the utility function from each agent, we have that a subject’s
utility is decreasing in the probability of infection of the subject he is matched with. This implies that the
subject with lowest utility from each group is the subject who has the lowest probability of infection from
that group.

So suppose that, under ordered pooling, subject 1 is the one with the lowest utility, i.e., suppose that

u1(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗).

In this case, we have that

u1(Ω′) = 1− (1−q1)B(q3) ≤ 1− (1−q1)B(q2) = u1(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗),
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and
u1(Ω′′) = 1− (1−q1)B(q4) ≤ 1− (1−q1)B(q2) = u1(Ω∗) = min

i∈{1,2,3,4}
ui (Ω∗),

so that ordered pooling maximizes the minimum utility.

Suppose, instead, that subject 3 is the one with lowest utility under ordered pooling, i.e., suppose that

u3(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗).

In this case, we have that

u2(Ω′) = 1− (1−q2)B(q4) ≤ 1− (1−q3)B(q4) = u3(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗),

and
u1(Ω′′) = 1− (1−q1)B(q4) ≤ 1− (1−q3)B(q4) = u3(Ω∗) = min

i∈{1,2,3,4}
ui (Ω∗),

so that again, ordered pooling maximizes the minimum utility.

V.2 Proof of proposition 3

For a given pool size of k ∈ N, we can assume, without loss of generality, that there are only two pools (i.e., that
m = 2).4 Consider the following ordered partition of S = {1,2, · · · ,n}

Ω∗ = {G∗
1 ,G∗

2 },

where
G∗

1 = {1,2, · · · ,k}

and
G∗

2 = {k +1,k +2, · · · ,n},

and |G∗
1 | = |G∗

2 | = k.

I) Suppose that θ = 1. Consider any partition Ω = {G1,G2}, such that |G1| = |G2| = k. For each group G̃g ⊆Ω,
define

Ai ,Gg ≡
k−1∑
I=0

(1−Se h(I +1,k))PG\{i }(I ),

i.e., Ai ,Gg is the probability that a subject in group Gg is not detected as infected given that this subject is
infected.

Then, the utility from each subject i ∈ {1,2, · · · ,n} under partitionΩ is given by

ui (Ω) =
{

1−qi Ai ,G1 , if i ∈G1

1−qi Ai ,G2 , if i ∈G2

Clearly, the utility from each subject is decreasing in their own probability of infection. Because the dilution
function h(·,k) is increasing, we also have that, for any group Gg and any j ∈Gg \{i }, Ai ,Gg is decreasing in q j .
This implies that the utility from any subject is increasing in the probability of infection of the subjects he is
matched with. Therefore, the subject with lowest utility from each group is the subject who has the highest
probability of infection in that group.

Because under ordered pooling subject n (i.e., the one with highest probability of infection) is matched with
the the k−1 subjects with highest probability of infection excluding subject n, we have that subject n’s utility
is maximized under ordered pooling. Therefore,

un(Ω∗) ≥ un(Ω) ≥ min
i∈S

ui (Ω),

as we wanted to show.

4To extend the result for m > 2, one only needs to follow an algorithm similar to the one presented in the proofs of theorems 1, 2 and 3.
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II) Suppose that θ = 0. Consider any partition Ω = {G1,G2}, such that |G1| = |G2| = k. For each group Gg ⊆Ω,
define

Bi ,Gg ≡
k−1∑
I=0

(1−Sp )h(I ,k)PGg \{i }(I ),

i.e., Bi ,Gg is the probability that a subject in group Gg is detected as infected given that this subject is not
infected.

Then, the utility from each subject i ∈ {1,2, · · · ,n} under partitionΩ is given by

ui (Ω) =
{

1− (1−qi )Ai ,G1 , if i ∈G1

1− (1−qi )Ai ,G2 , if i ∈G2

Clearly, the utility from each subject is increasing in their own probability of infection. Because the dilution
function h(·,k) is increasing, we also have that, for any group Gg and any j ∈Gg \{i }, Bi ,Gg is increasing in q j .
This implies that the utility from any subject is decreasing in the probability of infection of the subjects he is
matched with. Therefore, the subject with lowest utility from each group is the subject who has the lowest
probability of infection in that group.

Because under ordered pooling subject 1 (i.e., the one with lowest probability of infection) is matched with
the the k −1 subjects with lowest probability of infection excluding subject 1, we have that subject 1’s utility
is maximized under ordered pooling. Therefore,

un(Ω∗) ≥ un(Ω) ≥ min
i∈S

ui (Ω),

as we wanted to show.

V.3 Proof of theorem 5

Theorem 5 follows directly from proposition 3 and theorems 2 and 3, and the fact that, if a partition maximizes the
sum of utilities and minimum utility, it also maximizes the utilitarian max-min welfare function for any parameter
δ ∈ [0,1].

VI Sufficient Conditions for the Dilution Function to be Discrete-Concave

VI.1 Proof of proposition 4

To avoid clutter notation, define h(I ) ≡ h(I ,k).

1. First, let us show that h(·) is discrete-concave. A sufficient condition for this to be true is that h′′(I ) ≤ 0 for
I ≥ 1 and that

h(2)+h(0) ≤ 2h(1).

I) First, let us show that h′′(I ) ≤ 0 for I ≥ 1. First, notice that

h(I ) =
∫ ∞( y−µI

σI

) 1p
2π

e−
y2

2 d y,

where

µI = I

k
µ++ k − I

k
µ−,

and

σI =
√

I

k2σ
2++ (k − I )

k2 σ2−.
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Taking the first derivative of this expression, we get

h′(I ) = 1p
2π

e−
( y−µI

σI

)2

2

[
(µ+−µ−)

σI
−

(µI − y)(σ2+−σ2−)

2σ3
I k2

]
.

Defining

D I ≡ (µ+−µ−)

σI
−

(µI − y)(σ2+−σ2−)

2σ3
I k2

,

we have that D I is greater than zero for all I ≥ 1. Indeed, since µI ≤µ+ and µ− < y , we have that

µ+−µ− ≥µI − y .

Therefore, a sufficient condition for D I ≥ 0 is that

1

σI
≥ σ2+−σ2−

2k2σ3
I

⇐⇒σ2
I ≥

σ2+−σ2−
2k2

⇐⇒ I (σ2+−σ2−)+kσ2−
k2 ≥ σ2+−σ2−

2k2

⇐⇒ kσ2
− ≥ (

1

2
− I )(σ2

+−σ2
−),

a condition that always holds for I ≥ 1, since ( 1
2 − I )(σ2+−σ2−) < 0 for all I ≥ 1 and kσ2− > 0.

Now, taking the second derivative of h(·), we get

h′′(I ) =− 1p
2π

e−
( y−µI

σI

)2

2

(µI − y

σI

)
D2

I

+ 1p
2π

e−
( y−µI

σI

)2

2

[
3(µI − y)(σ2+−σ2−)2

4σ5
I k4

− (µ+−µ−)(σ2+−σ2−)

σ3
I k2

]
(35)

Clearly, the term

− 1p
2π

e−
( y−µI

σI

)2

2

(µI − y

σI

)
D2

I

from equation (35) is negative. So it suffices to show that[
3(µI − y)(σ2+−σ2−)2

4σ5
I k4

− (µ+−µ−)(σ2+−σ2−)

σ3
I k2

]
≤ 0 (36)

Because µ+−µ− ≥µI − y , a sufficient condition for inequality (36) to hold is that

(σ2+−σ2−)

σ3
I k2

≥ 3(σ2+−σ2−)2

4σ5
I k4

⇐⇒σ2
I ≥

3(σ2+−σ2−)

4k2

⇐⇒ I (σ2+−σ2−)+kσ2−
k2 ≥ 3(σ2+−σ2−)

4k2

⇐⇒ kσ2
− ≥

(
3

4
− I

)
(σ2

+−σ2
−),

a condition that always holds for I ≥ 1, since σ2+ ≥σ2−.
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II) Now, let us show that
h(2)+h(0) ≤ 2h(1) ⇐⇒ h(2)−h(1) ≤ h(1)−h(0).

This condition holds if and only if

∫ k
( y−µ1

σ1

)
k
( y−µ2

σ2

) 1p
2π

e−
y2

2 d y ≤
∫ k

( y−µ0
σ0

)
k
( y−µ1

σ1

) 1p
2π

e−
y2

2 d y (37)

Because
y−µ0

σ > 0, and
y−µ1

σ < 0 and
y−µ2

σ < 0, and because the standard normal distribution has a
greater mass around 0, we have that a sufficient condition for inequality (37) to hold is that

y −µ1

σ1
−

y −µ2

σ2
≤

y −µ0

σ0
−

y −µ1

σ1

⇐⇒
2(y −µ1)

σ1
≤

2(y −µ0)

σ0
+

2(y −µ2)

σ2

⇐⇒
2(y −µ1)

σ1
≤

2(y −µ0)√
σ2

1 −ε
+

2(y −µ2)√
σ2

1 +ε
, (38)

where

ε≡ σ2+−σ2−
k2 .

One can easily show that this inequality holds for ε= 0, i.e., when σ2+ = σ2−. Moreover, since y −µ0 > 0
and y −µ1 < 0, we have that the right hand side of inequality (38) is increasing in ε. Therefore, the

inequality holds for any σ2+ ≥σ2−.

2. Now, let is show that h(I ) is increasing. We have already seen that h′(I ) ≥ 0 for I ≥ 0. So it only remains to
show that

h(1) ≥ h(0)

⇐⇒
∫ ∞( y−µ1

σ1

) 1p
2π

e−
y2

2 d y ≥
∫ ∞( y−µ0

σ0

) 1p
2π

e−
y2

2 d y.

Since
y−µ1

σ1
< 0 and

y−µ0

σ0
> 0, this condition holds.

VII Proof of proposition 1

For a given pool of size k, and for a given patient i belonging to this pool, let P−i (I ) denote the probability that
exactly I ≤ k −1 of the other members in the pool are infected. Then the probability that patient i is incorrectly
diagnosed as not infected is given by

qi

k−1∑
I=0

[F (I +1)(1−Se )+ (1−F (I +1))]P−i (I ),

which is greater than or equal to

qi

k−1∑
I=0

[F (I +1)(1−Se )+ (1−F (I +1))(1−Se )]P−i (I ) = qi (1−Se ),

the probability the subject is incorrectly diagnosed as not infected if he is tested individually.
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VIII Calibrating the dilution function for Chlamydia

Following Aprahamian, Bish and Bish (2018), we assume that the dilution function for pooled testing for Chlamydia
follows the format

h(I ,k) = (1−Sp )+ (Se +Sp −1)(I /k)δ. (39)

In their experiments, Kacena et al. (1998) found that pools of size k = 4 exhibited perfect sensitivity and specificity
of

1−h(0,4) = 97/98 = .98.

Because pooled testing with pools of size k = 4 exhibited perfect sensitivity, it would be natural to assume that
individual testing should also exhibit perfect sensitivity. But because previous studies seem to suggest otherwise
(e.g., Schachter et al. (1994)), it is possible that the perfect sensitivity observed in Kacena et al. (1998) was the result
of sampling variation. So we conservatively set Se = 0.99.

Assuming that specificity is constant among all pool sizes, we must have h(0,1) = h(0,4), so we set Sp = 1−
h(0,4) = 97/98.

In Kacena et al. (1998), the prevalence of Chlamydia for pools of size k = 10 was given by µr = 62/520, and the
proportion of times infection was detected in infected pooled samples of size k = 10 was given by 37/38. So, if we
were to follow Aprahamian, Bish and Bish (2018)’s approach, we would set δ so that

37/38 = 1

1− (1−µr )10

10∑
I=1

h(I ,10)

(
10

I

)
µI

r (1−µr )10−I ,

i.e., we would choose δ so that the sensitivity for pools of size 10 obtained in Kacena et al. (1998) is consistent
with the dilution function ĥ. This would procedure δ = 0.0089, so that we would end up with very small dilution
effects. But given that it is possible that the results from Kacena et al. (1998) are subject to sampling variation, we
conservatively choose much higher values for δ in our numerical exercises (between 0.1 and 0.2), thus allowing for
the existence of non-negligible dilution effects.

IX HBV infection: calibrating the cost of a false negative

Because we assume subjects are being screened for HBV infection for blood donation, we assume that the cost of
a false negative is equal to the expected cost of infecting someone with HBV. Because some infected patients may
become asymptomatic, while others may exhibit acute symptoms, which may then progress to chronic infection
and then possibly death, we use a simple Markov specification to model how patients transition from each of these
states.

Following Jackson et al. (2003) and Birkmeyer et al. (1993), we assume that, after receiving a blood transfusion
infected with HBV , the patient may either be asymptomatic for the rest of his life or exhibit symptoms of acute
infection following the transfusion. If the patient has acute infection, he may either recover and be cured, or
progress to chronic infection, which is not curable. Chronic infection not only considerably reduces the patient’s
quality of life, but also increases the probability that the patient dies at the end of every period.

Costs and transition probabilities from this model were extracted from Jackson et al. (2003) and Birkmeyer et al.
(1993) and are summarized in table 1. Following the literature, we set the monetary value of 1 quality-adjusted life
year (QALY) to be equal to $50,000 (i.e., one year of perfect healthy is worth $50,000). We also assume a yearly
discount factor of 3%. These parameters result in a total expected cost of a false negative to be equal to 1811.264.

X Hepatitis B: performance of ordered pooling using parametric estimates
of the dilution effect

In the main text we used Monte Carlo simulations to estimate the cumulative distribution of OD readings of pooled
samples. In this section we use a parametric approach instead, by assuming that the distribution of OD readings
from infected and non-infected subjects follow a normal distribution.

Suppose that the OD reading of a healthy and infected subject are governed by the random variables X− and
X+, respectively. Applying the method of moments to our dataset assuming that both X− and X+ are normally dis-
tributed yields the following estimate for the distribution of X− and X+: X− ∼ N (0.1448,0.007) and X+ ∼ N (20,340).
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Table 1: Costs and transition probabilities

Costs Estimate
Acute viral hepatitis One-time cost of $800 for medical evaluation, plus 2.5%

probability of one-time hospitalization at $5,0001

Chronic hepatitis B $150 per year, plus a one-time cost of $1,200 (liver biopsy)1

Quality-of-life adjustments Estimate
Acute hepatitis (symptomatic) 2 weeks (one-time subtraction)1

Hospitalization for acute hepatitis 1 week (one-time subtraction)1

Symptomatic chronic hepatitis 0.91

Transition Probabilities Estimate
Acute Infection (just after receiving 25%1

infected blood)
Chronic Infection (just after an 10%2

acute infection)
Symptoms, given chronic hepatitis 14%1

Yearly increase in probability of death, 0.35%1

given chronic hepatitis

1 Jackson et al. (2003);
2 Birkmeyer et al. (1993)

XI Hepatitis B case study using a smaller prevalence rate

Prisons are arguably not the best place to find reliable blood donors, given that blood borne infections, such as
HBV and HIV are highly prevalent among inmates (e.g., Smith et al. (2017)). So our numerical analysis based on
this dataset only provides a conservative estimate of the benefits of implementing pooled testing as opposed to in-
dividual testing, as pooled testing is usually more effective when used to screen populations with a low prevalence
rate (Kim et al. (2007)). So in this section we divide the estimated probability of infection from each subject by 10,
in order to mimmic situations in which the tester is interested in screening blood infection from non-inmates, who
are much less likely to be infected.

The results of our simulations are depicted in table 2 below. As it can be seen form the table, under small preva-
lence levels the benefits of implementing OR as opposed to I T are much higher: under the parametric approach,
OR generates costs that are 62.7% lower compared with I T . Under the non-parametric approach, this difference
is even greater (74.5%).
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Table 2: Performance measure of the optimal ordered partition (OR) compared to the optimal random partition
(R1), the optimal random partition with a cutoff (R2) and the lower bound for each of the attributes considered
(LB) for the Hepatitis B case study, when estimated probabilities of infection are multiplied by 0.1.

Non-Parametric estimation of h(I ,k) multiplying prevalences by 0.1

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 0.0654 0.001 0.1752 19.9697 4.6286 16.304 12.4722

ÔR 0.0628 0.001 0.1675 20.4681 4.656 14.31 11.1089
% (ÔR −OR) -4.1% -0.7% -4.6% 2.4% 0.6% -13.9% -12.3%

R1 0.0672 0.0012 0.1809 20.3112 4.7216 13.0 12.5
% (R1-OR) 2.6% 21.9% 3.2% 1.7% 2.0% -25.4% 0.2%

R2 0.0672 0.0012 0.181 20.3163 4.7234 13.0 12.5
% (R2-OR) 2.7% 23.0% 3.2% 1.7% 2.0% -25.4% 0.2%

IT 0.0147 0.0003 1.5603 100.0 18.1577 1 1
% (I T -OR) -1147.2% -281.3% 88.8% 80.0% 74.5% -1530.4% -1147.2%

LB 0.0147 - 0.089 19.6671 3.5774 - -
% (OR-LB) 77.6% - 49.2% 1.5% 22.7% - -

Parametric estimation of h(I ,k) multiplying prevalences by 0.1

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 0.2335 0.0041 0.0043 16.8352 6.9957 15.964 12.525

ÔR 0.2335 0.0041 0.0043 16.8326 6.996 16.0 12.4944
% (ÔR −OR) 0.0% 0.1% -0.3% -0.0% 0.0% 0.2% -0.2%

R1 0.234 0.0042 0.0045 17.2129 7.0675 13.0 12.5
% (R1-OR) 0.2% 1.8% 4.3% 2.2% 1.0% -22.8% -0.2%

R2 0.2337 0.0041 0.0045 17.2035 7.0606 13.0 12.5
% (R2-OR) 0.1% 1.4% 4.2% 2.1% 0.9% -22.8% -0.2%

IT 0.1268 0.0022 0.0531 100.0 18.7568 1 1
% (I T -OR) -1152.5% -82.4% 91.8% 83.2% 62.7% -1496.4% -1152.5%

LB 0.1267 - 0.0006 16.8319 5.0566 - -
% (OR-LB) 45.8% - 87.2% 0.0% 27.7% - -
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