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A  Proofs

A.1 Expected Number of Tests

To avoid clutter notation, in this and the following sections we will sometimes redefine:

mn(@) = mnK(G)» my = mnyK(:u)a

Cn(Q) - Cn,K(@); Cp = Cn,K(M)‘

Lemma A.1 (Online Appendiz from|Saraivd, [2025]) If h(-, K) is concave, then, for any

arbitrary group G4 C S such that |G| = K, and any | € G,

K—

—_

P ay(D[R(I+1,K) — h(I,K)]

1=0
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is decreasing in the probability of infection from each subject in Gy\{l}.

Lemma A.2 Suppose that the order statistics (q1,qe, - ,qn) and (q1, Q2.+ ,qn) are
such that:

1. g, i € [a,b] for all i,

2. There is noi < j withi € G, and j € Gy where g < ¢' such thata < ¢; < q; <b or
a <@g <g; <b, (i.e., there can be no more than one group in which the probability
of infection from every subject within the group does mot match the upper or the

lower bound),

3. There is no 1,7 with i,j € G, such that ¢; < q; or ¢; < q; (i-e., subjects belonging

to the same group must have the same probability of infection),

4. And suppose that

ZIQ
2|Q>
[
BN

Then, (q17Q2a"' 7qN) = (6\1721\27"' 76]\/) ZQ(qan>K)

Proof: Define

Ng = #{27 qi = CL}, ny = #{Z q; = b}
Ng = #{i; ¢ = a}, My = #{1;q = b}.

Then we must have n, +n, > N — K and n, + 71y > N — K, which implies that there is

ac € (a,b] and a ¢ € (a,b] such that
Zqi =nqa+ (N —n, — K)b+ Kc

and

> G =nea+ (N -7, — K)b+ K.

Suppose by way of contradiction that (q1,¢2, - ,qn) # (q1,G2, -+ ,qn). This happens
if and only if n, # n,. Without loss of generality suppose that n, < n,, then n,—n, > K.
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Then, we must have

Zqi—Z@-:naa+(N—na—1)b+Kc—(ﬁaa—i-(N—ﬁa—l)b—i-KE)

<= 0= (b—a)(N, —ng) + K(c—7)
< K(c—c)=(b—a) (Mg — na)

—_———
>K

=c—c>b—a,

a contradiction with ¢ € (a,b] and a ¢ € (a,b]. The rest of the proof follows from the fact

that (q1,q2, - ,qn) such that:

a, if i <n,

q = q e , ifng<i<n,+K Vi
b, ifi>n,+ K
satisfy properties [I] to [4] so, from our previous result, this must be the only realization
of order statistics that satisfy these properties. [

Proof of proposition [2; Suppose that the order statistics (g1, -, ¢y) minimize
TX(q1,- -+ ,qn) subject to the constraints Y, ¢;/N =g and a < ¢; < gy <.

Suppose by way of contradiction that there is a ¢; and ¢; with ¢ # j and s, € G, and
s; € Gy with g # ¢’ (i.e., the subjects with probability of infection ¢; and ¢; belong to
different groups) such that a < ¢; < g; < b. Then there is an ¢ > 0 such that ¢; —¢ > a
and ¢; +¢ < b. So replacing ¢; by ¢; — ¢ and ¢; by ¢; + € does not affect the average
probability of infection, and the restrictions a < ¢; < bVi still hold.

Let t, be the expected number of tests from group G, and let ¢, be the expected
number of tests from group Gy. Let fg be the expected number of tests from group G,
after the probability of infection ¢; from subject s; is replaced by ¢; — ¢, and let tNg/ be
the expected number of tests from group Gy after the probability of infection g; from

subject s; is replaced by ¢; +¢. We want to show that %Vg +fg/ <t,+ty. Now notice that

ty+ty <ty—+ty

=

-1

i — € ZPG(J\{} I+1)+(1—qi+€) ng\{i}(])h([)-i-
0

~
I

=

K-1
+ (g5 +€) Y Pa DI+ 1)+ (1 =g —2) > Poa(Dh(I) <
I=0 0

~
Il
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=

-1

4 Z Pepp (DRI + 1)+ (1 =) »  Pe o (Dh(I)+

~
Il

+¢; ) Po oy (DI +1)+ (1 —q5) Y P (DR(I)
0

= =}
=

T
o
~
I

K-1
=c Z [ c Gy (DR +1) = PGg/\{j}(f)h(I)]
=0

Z Pa iy (DR(I +1) = Pg iy (1Hh(1)] (1)

Because the probability of infection from each subject in G,\{i} is lower than the
probability of infection from each subject in Gy \{j} and because these groups have the
same size, it then follows from lemma that inequality (1| holds.

Now, suppose by way of contradiction that there is a subject s; (with probability of
infection ¢;) and a subject s; (with probability of infection g;) who both belong to the
same group Gy where a < ¢; < ¢; < b. Then, for a given € € [0, %} we have that
¢ +¢ € la,q;] and ¢; — e € [¢;,b]. Let t, be the expected number of tests from group
G, and let ¢ be the expected number of tests from group G, after the probability of
infection ¢; from subject s; is replaced by ¢; + € and the probability of infection g; from

subject s; is replaced by ¢; —e. We want to show that ¢7 < {¢,. Notice that

g g
K-2
<~ (¢ +¢)(g; —¢) PGQ\{Z-J}(])h(I +2)
I=0
K-2
+ @ +e)l—g+e)+(g—e)1—a—¢)] ) Pongjy(Dh(I+1)
I=0
K-2
+(1-qg—e)(1—qj+¢)> Poujp)h(I) <
I=0
K-2 K-2
0 > Popin (DRI +2) + (g1 — ¢5) + (1 — )] > Pogviy (Dh(I +1)
I=0 I=0
K-2
+ (1= g)(1—q) > Popq(Dh(I)
I1=0
K-2 K—-2
el —qi—¢) KZ Pa iy (DA +2) = > Pop g (Dh(I + 1)>
T =0 =0

K-2 K-2
- (Z Py (DI +1) =Y Popp (I )>
I=0
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— 2 Pop\iigy(I) [M(I +2) = h(I +1)] <

1=0

=
&

Po iy (D) [M(I +1) = h(I)],

)

a condition that holds since the concavity of h(-) implies that h(/+1)—h(I) is decreasing
in I.

Therefore, (qi1,q2,- - ,qn) must satisfy conditions [1| to 4| from lemma which

implies that (q1,¢2, -+ ,qn) = ¢(q,n, K). "

Lemma A.3

 mu () b—p
| : = .
aie N b—a

Proof: Notice that, for all n € N, we have that

where ¢, k(1) € [a,b]. Because {c,x(p)}n is a bounded sequence, we have that

lim,, o0 C”’K]\(/“ K _ . Therefore,
m K
1 — 1— -2 — =
Pl IVl ey i Bt
~—
—0
my, B
= Jim [ra+ (1757 ) o] =
.o omy,  b—pu
= lim 22 =
e N b—a
n
Lemma A.4

mn,K(q) p b—p
N —>b—a'

Proof: Notice that, for all n € N and every realization of g, we have that

_ mu(Q) mn(q) K ik (@) K
fr— 1 _— 2
1 N a+ < N N b+ N ’

where ¢, x(q) € [a,b]. By the law of large numbers we know that

— M@, <1 - mT]‘V@ x) py Sk DK

- — =
N /"L
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Because the sequence {c, x(q)}, of random variables is bounded, we have that

% % 0. Therefore,

My (q) My (q) K P
N a+ |1 i i b= pu
—0
n(Q) M, (q) P
= N +(1 N b—
ma(q) p. b—p
N b—a
n
Proof of theorem [I; For each n € N, we have that
UBE (un ) = SR K) (1) [t (1 ) = Tl (1 )
o s Il pae ) ]— N
K K
—(1- % — (=) = el (L= )
Clearly, lim,, o & Zf:o h(I, K)([;)cfl(l — ¢,)5~1 = 0. Therefore,
= K
lim UBY(p,n, K) = lim Zh(I,K)( ) [u[(l — )5
n—o0o n—o0 = I
Maore _NK—T | B ke
v (1—a) 1 N N b'(1—0b)
—0
K K m
_ I NK=T _ M 100 K1
—3gg2;hUJQ(I>LLO W< = a1 )
my, _
— (1= =)' (1 -0)" I] (2)
But from lemma we have that lim, o 5* = Z:—’;, which, from expression

implies that

lim UBOT(,u,n,K) = Zh(]’ K) ([I() lﬂl(l _M)K—I

n—oo

b—MI K—T b—u T K-I
— 1— —(1 — —— 1—
Ll (1— ) - (- s -

as we wanted to show.
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To prove that

K
b—
UB; (q,n,K) %Y h(I, K) ( )[u (1- M)K*I—ﬁal(l—a)ml
I=0

b I
—(1—b_a)b(1—b) ]

we use an analogous argument, but instead of invoking lemma[A.3] we invoke lemma [A.4]

and properties of convergence in probability. Indeed, notice that

UB!(g,n, K) Zh (I,K) ( > [qfu - m’]lv(q)afu — )i

_m”_@_g Ie1 KJ_E NI —\\K—T
l-—— 7% | Y=Y 7@ (1 = ()
=~ —

2o

Because the function f(z) = 2/(1 — z)X~! is continuous, it then follows from the law
of large numbers and the continuous mapping theorem that g’ (1 —g)% 1 5 pf (1 — )%~
for all I < K. Moreover, the sequence %bl (1 —b)K~1 converges to 0 as n goes to infinity,

and £, (q)1(1 — c,(@)% 1 5 0. So, it suffices to show that the sequence of random

mn(q)
N

variables

holds.

converges in probability to @ = Z:—Z From lemma [A.4] this condition

Finally, TX(g,n, K) 2 TX(u,n, K) by the continuous mapping theorem. "
Proof of proposition Defining

a—my,/N
K/N

Or,
and
cn = Oha+ (1 —06,)b,

we have that

UBI(u,n,K) = Zh(I,K) (‘FI() [,ul(l — KT - %al(l )kt

Some Koo ok Koo ko

So, to prove that

UBY(p,n,K) < ZK: IK( )[ I = 5T —aal (1 — a)5!

—(1=a)b'(1 - b)K_]] : (3)



Benefits of Implementing Positive Assortative Matching in Pooled Testing 9

it suffices to show that
K K
> h(I, K)<I> [Ona’ (1 —a)* T+ (1= 0,)0" (1 —0)* T —cl(1—c,) ] <0 (4)
1=0

for all n € N.

To show that inequality holds, consider two groups, G, and G, where the order
statistics from group G, are given by (qi,¢2, -+ ,qx) and the ones from group G, are
given by (q1, 3, , ¢k ), where ¢; < q; Vi, j. With this notation, consider the following
minimization problem:

mln 9 Z Pg, +(1-0))_ P, (A1) (5)

(g1, ,9K),(q},

> i Z-%’
to0=ily (g gyl
s 7 + ( ) e c
a<q<q;<b Vij
So, if (q1,-++ ,qx) = (a,a,--- ,a) and (¢}, -+ ,q%) = (b,b,--- ,b) is a solution to this

minimization problem we have that inequality holds.

Suppose by way of contradiction that (¢i,---,qx) and (qi,- -, ¢%) solve this mini-
mization problem and there is a ¢; > a and a q;- < b. Then, there is an € > 0 such that
g — 5 >aand q; + 155 <b.

Let t, be the expected number of tests from group G, (ie., t;, = Zf:o Pa,(I)h(1))
and let t, be the expected number of tests from group Gy (i.e., S0 Pe,(I)h(I)). Let
%Vg be the expected number of tests from group G, after the probability of infection g;
from subject s; is replaced by ¢; — §, and let ’tvgl be the expected number of tests from
group Gy after the probability of infection ¢; from subject s; is replaced by ¢; + 1=. We
want to show that 6t, + (1 — 0)t, < 0t, + (1 — 0)t,. Now notice that

Oty + (1 — O)ty < Oty + (1 — )ty

K-

= 0(a-7) Kf Popa (DA +1)+0 (1= i+ ) > Pop (DA(1)+
1=0

1=0

,_n

K—-1
15
+(1—9)(qj+—9>zop G\ DR +1)

K-1
, 5
—|—(1—t9)(1—qj—1_0)zp/\{z (1) <
I1=0
K-1

K-1
00> Pop (DAL +1) +0(1 — ;) S Pegoy (DA(I)+
1=0 =0
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0
0

+(1=0)g ) Pe py(Dh(I+1)+ (1 =-0)(1—q;) ) Pe i)

¢ 2 [P G\ (DA +1) — ch,\{j}(f)ha)] <
€ - [PGQ\{i} (I)h(] + 1) - PGQ\{i} (])]’L(I)} (6)

Because the probability of infection from each subject in G,\{i} is lower than the
probability of infection from each subject in G/ \{j} and because these groups have the
same size, it then follows from lemma that inequality @ holds.

Therefore, if (¢1,---,qx) and (Gi, -+ ,Gx) is a solution to the minimization
problem (), we must either have (qi,---,qx) = (a,a,---,a), which implies that
(4}, ,qk) = (b,b,---,b), or we must have (¢}, - ,¢%) = (b,b,---,b), which implies
that (q1,- - ,qx) = (a,a, - ,a). So (qu, - .qx) = (a,a,---,a) and (G, ,qx) =
(b, b, --- ,b) is the only candidate to solve this minimization problem.

Clearly, the feasible set from this minimization problem is non-empty, as
(¢1,- - ,qx) = (a,a,--- ,a) and (¢}, - ,q%) = (b, b, - - - , b) satisty all the constraints from

this minimization problem. Moreover, the feasible set is compact, which implies that a so-

lution to the minimization problem ({b]) exists. So, because ((¢1,- - ,qx), (¢}, , %)) =
((a,a,--- ,a),(b,b,--- b)) is our only candidate for a solution, it must be the unique
solution, as we wanted to show. [

Proof of Proposition That
UBl(un,K)=(Sc+S,—1) [a(l—a)* + (1 —a)(1 =) — (1 — p)"]

in the absence of dilution effects can be easily derived from equation (). The rest of the

proof follows from the fact that (S, + S, — 1) > 0 and that

o1 = @)+ (=) (1= B — (1= ) = 71— 0 B0y (1

is concave with respect to p, which, from the Jensen’s inequality, implies that

o1 =) +(1-0) (1) (1) > By ;21 —a) + T2 )% — (1 — )]
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A.2 Expected Number of False Positives

For any group Gy C S and any j € Gy define

K-1

Cayi = ) Poppy (DRI + 1)K = (I+1))(1 - 5))

and
K-1

Dg,j =Y Pepgy(DAI)(K = I)(1—S,).

1=0
From the above expressions, Cg, ; is the expected number of false positives in group G,
conditional that subject s; € G, is infected. Similarly, D¢, ; is the expected number of
false positives in group G, conditional that subject s; € G, is not infected.

Now notice that, for any j € G,
fpg = 4;Cq,5 + (1 = 4)Da, 5 = 4;(Ca,5 — Da,j) + Day.i

Lemma A.5 (Online Appendiz from |Saraiva [2025]) If h(-, K) is concave and | € G,
then

Ca,1— Da,
is decreasing in the probability of infection from each subject in Gy\{l}.

Proof of proposition [5; Suppose that the order statistics (g1, -+ ,¢y) minimize
FPX(qy, -+ ,qn) subject to the constraints >, ¢;/N =g and a < ¢; < gy < b.

Suppose by way of contradiction that there is a ¢; and ¢; with ¢ # j and s, € G, and
s; € Gy with g # ¢’ (i.e., the subjects with probability of infection ¢; and ¢; belong to
different groups) such that a < ¢; < g; < b. Then there is an ¢ > 0 such that ¢; —¢ > a
and ¢; +¢ < b. So replacing ¢; by ¢; — ¢ and ¢; by ¢; + € does not affect the average
probability of infection, and the restrictions a < ¢; < bVi still hold.

Let fp, be the expected number of false positives from group G, and let fp, be the
expected number of false positives from group G,. Let }\]/)g be the expected number
of false positives from group G, after the probability of infection ¢; from subject s; is
replaced by ¢; — ¢, and let %g, be the expected number of false positives from group Gy

after the probability of infection ¢; from subject s; is replaced by ¢; + . We want to
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show that fz/)g + 3”\1/)9/ < fpy + fp,. Now notice that

fpg +fpg’ S fpg+fpg’
< (qi — 6) (CGg,i — DGQ,i) —+ (q]' —+ 5) <CGg,,i - DGg/,j> <
4 (Ca,i — Da,i) + 45 (CGQ,,;’ — DGg,,j>

= (ch,J- — DGg/,j> < (Cq,,i — Da,.) - (7)

Because the probability of infection from each subject in G,\{i} is lower than the
probability of infection from each subject in Gy \{j} and because these groups have the
same size, it then follows from lemma that inequality holds. Therefore, there can
be no ¢; and ¢; with i # j and s; € G, and s; € Gy with g # ¢ such that a < ¢; < ¢; <.

Now, suppose by way of contradiction that there is a i,j € G, (i.e., subjects s; and

Qj_Qi]

s; belong to the same group G,) where a < ¢; < ¢; < b. Then, for a given ¢ € [0, 5

we have that ¢; +¢ € [a,q;] and ¢; — ¢ € [g;,b]. Let fp, be the expected number of
false positives from group G, and let fp, be the expected number of false positives from
group G, after the probability of infection ¢; from subject s; is replaced by ¢; +¢ and the

probability of infection g; from subject s; is replaced by ¢; — . We want to show that
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fry < fp, Notice that

Iy < fr,
K—
— (¢; +¢) Povgigy (DK — T —2)h(I +2)
I:0

l\')

=
N

tlg+e)l—gi+e)+(g—e)A—g—2e)] ) Pepup)K —1—1)h(I+1)

=

&
~
I

+( =g =)l =g +e) ) Forupn(D)(K = Dh(I) <

~
Il

K-2

¢iqj Z Pe iy (DK — 1 —2)h(I +2)

I1=0

=
N

+ (1 =q) +;(1 = q)] > Papgup(D(K =T —=1)A(I+1)

K-2
+ (1= )1 =) Y Popp (DK — D)
I=0

~
Il

<:>€( [(ZPG\{”} K—[—Q)h([+2)

>0

= > Popup(D)(K =1 —1)h(I + 1))

- ( " Poyn (DK — 1= = Pon(l K—I)h([)>] <0
= 3 Py (DK — T = 2h(1 +2) — (K — T~ Dh(I +1)] <
™ Py (D (K — 1= DRI +1) — (K — (D). 0

Because h(-) is increasing and concave, we have that [(K — I — 1)h(I + 1) — (K — I)h(I)]
is decreasing in [, which implies that inequality holds, from which we conclude that

we cannot have a < ¢; <¢q; <b (where 7,5 € Gg).

Therefore, (qi1,q2, - ,qy) must satisfy conditions (1| to {4l from lemma which
implies that (q1,q2, - ,qn) = q¢(g,n, K). n
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Proof of theorem [2 Noticing that:

UBEP(a,n,m:<1—sp>§h<I,K>(K;1) (1= e el

7 K K
—(1- mn};\;(q) _ N)bl(l AL Ncﬁ(l — e KT

we can apply the same steps as the ones presented in the proof of theorem [I] to get the

desired result. n

Lemma A.6 For each p € [a,b] denote G, as a group with K —1 subjects, each of which
has probability of infection . Also, let

Co, = (=5 X (%7 )t = ) - (1 1)

De, = -5 > ("7 ) - - )

1=0
i.e., Cg, 1is the expected number of false positives from group G\, conditional that one of

its subjects is infected, whereas Dg, is the expected number of false positives from group
G, conditional that one of its subjects is not infected.

Then, we have that

V-5 S (" )= s = fuca, + (- w06

I

Now, noticing that, for all 7 > 1

f(U) ]G5+ ()]
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we can rewrite expression @ as

N/K K—1
n [1Ca, + (1= w)Dg,] ="n K(1-8,) [ (K[_ 1) pl(1— M)K"h(f)]

=0
K-1
K—-1 _
—va-s) Y (M)t e,
=0
as we wanted to show. ]
Proof of proposition [6; Defining
g =&~ My /N
"="TK/N

and

we have that

1=0 N
_ _%_51 _\K-1 T o K-1I
(1 N N)b (1-10) (1 —¢y) (10)
So, to prove that
K—1 K1
UBEP(u,n, K) < (1 - S,)) h(I,K)( , ) [Ml(l—u)K*I

1=0

—aa’(1—a)* 1 — (1 —a)b'(1 - b)K’I} (11)

it suffices to show that

;h(fv K) (KI_ 1) (00’ (1—a) T+ (1 =0,)0" (1= b) T —cl(1—c,)" '] <0
(12)
for all n € N.

From Lemma , we can rewrite inequality as
0, (aCq, + (1 —a)Dg,) + (1 = 0,) (bCq, + (1 = b) Dg,) < enCq,, + (1 = cn)Dag,,, (13)

where, for each ¢ € [a,b], G. corresponds to a group with K — 1 subjects, each with

probability of infection ¢, and

Co. =) Po(Dh(I +1)(K — (I+1))(1-5,),



16 Gustavo Quinderé Saraiva

K-1

Do, = 3" Po.(Dh(I)(K — 1)(1~ S,).

I1=0

so that ¢Cq, + (1 — ¢)Dg, corresponds to the expected number of false positives from a
group with K subjects, each with probability of infection c.

To show that inequality holds, consider two groups, G, and Gy, where the order
statistics from group G, are given by (¢1,¢2,- - ,qx) and the ones from group G, are
given by (q1,¢, -+ ,qx), with ¢; < ¢} Vi,j. Let fp, be the expected number of false
positives from group Gy (ie., for any i € {1,2,--- , K} fp, = ¢:Cq,; + (1 — ¢:)Dg, i)
and let fp, be the expected number of false positives from group Gy (i.e., for any
i€{l,2,--- K} fpy=qCq,i+ (1 —q)Dq,.i)-

With this notation, consider the following minimization problem:

min , 0fpg+ (1 —0)fpy (14)

1,59k ),(q1, 95
(a1, 5ar)5(a1 0% )

ZQZ (1_0)2 Qz:

s.t.

n

aS%S%Sme

If (g1, ,qx) = (a,a,--- ,a) and (q}, -+ ,qx) = (b,b,--- ,b) is a solution to this
minimization problem we have that inequality holds.

Suppose by way of contradiction that (qq,---,qx) and (g7, - , ¢} ) solve this mini-
mization problem and there is a ¢; > a and a ¢; < b. Then, there is an ¢ > 0 such that
¢ —§>aand g+ 155 <b.

Let }\1/99 be the expected number of false positives from group G after the probability
of infection ¢; from subject s; is replaced by ¢; — %, and let f py be the expected number
of false positives from group G, after the probablhty of infection ¢; from subject s; is
replaced by ¢; + t=;. We want to show that 9?{99 +(1- 9)%9, <Ofp,+(1—0)fpy. Now

notice that

0fp, + (1= 0)fpy < 0fpy+ (1 —0)fpy
€ €
0 <qi — 5) (CGg,i — DGg,i) +(1-90) (Qj + m) <CG9/,i — DGg/,i> <
04 (Catpi = Dasya) + (1= 0)a; (Copi = Do)

= <CGQ/,1' - DGQ/,i> < (Cq,i — Da, ) (15)

Because the probability of infection from each subject in G,\{i} is lower than the
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probability of infection from each subject in Gy \{j} and because these groups have the
same size, it then follows from Lemma that inequality holds.

Therefore, if (q1, -+ ,qx) and (G1, - ,Gx) is a solution to the minimization prob-
lem (14), we must either have (qi,---,qx) = (a,a,---,a), which implies that

(41, ,qx) = (b,b,---,b), or we must have (¢}, --,¢%) = (b,b,---,b), which implies
that (q1,- - ,qx) = (a,a, - ,a). So (q1, - .qx) = (a,a, - ,a) and (G, ,dx) =
(b,b,--- ,b) is the only candidate to solve this minimization problem.

Clearly, the feasible set from this minimization problem is non-empty and compact,
which implies that a solution to the minimization problem exists. Therefore, be-
cause ((q1, - ,qx), (4}, ,dk)) = ((a,a, -+ ,a),(b,b,--- ;b)) is our only candidate for
a solution, it must be the unique solution, as we wanted to show. [

Proof of Proposition [7} That
UB, " (n,n, K) = [(1 = 8,)Se = (1= 8] [a(1 = @) + (1 —a)(1 = b)" = (1 — p)"]

in the absence of dilution effects can be easily derived from equation @ The rest of the

proof follows from the fact that [(1 — S,)S. — (1 —S,)?] > 0 and that

o1 a4 (1= a)(1 B — (1= = 721 - 1 B2 (1

is concave with respect to u, which, from the Jensen’s inequality, implies that

au—mK+u—mu—MK—u—szEqzjyl—@K+%}31—wK—u—u%.

]
Proof of Proposition 12t Because N is even, matching all subjects into equal
pools of size K = 2 is feasible.

Random Pooling: Suppose that random pooling is implemented.

Case 1: Suppose we had a pool with K > 4 subjects. In this case, the expected number

of false positives from this pool would be given by

K [(1— m)(1 = $,)S. — (1= p) (1= $,)(S. + 5, — 1)] (16)

If we took two subjects from this pool and matched them together to form a pool of

size 2, the expected number of false positives from this new pool plus the expected
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number of false positives from what remained of the original pool would be given
by

2 [(1= )1 = S8, — (1= (1 = S,)(Se + S, — 1)]. a7)
Subtracting by yields:

(1= 5)(Se+ S, — 1) [(K
(1 - Sp)(se + Sp - 1) [(K

J(1 =) 4201 —p)* = K(1—p)"] >
J(1 =) 2201 =) = K(1 - )7 =

(1= $,)(S. + 8, — 1) [2(1 = ) = 2(1 — ) 2] > 0.

-2
-2

Case 2: Suppose that there is a “pool” of size K = 1 (i.e., suppose that one of the subjects
is individually tested). Because N is even, this implies that there must be at least
one other pool with odd size. From the previous case analyzed, it will never be

optimal to have a pool of size K > 4. So, we only need to consider two possibilities.

Case 2.1: Suppose that there is another “pool” of size K = 1 as well. In this case,
the expected number of false positives from these these two individual tests is
given by

21— p)(1 - 5)). (18)

Meanwhile, if we were to pool these two specimens together to form a pool of

size 2, they would generate the following expected number of false positives
2[(1 =) (1= Sp)8 — (1= p)*(1 = Sp)(Se + S, = 1)]. (19)
Subtracting by yields
21— @)A1 = $,)(S. + Sy — 1) +2(1 — p)(1 = §,)(1 = &) > 0.

Case 2.2: Suppose that the other pool is of size 3. Then, the expected number of

false positives from these two pools is given by
(=)= 8) 43 [(1 = w)(1 — )8, — (1 w)*(1 = $,)(S. + S, — 1] . (20)

If, however, we randomly took one of the subjects from the pool of size 3 and
matched him with the subject being individually tested, these two pools would

generate the following expected number of false positives

A[1 =) (1 =SS — (L= w1 = S)(S.+ 5, - 1] (21)
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Subtracting by yields:
(1= (1= Sp) (1= Se) + (1 —p)* [4 = 3(1 — )] (1 = Sp)(Se + 8, — 1) > 0.
Case 3: The only case remaining occurs when one of the pools has size K = 3. Suppose
by way of contradiction that this pool configuration is optimal. From the previous

cases, optimality requires that at least one other pool also has size K = 3. Together,

these two pools would generate the following expected number of false positives:
6 [(1—p)(1—=8p)Se = (1 —p)’(1 = Sp)(Se + 5, — 1)] - (22)

If, however, we randomly matched the subjects from these pools to create 3 pools

of size 2, the expected number of false positives from these pools would be given by

6 [(1 - H)(l - Sp)Se - (1 - ﬂ)Q(l - Sp)(se + Sp - 1)} . (23)

Subtracting by yields

(1= 8,)(S. + 8y~ 1)(1 - p)’ > 0,
Ordered Pooling: Suppose that ordered pooling is implemented.

Case 1: |Aprahamian, Bish and Bish| [2019] has already shown that, when our objective
is to minimize the expected number of false positives, it is never optimal to have a

pool K > 4.

Case 2: Suppose by way of contradiction that we have a pool configuration that minimizes
the expected number of false positives, where one of the “pools” has size K =1 (i.e.,
one of the subjects is individually tested). Let ¢; be the probability of infection of
this subject that is individually tested.

From Case 1 and the fact that N is even, there must be at least one other pool of

size K = 3 or size K = 1.

Case 2.1: Suppose that there is another “pool” of size K = 1, and suppose that the
person in this pool has probability of infection ¢;. Then, the expected number

of false positives from these two pools is given by

(1—aq)(1— Sp) +(1— Qj)(l - Sp)~
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Meanwhile, if these two subjects were grouped together to form a pool of size

K = 2, they would generate the following expected number o false positives

(1—a)(1—=5,) [(1—g;)(1 = Sp) +¢;5]

<Se

(1)1 = 85) (1 @)1~ 5,) + S <

<Se

(1= a)(1 = Sp)Se + (1 —q;)(1 = Sp)Se <

(1=a)(1=5,)+(1—¢)(1—5p)

Case 2.2: Suppose by way of contradiction that there is a pool of size K = 3.
Without loss of generality, suppose that the probabilities of infection from
subjects in this pool is given by (qi,¢s2,¢3). Then, the expected number of
false positives from this pool plus the probability of a false positive from the

subject that is individually tested is given by

1-a)1=5)+> 1-g)1=-5)| [[ G-a1-s)

1e{1,2,3}\j

+S. | 1— H (1—q)

1e{1,2,3}\j

Meanwhile, if we were to merge together these two pools to generate a pool of

size K = 2, these subjects would generate the following expected number of
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false positives:

Z (I —g;)(1—5p) H (1—a)(1-25)

je{1,2,3,i} 1€{1,2,3,i}\j

+S.[1- ] a-w]]| <

(1_qi)(l_Sp)Se+Z(1_QJ)<1_Sp) I[I a-a@-sy)

1€{1,2,3}\j

+S. 11— H (1—q) <

1e{1,2,3}\j

(1 =) —=5)+ Z(l —q)(1=5)| J] A-a)1-s)

1e{1,2,3}\j

+Se (1= [ a-a)

1e{1,2,3}\j

Case 3: The only case remaining to analyze occurs when we have two pools of size K = 3.
Without loss of generality, suppose that the probabilities of infection from the first
of these pools is given by (q1, ¢2, g3), and that the probabilities of infection from the
other pool of size K = 3 is given by (q4, g5, ¢s). Then, the expected number of false

positives from these two pools is given by

3

Z(l_%’)(l_sp) H (1=a@)(1=5,)+Se | 1- H (1—a)

j=1 1e{1,2,31\j 1e{1,2,3}\j
6
+Y (1=g)1=5)| J] O-a)a-8)+S{1—- ] (-
j=4 1e{4,5,6}\j le{4,5,6}\j

If, however, we were to rearrange these two pools to form 3 pools of size K = 2,
where the subjects with probabilities of infection ¢; and ¢» were matched together;
those with probabilities of infection g3 and ¢, were matched together; and those
with probabilities of infection ¢4 and gg were matched together, we would end up

with the following expected number of false positives:
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T (1 =) =5)[(1—q)1 —gs)(1 = S5p) + Se[l = (1 — q1)(1 — g3)]]
+ (1 =g3)(1 = 5) [(1 = qu)(1 = q2)(1 = 5p) + Se[1 = (1 = q1)(1 — )]
+ (1= a) (1= 5) [(1 = g5)(1 = gs)(1 = 5p) + Se[1 = (1 —g5)(1 — go)]]
+ (1 =¢5)(1 = Sp) [(1 = qu) (L = go) (1 = Sp) + Se[l — (1 — ) (1 — go)]]
+ (1 =ge)(1 = 5p) [(1 = qa)(1 = g5)(1 = Sp) + e[l = (1 = qu)(1 = g5)]] =
Y U-gp-5)| I a-a)-5)+5. (1 - II a- Qz))]
j=1 1€{1,2,3}\j 1€{1,2,3}\j
+Y (1-g)(1-35)) [ I[I a-wa-s)+s. (1 IT a Qz))} :
J=4 le{4,5,6}\j 1e{4,5,6}\j
A.3 Expected Number of False Negatives
For each group G, and each j € Gy we define
Ag,; = Z_(I +1)(1 = h(I +1)Se) Pa gy (1),

K-1
Bg,; = Y I(1—h(I)Se)Pe, (D).

From the above expressions we haﬁz?eothat Ag, ; corresponds to the expected number of

false negatives in group G, conditional that j € G, is infected. Similarly, Bg, ; is the

expected number of false negatives in group G, conditional that j € G is not infected.

Now notice that, for any j € G,

fn,=qjAc,; + (1 —q;)Ba,; = ¢j(Ac,; — Ba,;) + Ba, -



Benefits of Implementing Positive Assortative Matching in Pooled Testing 23

Lemma A.7 (Online Appendiz from|Saraivd [2023]) If hypothesis[3 holds we have that,
for each group G, and each l € G,

Ag,1— Ba,a

is decreasing in the probability of infection from each subject in Gy\{l}.

Proof of proposition Analogous to the proof of proposition [5| but, instead of
invoking Lemma [A 5] we invoke Lemma "
Proof of theorem Proof omitted, as it is analogous to the proof of theorems
and [2 m

Lemma A.8 For each p € [a,b] denote G, as a group with K —1 subjects, each of which
has probability of infection . Also, let

Ag, = Z_(I +1)(1 = h(I +1)S,) (KI_ 1) pl (1 — py=tt

K—-1 -
Bo, = Y 10 -nns (™ [ )ul <
i.e., Ag, 1is the expected number of false negatives from group G, conditional that one of
its subjects is infected, whereas Bg, is the expected number of false negatives from group
G,, conditional that one of its subjects is not infected.

Then, we have that

K—1
K—-1
N» (1—S.h(I+ 1))( ; ) (1= ) =n [pAg, + (1 — p)Bg,] -
1=0
Proof: Proof omitted, as it is similar to the proof of Lemma [A.6] [

Proof of proposition [9 Analogous to the proof of proposition [6] but, instead of
invoking Lemmas and [A.6] we invoke Lemmas[A.7 and [A.§] n

A.4 Upper bounds with partial information on g, a, b, S, and 5,

Proof of corollary [Tt To compute UBZ (u,n, K), UBEP(u,n, K) and UBEN (u,n, K)
we basically choose a probability of infection configuration ¢ that maximizes an objective
function subject to the constraint that ) .¢; = p and ¢; € [a,b] for all i. When we

decrease a or increase b, we expand the domain of our objective function, without altering



24 Gustavo Quinderé Saraiva

our objective function, which implies that a decrease in a or an increase in b should never

reduce our upper bounds. [
Proof of proposition : Because the function f(z) = 2 is convex
and because (1 — p) = ol —a) + (1 — a)(1 — b), we have that the term

[a(1 —a)f + (1 —a)(1 —b)X — (1 — p)X] from equations (€] and is greater than
or equal to zero. By analyzing the first derivatives of (6]) and with respect to S, and
S, we can see that expression (0] is strictly increasing in S, and S, while expression (10])
is strictly increasing in S, and strictly decreasing in S, when 2(1 — S,) < S..

One can clearly see that the term

@l —a)f + (1= a)(1 = 1) = (1— )] = {Zjﬁja—awg‘jju—b)K—(l—u)K

is strictly concave with respect to p. Therefore, from the first order condition we have

that the unique maximum is achieved at

B How large N needs to be for the upper bounds to

be accurate?

To derive the upper bounds presented in the paper, we had to assume the batch size, N,
to be sufficiently large. This is done mainly to ensure that the average prevalence from
the batch § can be approximated by the population prevalence, . But precisely how
large N has to be for the approximation to be accurate?

In this section we show how one can find the minimum level of N that ensures that g
always stays sufficiently close to p with a high probability. To accomplish this goal, we 1)
first find the maximum level of variance that § can possibly achieve, and set a tolerance
level 7 > 0 for the deviations that § can have over p. 2) Using this maximum variance,
we find the maximum batch size N such that Prob(|g— p| < 7) > 0.95. 3) Then, we find

max  lim UBY(ji,n, K)

A€ =T u+7] n—r00
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and check how far away this optimum is from lim,, o, UBT (u,n, K). If the difference is
very small, this means that the N that we found in the first step is indeed large enough

so that we can be confident that our upper bound is reliable.

It should be noticed that if, after implementing this process, the minimum N required
to ensure that our upper bound is accurate is unrealistically large, one can still get a
conservative upper bound by maximizing the asymptotic upper bound with respect to
on the entire domain [a,b], as discussed in section [7] It should also be noticed that the
minimum N that we obtain by implementing this process tends to be overly conservative,
as it relies on a distribution that generates the highest possible noise in g. Finally, it
should also be noticed that if a laboratory intends to test multiple batches, deviations of

q from p will tend to average themselves out, so that this analysis becomes less relevant.

The next lemma shows how to implement step 1) from the process we just described.

Lemma B.1 Let Prob(p;) be the probability that a subject in the population has proba-
bility of infection p;, so that ), Prob(p;) = 1. Then, the configuration of probabilities

of infection that mazimize the variance of q subject to the constraint that E(q) = p and

that p; € [a,b] for every p; such that Prob(p;) > 0 is given by Prob(a) = a = *=£ and

Prob(b) =1 — o = =2 which yields the following variance for q:

b—a’

o :aT+(1—Q)w. (24)

Proof: Suppose by way of contradiction that there exists a p; and p; such that a < p; <
p; < band Prob(p;) > 0 and Prob(p;) > 0. Then, there is a ¢ sufficiently small such that

Pi — ﬁ(m) > a and p; + 5——— < b. Then, replacing p; and p; by p; — > a and

€
Prob(p;) Prob(p;)

p; + ﬁ(p,) < b, respectively, would preserve the mean of the distribution, u, while not
J
violating the boundary constraint that p;, p; € [a,b], and this would clearly increase the

variance of g. [

Lemma in combination with the central limit theorem (CLT) implies that g can

be approximated by a normal distribution with mean g and an unknown variance that is

less than or equal to a% +(1— a)%. Therefore, for a given tolerance level 7 > 0,
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we have thatl]

VN
¢Ma—mﬁu1—mw—uv) b

where ® corresponds to the cdf from a standard normal distribution.

Prob(|g— p| < 7) > 20 (T

Using simple numerical tools one can find the value of N such that

20 (7‘ \/N ) —1=20.95.
Vala—pP + 1 - )b )

We then optimize
max  lim UBZ(ji,n, K)

RE[p—T,pt7] n—r00

and check how far away this maximum is from lim, ., UBZ (u,n, K).

Example B.1 Suppose that u = 0.01, a = 0.001, b = 0.05, K = 4 and that the dilution
function is given by equation with Se = S, = 0.99 and 6 = 0.04. Then, if we apply a

tolerance level of T = .005, we have that, as long as N > 55,
Prob(|g — p| < 7) > 0.95.

Moreover, if we assume that the cost of a test is given by 30 USD, we have that the
mazximum savings associated with the expected number of tests at p = 0.01 would be 0.056
USD, i.e., approximately 5 and a half cents per subject (the reader is invited to replicate
this result using our Shiny app https: //rtOcbu-gustavo-saraiva. shinyapps. 10/
shiny_ app/|). Meanwhile,

max  lim UBZY(ji,n, K) = 0.076,

A€ =T u+7] n—r00

so that, with a 95% confidence level, our upper bound to the savings in the expected number
of tests associated with ordered pooling can be “far off from the truth” by at most 2 cents.
In this case, if we wish to be more conservative regarding our estimation of the maximum
benefits of implementing ordered pooling, we should assume 0.076 USD to be our upper
bound, instead of 0.056 USD.

This result is illustrated in figure []. The blue dot from the figure corresponds to our
upper bound (equation ) evaluated at p = 0.01. The gray area corresponds to the levels
that G and our upper bound assume at least 95% of the time, assuming that N > 55.

LA looser condition that does not rely on the CLT can be obtained by using Chebyshev’s inequality,


https://rt0c5u-gustavo-saraiva.shinyapps.io/shiny_app/
https://rt0c5u-gustavo-saraiva.shinyapps.io/shiny_app/
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Figure I: The savings associated with ordered pooling as a function of y, assuming that
a = 0.001, b = 0.05, K = 4 and that the dilution function is given by equation with
Se =5, =0.99 and § = 0.04. The blue dot corresponds to the benefits of implementing
ordered pooling evaluated at the population prevalence p = 0.01. Assuming a tolerance

level for G of 7 = 0.005, we have that our upper bound can be off by at most 2 cents

C Alternative Parametrization for the Chlamydia Case

Study

To be consistent with previous research and because of some limitations from the dataset
available, some arbitrary assumptions were made in the paper regarding some of the
parameters of the model for the Chlamydia Case Study. In particular, it was assumed
that the dilution parameter 0 from h(I, K') was was equal to 0.15, in spite of some evidence
suggesting that this parameters should be much lower.

From figure [[T, however, we can see that the savings in costs associated with ordered
pooling do not change very much if we assume lower values for . If anything, our upper
bounds slightly diminish as we decrease ¢, as decreasing this parameter decreases the
dilution effect: in the limit, when ¢ is very low, both ordered pooling and random pooling
generate the same expected costs associated with false negative results (see proposition

10).

which implies that

(a—p)?+ (1 —-a)b—p?
NTt2 '

Prob(lg —pul <7) =2
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Figure II: Expected benefits per subject of implementing ordered pooling for Chlamy-
dia, assuming N = 100. The gray area corresponds to a 95% confidence interval using
non-parametric bootstrap and assuming that we test 10 batches in total. The blue dot
corresponds to the case in which subjects are individually tested, i.e. K = 1. Parameters
for the dilution function (16): S. = .99, S, = .98 and 6 € {.15,.1,.05,.0089}. Parameters
for the upper bounds: p = 0.0097, a = 0.0017 and b = 0.1919.
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Another arbitrary assumption made corresponds to the underreporting factor of 3
used. As explained in the text, assuming a higher underreporting factor tends to sub-
stantially increase the expected benefits of implementing ordered pooling. Figure [II]]
depicts the benefits of reporting ordered pooling when assuming an underreporting fac-

tor of 3 vs. an underreporting factor of 1.

(a) Underreporting factor of 3 (b) Underreporting factor of 1
N
® K =1 (individual testing) L - ® K =1 (individual testing)
- - Asymptotic upper bound to E[AC] e - - Asymptotic upper bound to E[AC]
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Figure III: Expected benefits per subject of implementing ordered pooling for Chlamy-
dia, assuming N = 100. The gray area corresponds to a 95% confidence interval using
non-parametric bootstrap and assuming that we test 10 batches in total. The blue dot
corresponds to the case in which subjects are individually tested, i.e. K = 1. Parameters

for the dilution function (16): S, = .99, S, = .98 and ¢ = .15.

Notice that these results can be easily replicated with the assistance of the companion

app https://rtOcbu-gustavo-saraiva.shinyapps.io/shiny_app/| developed for this

paper.

D Upper bounds without information on the dilution

effect

In this section, we derive upper bounds to the benefits of implementing ordered pooling

without relying on information regarding the dilution function h. The trade-off is that


https://rt0c5u-gustavo-saraiva.shinyapps.io/shiny_app/
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these upper bounds also tend to be much looser than the ones derived in the main text.
But as we will see at the end of this section, these upper bounds may still be useful in cases
in which the prevalence is very small, as, in these cases, even these loose upper bounds
predict small gains in implementing ordered pooling as opposed to random pooling.
Though we do not need to have a specific formula for the dilution effect to derive
the upper bounds from this section, small constraints must be imposed on the dilution
effect. More specifically, throughout this section we will assume that h(K, K) = S, i.e.,
the probability of detecting an infection in a pooled sample comprised entirely of infected
specimens is the same as the probability of detecting an infection from an individual
sample of an infected subject. Similarly, it is also natural to assume that h(0, K') = 1—25,,.

As an example, the dilution function

h<IaK):(1_Sp)+<Sp+Se_1) (%)6’

with 6 > 0 used in Aprahamian, Bish and Bish [2018]| and Saraival [2023] satisfy these
properties. Similarly, the dilution function
1-8, ifI=0

Se, else

Wi, K) =

which corresponds to the case in which pooled testing is not subject to any dilution effect

whatsoever, also satisfy these properties.

Assumption D.1 1(0,K)=1- 5, and h(K,K) = S.]|

D.1 Upper bound to the Expected Number of Tests without in-

formation regarding the dilution effect

In this section we show how to compute an upper bound to the reduction in the expected
number of tests obtained when implementing ordered pooling as opposed to random
pooling without relying on information regarding the dilution effect. For a given pool
size K, we show that only four parameters are required to compute the upper bound: p,
a, Se and Sp.

In this and in the following section we will assume that p < %, i.e., the prevalence of
the disease is not too high. In many practical applications this is a very mild assumptions

for the following reasons:

2This assumption can be relaxed to h(0,K) > 1— S, and h(K,K) < S..
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1. Pooled testing is only cost-effective when the prevalence of the disease is small (e.g.,
Dorfman| [1943]). Indeed, when the prevalence of the disease is high, most pools
end up infected, and therefore, retested, in which case laboratories are better off

just testing everyone individually.

2. In many practical applications pool sizes are rather small to mitigate the negative
impact that dilution effects may have on the precision of the test. As an example,
throughout the COVID-19 pandemic, Chile relied heavily on pooled testing, and
in the great majority of cases, pool sizes were no greater than K =5 (Basso et al.
[2023]). Meanwhile, in Kenya samples for RT-PCR tests were usually pooled into
groups of size 6 (Agoti et al.|[2021]).

3. The optimum pool size tends to decrease with the prevalence level, thus guar-

anteeing that p < - (see, for example, table I from Dorfman| [1943| or

the shiny application from Christopher Bilder available at his personal website

https://www.chrisbilder.com/shiny).

: 1
Assumption D.2 p < 4.

For our datasets and the pool sizes we consider, assumption always holds. More-

over, this assumption can be relaxed by the milder assumption that p(1 — p)%-1 >

a(l —a)%t

Proposition D.3 Upper bound to savings in the expected number of tests: If

assumptions and hold, we have that

TrK(avnaK) _ToK(q17QQ7"' aQN)
N

< (S48~ 1) [(1—a) — (1 - w)*].

Proof: Because the probability that each subject is retested in a group is increasing in
the subject’s probability of infection and also on the probability of infection of everyone
else within the groupﬁ we clearly have that a lower bound to the expected number of
test when implementing an ordered partition in which all pools have size K is given by

computing the same expression as before, but assuming that all subjects have the lowest

3This happens because h(I, K) is increasing in I, and because increasing the probability of infection
of someone within a pool causes a shift in the distribution of I that first order-stochastically dominates

the previous distribution.


https://www.chrisbilder.com/shiny

32 Gustavo Quinderé Saraiva

possible probability of infection a. This yields the following expression:

ZhIK( ) I — )Kf]. (26)

So an upper bound to the expected reduction in the number of tests per subject that

Tf=—+ Nk

one can achieve by implementing ordered pooling as opposed to random pooling is given

by:

T (Q,n K Zh ( ) [,ul(l _PJ)K_I . aI(l . a)K—I} . (27)

1=0
Because h(0, K) =1 — S, we can rewrite equation as

Trl((avan) _If

= (1= 81— ) = (- a))

K

+Y h(I,K) (if) [ (1 — )T —al (1 —a)" 1] (28)

I=1

Because p > a, we have that p!(1 —p)5~1 —al(1—a)X =1 >0 for all [ > 1 if and only if
pu(l—p) =1 —a(1—a)® =1 > 0. Noticing that the function f(q) = q(1—¢)* ! is unimodal
within the interval [0, 1], having a single peak at ¢* = %, and noticing that a < u, we
have that p < + implies that p(1 — p)*~* —a(1 —a)*~* > 0, which in turn implies that
pl(1— )51 —al(1 —a)®1 >0 for all I > 1. So, for every I > 1, the term h(/, K)
from expression is always being multiplied by a non-negative term, which implies
that this expression is increasing in h([, K) for all 7 > 1. But from assumption we
have that h(I, K) < S.. Therefore

Tf(@”}\ff() L, <SA=-S) (M-~ (1-a))

N ) e 2L O

I=1

- (I—p)K —1—(I—a)K

<(Sp+ S =1 [(1—a)f = (1—wr].

]
Notice that, if the tester does not know a, only the overall prevalence p, he can
conservatively set a = 0 to get a looser upper bound to the benefits of implementing

ordered pooling in terms of minimizing the expected number of tests:

Tr[((q7n7K)_T0I((q1a 7QN)
N

<(Sp+Se—1)[1-1-9"].
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Also notice that, the smaller y is, the smaller is our upper bound to (7% — TX)/N.
Intuitively, this happens because, when the prevalence is small, very few subjects are
retested, regardless of how they are matched to form the pools, in which case, one should
expect small gains of implementing ordered pooling as opposed to random pooling. The
actual benefits of implementing ordered pooling are not, however, monotonic in p. Indeed,
in the extreme cases in which g4 = 0 or 4 = 1, all subjects have the same probability
of infection, in which case ordered pooling becomes equivalent to random pooling. In
practice however, the prevalence of the disease tends to be relatively small, and therefore

in the region in which the benefits of implementing ordered pooling is increasing in .

D.2 Upper bound to the Expected Number of False Positives

without information regarding the dilution effect

In this section we show how to compute an upper bound to the reduction in the expected
number of false positives obtained when implementing ordered pooling as opposed to
random pooling, without relying on information regarding the dilution effect. Like in the
previous section, computing the upper bound only requires knowing the pool size K and
estimates for the following parameters: p, a, S, and .S,.

Approximating g by p (a good approximation when N is large) allows us to derive a

FPE (un,K)—FPX(q1,q2, ,an)
~ )

simple formula to an upper bound to

Proposition D.4 Upper bound to the reduction in the expected number of

false positives: If assumptions [1], [D.Z and hold, then, for a given realization of
(1,92, ,qn) with >, q;/N = pn we have that

FPX(u,n,K)— FPX(q,-- ,qn)
N

< (1= Sp)(1—m)(Sp+Se—1) [(1—a)f 7 — (1= ],

Proof: Clearly, the probability that one receives a false positive classification is increas-
ing in the probability of infection from everyone else within the pool. So the following

expression corresponds to a lower bound to the expected number of false positives that
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one gets under ordered pooling:

Ei(:Z(l_q [ h K[ )Q11_Q)K1[] (1-25p)

i=1

O

’_‘II

=N<1—q>[ A, K)(KI D -a | a-s,

[asy

— N(1-p) [ = n) (M - e sy

I=

o

We wish to find an upper bound to

PELEES (1 sy p) [ a0 () e

I1=0

—a'(1—a)* 7 1)]. (29)

From assumption we have that h(0, ) = 1— .5, so we can rewrite equation ([29))

P s [<1 ) (1= ) = (=) )
ST LK) (KI_ 1) (W1 — W) T —a!(1— o)) (30)

Because p > a, we have that pf(1 — p)5= 1 —al(1 —a)®~171 > 0 for all 7 > 1 if and
only if u(1 — p)%=2 —a(1 —a)®¥~2 > 0. Noticing that the function f(q) = q(1 — ¢)% 2

unimodal within the interval [0, 1], having a single peak at ¢* = and noticing that

ey
a < pt, we have that g < £ < ¢* = = implies that p(1 — p)*=2 —a(1 — a)* 2 > 0,
which in turn implies that /(1 —p)5 1T —al(1—a) =1 > 0 for all I > 1. So, for every
I > 1, the term h(/, K) from expression is always being multiplied by a non-negative
term, which implies that this expression is increasing in h(I, K) for all I > 1. But from

assumption we have that h(1, K) < S,.. Therefore,

FPK _ FpPK

v S (=81 —p) | (1= (1= W = (1 =a)" )+

=

-1

LS. <KI_ 1) (W' (1— )51 — ol (1 — @)K 1)

~
Il
—

<(1-8)(1— ) [(1=8) (1 - w" = (1-a)7)
5 (1= (1=t = (1= (1= a)1))]
< (1= S)(1 = p)(Sp+ 5 = 1) [(1 =)' = (1 = 1],
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]
Like in the previous section, if the tester does not know a, only the overall prevalence p,
he can conservatively set a = 0 to get a looser upper bound to the benefits of implementing

ordered pooling in terms of reducing the expected number of false positives:
FPK _ FPK

T < (L= S (L= (S + S = 1) [1— (1= )]

D.3 Upper bound to the Expected Number of False Negatives

with partial information regarding the dilution effect

In this section we show how to compute an upper bound to the reduction in the expected
number of false negatives obtained when implementing ordered pooling as opposed to
random pooling using only partial information regarding the dilution effect. For a given
pool size K, we show that only five parameters are required to compute the upper bound:
W, b, Se, S, and h(1, K).

To get a tight upper bound to the maximum reduction in the expected number of false
negatives obtained when implementing ordered pooling, we need to make the following

assumption:

Assumption D.5
p(l—p) 72 < b1 - b)) (31)

While assumption is not very intuitive, notice that a sufficient condition for
it to hold is that b < 5. Indeed, noticing that the function f(q) = ¢(1 — ¢)* 2

is unimodal within the interval [0, 1], having a single peak at ﬁ, we have that, if

b < ﬁ, then b and g both lie on the increasing side of the function f(-), in which case
p(l — )1 < b(1 —b)E~L since p < 0.

To assess whether assumption is realistic or not, one only needs to find the
maximum b > p such that inequality holds and check whether or not it surpasses
the actual b observed in the data. Figure depicts the cutoff points for b below which
inequality holds for different values of ;1 and K. As it can be seen from the figure,
the inequality is more likely to hold the smaller the pool size, and the lower the overall

prevalence rate .

Approximating g by p (a good approximation when N is large) allows us to derive a

FNE (p,n, K)—FNE (q1,q2, ,qn)
~ .

simple formula to an upper bound to
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Figure IV: The b* € (u, 1] such that p(1—pu)%~2 = b*(1—b*)% =2 for different combinations
of pand K.

Proposition D.6 Upper bound to the reduction in the expected number of
false negatives: If assumptions [1], [D.9 and hold, then, for a given realization of
(1,92, ,qn) with >, q;/N = p, we have that

FN%(ManaK)_FNf(QMqZV" 7QN>
N

< pSe(Se — h(1, K)) [(1— p)* 7 = (1 =) 1]

Proof: Clearly, the probability that an infected subject is incorrectly classified as not
infected is decreasing in the probability of infection of the subjects with whom she is
matched with. Therefore, the following expression corresponds to a lower bound to the
total expected number of false negatives obtained when implementing ordered pooling

with pools of size K:

ENE =% 4 Z_(l — Seh(I +1,K)) (KI_ 1) b (1— b)K—H]
= Ng r_la — S.h(I+1,K)) <KI_ 1>b1(1 — b)K—H] .

K—

= Ny [ (1—S.h(I+1,K)) <KI_ 1>b1(1 — b)K“] :

—_
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We wish to find an upper bound to

N = Z (1 =Seh(I+1,K)) (KI 1> (N[(l _ ,u)Kflfl . bI(l . b)KflfI)

FNK-FNE [ - ]
1=0

Notice that

FNF - FNK

S = (1= Seh(LE) (1= ) = (1= )R ) +
K-1

+ 5" (1= 8.h(I+1,K)) (K]_ 1) (1 (1 — )T (1~ b)K—l—I)] ‘
=1

(32)

Now notice that the sign of the second term inside the brackets from equation (32)),

(1 (T + 1, K)) (K; 1) (W11 = py<=1T Z B (1 —RIT) (33)

I=1

is ambiguous, as p!(1 — p)K=171 —pl(1 — p)K-1-1

could, in principle, be either positive
or negative. Because p < b, we have that pu!(1 — p)5X=1=1 — (1 — b)E-1=1 < 0 for all
I > 1if and only if p(1 — p)* 2 — b(1 — b)*¥~2? < 0, which, from assumption ([D.5), holds.
So, for every I > 1, the term h([, K) from expression (30]) is always being multiplied
by a non-positive term, which implies that this expression is increasing in h(I + 1, K)
forall I € {1,2---,K — 1}. But from assumption [D.1] we have that (I + 1, K) < S..
Therefore, expression is bounded from above by

K-1

2 (1-5) (KI_ 1) (1 (1= )= = bT (1 = b)) =

I=1
—(1=8) Q- ==,
This implies that

ENS—ENy _ (1= Soh(1,K)) (1= )"~ = (1 = )1

N
—(1=8)[(1 =" = (1 -0)]]
< pSe(Se = ML, K)) [(1 = p)" 71 = (1 =) ]

Notice that, in the absence of dilution effects, i.e., when h(I, K) = S, for all I > 1,

the upper bound from proposition equals zero. This happens because, in the absence
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of dilution effects, the probability that someone receives a false negative result does not
depend on who the subject is matched with (e.g., see|Aprahamian, Bish and Bish|[2019]).
In general, the larger the dilution effect (and therefore the lower h(1, K) is), the greater
is the reduction in false negatives that can be achieve by implementing ordered pooling

as opposed to random pooling.

Remark D.7 The upper bound to the reduction in the expected number of false negatives

from proposition[D.q is decreasing in h(1, K).

So, if the tester does not have an accurate estimate of the dilution function h(7, K),
he can still conservatively estimate the upper bound from proposition by assuming
a h(1, K) well below S..

D.4 Numerical exercises with looser upper bounds

Figure [V]replicates the numerical exercise conducted in section [9, but this time using the
looser upper bounds derived in this section. Similarly, figure [V replicates the numerical
exercise conducted in section [I0} In both cases, the upper bounds are much looser than
the ones derived on the main text. But one can easily verify that, for small prevalence
levels of a disease and small pool sizes, even these loose upper bounds can be very close

to zero.
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Figure V: Expected number of tests and classification errors per subject for Chlamydia,

assuming N = 300. The blue dot corresponds to the case in which subjects are individu-

ally tested, i.e. K = 1. Parameters for the dilution function : Se =99, S, = .98 and

= 0.15. The purple lines correspond to the looser upper bounds derived in section H
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Figure VI: Expected number of tests and classification errors per subject for Covid-

19, assuming N = 300. The blue dot corresponds to the case in which subjects are

individually tested, i.e. K = 1. Parameters for the dilution function : S, = .99,

Sp = 989 and ¢ = 0.0459. The purple lines correspond to the looser upper bounds

derived in section H
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