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Abstract

The Dorfman pooled testing scheme is a process in which individual specimens (e.g., blood, urine, swabs, etc.)
are pooled and tested together; if the merged sample tests positive for infection, then each specimen from the pool
is tested individually. Through this procedure, laboratories can reduce the expected number of tests required to
screen the population, as individual tests are only carried out when the pooled test detects infection. Several
different partitions of the population can be used to form the pools. In this study we analyze the performance
of ordered partitions, those in which subjects with similar probability of infection are pooled together. We derive
sufficient conditions under which ordered partitions outperform other types of partitions in terms of minimizing
the expected number of tests, the expected number of false negatives, and the expected number of false positive
classifications. These sufficient conditions can be easily verified in practical applications, once the dilution effect
has been estimated. We also propose a measure of equity and present conditions under which this measure is
maximized by ordered partitions.

Highlights

• This study derives conditions under which it may be desirable to group together patients with similar proba-
bility of infection when implementing the Dorfman pooled testing procedure. It is shown that, depending on
the dilution effect, this way of pooling subjects minimizes the expected number of tests required to screen
the population, as well as the expected number of false positives and false negatives.

• This study also proposes a measure of equity and derives conditions under which this pooling method max-
imizes equity.

• Two case studies are conducted showing how these results can be applied to real data.

1 Introduction

For many infectious diseases it is common practice to screen the population through a pool testing scheme (also
known as group testing) a process in which specimens (e.g., blood, urine, swabs) from different subjects are pooled
and tested together. One of the simplest versions of pooled testing is the Dorfman screening procedure (due to
Dorfman [1943]). In this procedure, pooled samples are tested together, and whenever a pooled test detects infec-
tion, each specimen from that group is tested individually. Compared to testing subjects individually, this proce-
dure may potentially reduce the overall expected number of tests required to screen a population, as subjects are
only tested individually in the event the pooled test detects infection. Perhaps because of its simplicity, this type
of pool testing scheme is the one most implemented in practical applications (e.g., McMahan, Tebbs and Bilder
[2012]).

The origin of the polled testing literature is usually attributed to the seminal work of Dorfman [1943], which
suggested pooling blood samples from the US military to detect syphilis in soldiers during World War II. Since then,
the field has evolved to produce several new applications, including the detection of other infectious diseases
such as Chlamydia (e.g., McMahan, Tebbs and Bilder [2012]) and HIV (e.g., Nguyen et al. [2019]), the detection
of defective parts in production lines (e.g., Sobel and Groll [1959]), the detection of data tampering using one-
way hash functions (e.g., Goodrich, Atallah and Tamassia [2005]) and the allocation of transmission time slots to
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users in multiaccess channels (e.g., Chlebus [2001]). Recently, the field has regained new interest as pool testing
techniques can be used to reduce the costs of COVID-19 screening. As of now, many countries, including the US,
Germany, China and Chile, have used pool testing to screen for COVID-19 (e.g., Basso et al. [2022], Basso et al.
[2023], Grobe et al. [2020] and Fan [2020]).

For tractability reasons, most theoretical research on pooled testing works in an environment that does not
allow dilution effects, i.e., they assume that increasing the number of infected within a pool does not increase
the probability of detecting infection in the pool (see Kim et al. [2007] for a thorough literature review). But in
reality, dilution effects have proven to be non-negligible in several practical applications, including in the detection
of COVID-19 using RT-PCR tests (e.g., Bateman et al. [2020] and Yelin et al. [2020]).1 Small but non-negligible
dilution effects have been reported in other applications, such as when pooling samples to test for chlamydia and
gonorrhea, for pool sizes less than or equal to 10 (Morre et al. [2000] and Kacena et al. [1998b]).

Most research dedicated to finding optimal pool sizes also works in an environment where each subject has
the same probability of infection (e.g., Kim et al. [2007]) when in reality, the probability of infection can be highly
dependent on subjects’ sociodemographic and clinical characteristics. For example, the prevalence of chlamydia
and other sexually transmitted diseases in the U.S. varies considerably with age and other demographics.2 For
blood screening, the probability of HIV infection from first-time donors in the U.S. is approximately 7 times higher
than that from repeat donors (Zou, Stramer and Dodd [2012]). Because some of subjects’ attributes can be col-
lected by the tester, the tester could use some of this information to determine the optimal partition used to form
the pools.

In this study we analyze the performance of ordered partitions, those in which subjects with similar probability
of infection are pooled together. We show that, provided that the dilution effect is not too strong and a technical
condition is met regarding the concavity of the function governing the dilution effect, then, for any arbitrary par-
tition, there always exists an ordered partition with the same pool size configuration that yields a lower expected
number of tests, another (potentially different) ordered partition with same pool size configuration that yields a
lower expected number of false negatives, and yet another ordered partition with same pool size configuration
that yields a lower expected number of false positives. As a corollary, if these conditions are met and one is only
considering partitions in which all pools have the same size, ordered partitions will always outperform any other
partition with the same pool size configuration in all of the three attributes mentioned earlier: expected number
of tests, expected number of false positives and expected number of false negatives. This result has practical ap-
plications to situations in which reconfiguring the testing machine for different pool sizes is time-consuming or
impractical. For cases in which pool sizes are allowed to be heterogeneous, we show that we can use the algorithm
proposed by Aprahamian, Bish and Bish [2019] to find the optimal ordered partition as well as a lower bound to
the minimum cost. We also propose a simple method to find the optimal ordered partition in conjunction with
the optimal cutoff point for the biomarker reading above which infection is detected, which can vary with the pool
size.

We also characterize ordered partitions in terms of equity. Ideally, one would want to implement a testing
scheme that is fair in the sense that it provides equitable expected payoffs to subjects. This is important because,
depending on the matching criteria used to form the pools, subjects belonging to certain groups can end up with
a disproportionally high probability of being misclassified (either with a false negative or a false positive classi-
fication). We show that conditional that all pools have the same size, ordered partitions do not always yield the
most equitable allocation, even if they minimize both types of classification errors. But we find an instance in
which ordered partitions are guaranteed to generate the most equitable allocation regardless of the concavity of
the function governing the dilution effect and regardless of the distribution of priors: when all pools are comprised
of only two subjects, and subjects either only care about false negative errors, or they only care about false positive
errors. For bigger pools and situations in which subjects care about both types of classification errors, we can use
the information on the dilution effect and the distribution of priors to build an upper bound to the maximum level
of equity that can be obtained by any partition.

We apply our results to the detection of chlamydia and hepatitis B through pooled testing. To do so, we first
estimate the dilution effect for assays used to detect those diseases, as well as the prevalences of those diseases for
different demographic groups, using data from previous studies. We then use those estimates to verify whether the

1Bateman et al. [2020] estimate that the probability of detecting COVID-19 from an infected subject is 6% lower when his sample is diluted
with the sample of 4 healthy subjects. The percentage reduction in the precision of the test is 8% when the infected sample is further diluted
with 9 non-infected samples, and 18% when the infected sample is diluted with 49 non-infected specimens.

2See section 9 for details.
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hypotheses from our theoretical results are satisfied, and conduct numerical exercises comparing the performance
of other heuristics, such as random partitions (i.e., those in which subjects are assigned to pools randomly). We
find that, in general, the conditions that guarantee that ordered partitions perform well in terms of minimizing the
expected number of tests and the expected number of false positives are met. Though the sufficient conditions
that guarantee that ordered partitions perform well in terms of minimizing the expected number of false negatives
are not always met, our simulations indicate that ordered partitions still tend to outperform other heuristics con-
sidered in practical applications, such as random pooling. Our simulations also indicate that ordered partitions
have a better performance than random partitions in terms of maximizing equity.

2 Related Literature

This paper is related to the work of Hwang [1975], McMahan, Tebbs and Bilder [2012] and Aprahamian, Bish and
Bish [2019], which propose algorithms to determine the optimal partition used to perform Dorfman testing, so
as to either minimize the expected number of tests (Hwang [1975] and McMahan, Tebbs and Bilder [2012]) or a
convex combination of the expected number of tests and both types of classification errors (Aprahamian, Bish and
Bish [2019]). But different from our setting, they follow the literature convention by assuming that pooled testing
is not subject to dilution effects. Hwang [1975] and McMahan, Tebbs and Bilder [2012] have shown that, in the
absence of dilution effects, there exists an ordered partition that minimizes the expected number of tests required
to screen the population. Moreover, in the absence of dilution effects, the probability that any infected subject
is incorrectly diagnosed as not infected does not depend on who the subject is matched with in the pool. So, in
the absence of dilution effects, the matching criteria used to form the pools does not affect the expected number
of false negatives. As to the other type of classification error, Aprahamian, Bish and Bish [2019] have shown that,
in the absence of dilution effects, there exists an ordered partition that minimizes the expected number of false
positives. So these results indicate that ordered partitions perform well in all of the three dimensions considered:
expected number of tests, expected number of false positives and expected number of false negatives. We extend
these results by showing that, when dilution effects are present but are sufficiently small, there exists an ordered
partition that minimizes the expected number of tests and another ordered partition that minimizes the expected
number of false positives, conditional on a given set of pool sizes.

This paper is also related to the work of Hwang [1976] and Wein and Zenio [1996] which vie to find optimal pool
sizes for the Dorfman screening when pooled testing is subject to dilution effects. Their work, however, follow the
literature convention by assuming that the probability of infection is homogeneous across the population, whereas
in our environment we allow subjects to have heterogeneous probability of infection.

Most research in the literature that simultaneously allows for dilution effects and heterogeneous priors are the
ones dedicated to estimating the probability of infection conditional on the results of pooled tests, such as the
work of Wang, McMahan and Gallagher [2015], Warasi et al. [2017] and Mokalled et al. [2021]. To the best of my
knowledge, the only theoretical research that attempt to formulate optimal pooling schemes under the presence of
both dilution effects and heterogeneous priors are the work of El-Amine, Bish and Bish [2017], Aprahamian, Bish
and Bish [2020] and Aprahamian, Bish and Bish [2018]. El-Amine, Bish and Bish [2017] and Aprahamian, Bish and
Bish [2020] propose a testing scheme in which subjects with similar probability of infection are matched together
to form the pools. However, for tractability reasons they assume that the dilution effect only depends on the pool
size, not on the number of subjects infected within the pool.

More in line with our approach, Aprahamian, Bish and Bish [2018] work in an environment in which the di-
lution effect is affected by the proportion of infected subjects within the pool. They present conditions regarding
the concavity of the dilution function which guarantee that ordered partitions minimize the expected number of
tests and the expected number of false negative classifications. We show that these conditions can be relaxed by
using the fact that only a discrete number of subjects is ever tested, so we only need to present conditions regard-
ing concavity of the dilution function at the discrete level. One practical application of this stronger result is that
it implies that, for any realistic dilution function (more precisely, if increasing the proportion of infected subjects
within the pool increases the probability of detecting infection), ordered partitions will always minimize the ex-
pected number of false negatives conditional that all subjects are pooled into groups of size 2 (an analogous result
follows for false positive classifications). This strengthened result also allows us to show analytically that, if the
average viral load of infected subjects is sufficiently high compared to non-infected subjects, the dilution effect
will not be “too strong”, which implies that ordered partitions are optimal in terms of minimizing the expected
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number of tests (and expected number of false positives). Aprahamian, Bish and Bish [2018] also require pool sizes
to be equal, whereas we derive results that apply to situations in which pool sizes are heterogeneous. Finally, Apra-
hamian, Bish and Bish [2018] only derive results regarding the expected number of tests and expected number of
false negatives, while we also derive conditions under which ordered partitions are optimal in terms of minimizing
the expected number of false positives.

Our chlamydia case study follows Aprahamian, Bish and Bish [2019] very closely, with the exception that we
allow the existence of dilution effects. Aprahamian, Bish and Bish [2018] perform a similar case study using the
same dataset and allowing the existence of dilution effects. But they restrict all pool sizes to be homogeneous,
whereas we employ the methodology proposed by Aprahamian, Bish and Bish [2019] to find the optimal ordered
partition when pools sizes are allowed to be heterogeneous. Moreover our results are not directly comparable with
Aprahamian, Bish and Bish [2018], as they analyze the optimal ordered partition under an adaptive array testing,
whereas we study the optimal ordered partition under Dorfman testing.

Our Hepatitis B case study appears to be the first attempt to compute the optimal ordered partition to screen
subjects for HBV infection for the purpose of blood transfusion. Though our dataset has been extensively analyzed
in other studies, such as Wang, McMahan and Gallagher [2015], Warasi et al. [2017] and Mokalled et al. [2021],
these have been primarily focused in estimating the probability of someone being infected as a function of the
result of a pooled testing scheme, not in finding the optimal ordered partition to implement Dorman testing. We
also propose a simple methodology to compute the optimal ordered partition in conjunction with a cutoff point
for the biomarker, above which infection is detected, where we allow the cutoff point to be pool size dependent.
The optimal cutoff point is also a function of the distribution of OD readings among infected and non infected
specimens, as well as on the cost of implementing a test, the cost of getting a false negative result and the cost
of getting a false positive result. Of these costs, the one that is arguably the hardest to estimate is the cost of a
false negative, which we assume to be equal to the cost of infecting someone with the Hepatitis B virus (HBV). We
used a simple Markov model similar to the one employed in Jackson et al. [2003] and Birkmeyer et al. [1993] to
estimate this cost. These papers study the potential benefits associated with allogenic blood transfusion, taking
into account the possibility that the screening for blood borne diseases, such as Hepatitis B, Hepatitis C and HIV,
may not be 100% sensitive. Though they incorporate dilution effects in their calibration, Jackson et al. [2003] and
Birkmeyer et al. [1993] take the pooled testing scheme as given, and are not focused in finding optimal partitions
to test subjects, nor in finding optimal cutoff points for the biomarker.

To the best of my knowledge, the only theoretical research on pooled testing that addresses equity concerns
when implementing ordered partitions is the work from Aprahamian, Bish and Bish [2019]. Dilution effects are not
allowed in their environment, however. This implies that if subjects only care about false negative classifications,
then conditional on a subject being infected, his expected payoff is not affected by the set of subjects with whom
he was pooled, only by whether he was pooled or not. But in our case, when dilution effects are present, the
probability of infection of other subjects within a pool does affect a subject’s probability of receiving a false negative
result. In such a case, we show that ordered partitions do not necessarily yield the most equitable allocation. But
using information on the dilution effect and the configuration of probabilities of infection, we show how to derive
an upper bound to the optimal level of equity that can be achieved by any partition. To derive this upper bound,
we require the usage of a welfare function that is slightly different than the one used in Aprahamian, Bish and Bish
[2019]: they employed the α-fairness specification, whereas we use an utilitarian max-min welfare function.

3 Environment

Suppose that there is a population S = {1,2, · · · ,n} of subjects to be tested. Each subject can either be infected
or not infected (we use the terms not infected and healthy interchangeably). Each subject i ∈ S is infected with
probability qi ∈ [0,1]. Without loss of generality, we assume throughout the paper that

q1 ≤ q2 ≤ ·· · ≤ qn .

If a subject is individually tested and he is not infected, the test will classify him as healthy with probability Sp ∈
[0,1]. An infected subject who is individually tested is classified as infected with probability Se ∈ [0,1]. Using the
terminology from clinical trials, Sp corresponds to the specificity of the test, while Se corresponds to its sensitivity.
We assume that Se > 1− Sp , so that whenever a test detects infection, the subject is more likely to be infected
compared to the case in which no infection is detected.
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Table 1: Notation and Abbreviations.

Notation Description
k Pool size.
I Number of infected within a pool.
h(I ,k) Dilution function: it returns the probability that infection is detected in a pool with k subjects

with exactly I ≤ k of them infected.
Se Sensitivity of individual testing (i.e., Se = h(1,1)).
Sp Specificity of individual testing (i.e., Sp = 1−h(0,1)).
S Population of all subjects to be tested.
n Number of subjects in the population (i.e., n = |S|).
qi Probability that subject i ∈ S is infected.
q Vector of probabilities of infection: (q1, q2, · · · , qn).
Ω A partition of S.
Gg A group of subjects, i.e., a subset of S.
PGg (I ) Probability that exactly I of the |Gg | subjects in Gg are infected.
E[T (Ω)] Expected number of tests obtained after implementing partition Ω.
E[F N (Ω)] Expected number of false negatives obtained after implementing partition Ω.
E[F P (Ω)] Expected number of false positives obtained after implementing partition Ω.
E[C (Ω)] Expected cost obtained after implementing partition Ω.
ui (Ω) Expected utility from subject i ∈ S when partition Ω is implemented.
πα(u1,u2, · · · ,un) The utilitarian max-min welfare function: αmini∈S (ui )+ (1−α)

∑
i∈S ui .

Abbreviation Description
OR Optimal ordered partition (i.e., the ordered partition Ω that minimizes E[C (Ω)]).
ÔR Optimal ordered partition ignoring the existence of dilution effects.
R1 Optimal random partition with homogeneous pool sizes.
R2 Optimal random partition with homogeneous pool sizes and cutoffs above which subjects

are individually tested.
IT Individual testing.
LB Lower bound to the minimum expected cost E[C (Ω)].
HBV Hepatitis B Virus.
OD Optical Density: a biomarker used to detect HBV infection.

In a Dorfman procedure, the subjects to be tested, S, are pooled into disjoint groups, and the samples from
subjects belonging to the same group are amalgamated and tested together. If the test detects infection for the
pooled sample, then each subject within the pool is tested individually. If a group is comprised of only one subject,
then this subject is only tested individually, without a followup test.

Several criteria can be used to form the pools. One way is to group subjects randomly, without taking into
account their prior probability of infection, into pools of equal size. But such pooling method does not take ad-
vantage of the information on subjects’ prior probability of infection, nor does it take into account the fact that,
when a subject’s probability of infection is sufficiently high, it may be preferable to test that subject individually.

So next we consider a class of pooling schemes in which subjects are ordered from lowest to highest prob-
ability of infection, and those with similar probability of infection are pooled together. Formally, a partition
Ω = {G1,G2, · · · ,Gm} of S is said to be an ordered partition if, for any g , w ∈ {1,2 · · · ,m} with g 6= w we have that
either qi ≥ q j for all i ∈ Gg and all j ∈ Gw or qi ≤ q j for all i ∈ Gg and all j ∈ Gw . In an ordered pooling scheme
subjects are grouped according to an ordered partition.

We will compare this method of grouping subjects with alternative ones in terms of the expected number of
tests they require to diagnose the entire population S, how many false negatives and false positives they generate
(i.e., how many subjects are misclassified) and how equitable they are. But in order to make those comparisons,
we must first make assumptions regarding how the probability of detecting infection in a pooled test is affected by
the number of infected subjects within the pool.

Let h(I ,k) be the probability of detecting infection in a pooled sample collected from k ∈ N subjects, condi-
tional that exactly I ∈ {0,1,2, · · · ,k} of those subjects are infected. From our definition of sensitivity and specificity,
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we must have h(1,1) = Se and h(0,1) = 1−Sp . We will occasionally refer to h, as the dilution function. For each
k ∈N, we assume that h(·,k) is (weakly) increasing, i.e., the more infected subjects there are in the pool, the more
likely the pooled test will detect infection, which is arguably a very mild and reasonable assumption.

Assumption 1 h(I ,k) is increasing in I (i.e., the more infected subjects there are in the group, the more likely the
pooled test will detect infection for that group).

Most of the literature assumes that pooled samples are not susceptible to dilution, so that the probability of de-
tecting infection in a pooled sample that has at least one infected subject is the same as the probability of detecting
infection from an individual test of an infected subject. This corresponds to the case in which

h(I ,k) =
{

Se , if I > 0
1−Sp , if I = 0.

(1)

But in general, h could assume different formats. The faster h(I ,k) converges to h(k,k) as I approaches k, the
lower is the dilution effect. Figure 1 depicts different functions h(·,k) that satisfy assumption 1. The lower and
more convex functions correspond to cases in which the dilution effect is stronger.

Stronger Dilution Effect

Number of Infected, I

h(
I,k

)

k...0 5 10

1
0

Figure 1: Different dilution functions h(·,k), for a given k ∈N.

Concavity of h(I ,k) with respect to I (i.e., concavity of h(·,k)) is a sufficient condition for many of the results
presented in this paper, as concavity of h(I ,k) with respect to I implies that the dilution effect is not too strong. But
because the number of subjects within each group is a discrete variable, we only require concavity at the discrete
level. So for most part of the paper we will use the following definition of concavity:

Definition 1 We say h(·,k) is discrete-concave if, for any I ∈ {0,1,2, · · · ,k}, we have that h(I + 1,k)−h(I − 1,k) ≤
2h(I ,k).

Notice that, if h(·,k) is concave, it is discrete-concave, but the reverse is not necessarily true. This is important
because, sometimes, depending on how the dilution function is estimated, one can find h(·,k) to be convex for
values of I between (0,1), even though the function is discrete-concave (see example 3 from section 8).

Table 1 summarizes the notation that will be used throughout the paper.

6



4 Expected Number of Tests

Because testing is costly, ideally one would want to implement a partition that minimizes the expected number of
tests required to screen the population. For a given partition Ω≡ {G1,G2, · · · ,Gn/k } of the population S, we denote
T (Ω) as the number of tests performed on the population after implementing the Dorfman procedure using this
partition to determine the pools, and E[T (Ω)] as its corresponding expectation.

It is straightforward to show that, for any partition Ω ≡ {G1,G2, · · · ,Gm} of S, the expected number of tests
required to screen the population using the Dorfman procedure is given by

E[T (Ω)] ≡ ∑
Gg ∈Ω

TGg , (2)

where

TGg ≡
{

1, if |Gg | = 1

1+|Gg |∑|Gg |
I=0 h(I ,k)PGg (I ), if |Gg | > 1

(3)

and
PGg (I ) ≡ ∑

G⊆Gg
s.t .|G|=I

∏
i∈G

qi
∏

j∈Gg \G
(1−q j ), (4)

i.e., TGg is the expected number of test associated with group Gg , and PGg (I ) is the probability that group Gg has
exactly I infected subjects.

When h(·,k) is discrete-concave for all k ∈N, we show that, for any partition Ω, we can find an ordered partition
Ω∗ that preserves the pool sizes of Ω, and generates a weakly lower expected number of tests. Moreover, this
partition is such that, whenever it individually tests a subject i with probability of infection qi , it also individually
tests all subjects with higher probability of infection. This result is very similar to the one presented in Aprahamian,
Bish and Bish [2018], with the difference that we only require discrete-concavity as opposed to concavity, and our
result also applies to cases in which pool sizes differ.

Theorem 1 Let Ω = {G1,G2, · · · ,Gm} be an arbitrary partition of S. Suppose that h(·, |Gg |) is discrete-concave for
every Gg ∈Ω. Then, there exists an ordered partition Ω∗ = {G∗

1 ,G∗
2 , · · · ,G∗

m} such that

a) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m}.

b) Whenever a subject i ∈ S with probability of infection qi is individually tested under Ω∗, subjects with a proba-
bility of infection higher than qi are also individually tested under Ω∗.

c) E[T (Ω∗)] ≤ E[T (Ω′)].

Intuitively, the parts a and c from theorem 1 can be explained as follows. Suppose that we were to pool subjects
randomly. In this case, each group would have a high probability of having at least one infected subject. A discrete-
concave dilution function h(·,k) implies that the dilution effect is not too strong. If the dilution effect is sufficiently
small, pooled tests would detect infection for most groups, resulting in many individual follow-up tests being
conducted. If, on the other hand, ordered pooling was implemented, only the groups with high probability of
infection would be likely to have at least one infected subject, and therefore to test positive for the disease, thus
resulting in a lower number of follow-up tests.

As to part b from theorem 1, we have that, adding more infected subjects into a pool increases the probability
that the pooled test detects infection, thus triggering followup tests for all the subjects within that pool. So to
minimize the expected number of tests, those with highest probability of infection should be the ones, if any,
allocated for individual testing.

Notice that theorem 1 requires h(·,k) to be discrete-concave for all different pool sizes from the original par-
tition. This hypothesis will be satisfied if, for instance, the dilution function is assumed to depend only on the
proportion of infected subjects within the pool, I /k, and such dilution function is concave. As an example, con-
sider the following class of dilution functions previously used in the literature (e.g., Burns and Mauro [1987] and
Aprahamian, Bish and Bish [2018])

h(I ,k) = (1−Sp )+ (Sp +Se −1)

(
I

k

)δ
, (5)
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where δ≥ 0. As long as δ≤ 1, the function h(·,k) will be concave. In practice, the concavity of such function can be
easily calibrated using empirical data on pooled tests (see section 9).

Theorem 1 guarantees that, for any partition Ω we can always find an ordered partition Ω∗ that generates a
weakly lower expected number of tests than Ω and preserves the pool sizes of Ω. So according to this theorem, if
Ω = {{3,4}, {1,2,5}}, the ordered partition that generates a lower expected number of tests could be {{1,2}, {3,4,5}}
or {{1,2,3}, {4,5}} (or both). Later, in section 6 we discuss how to find the optimal ordered partition by adopting the
algorithm proposed by Aprahamian, Bish and Bish [2019].

Corollary 1 Suppose that h(·,k) is discrete-concave. Let Ω be a partition of S = {1,2, · · · ,n} with |Gg | = k ∀Gg ∈Ω.
Then, the following ordered partition of S

Ω∗ = {{1,2, · · · ,k}, {k +1,k +2, · · · ,2k}, · · · , {n −k +1,n −k +2, · · · ,n}}

is such that E[T (Ω∗)] ≤ E[T (Ω)].

5 Expected Number of False Negatives and False Positives

A false negative occurs when an infected subject is incorrectly classified as healthy, and a false positive occurs
when a healthy subject is incorrectly classified as infected. For a given partition Ω of S, we denote F N (Ω) and
F P (Ω) as the total number of false negatives and false positives, respectively, obtained after implementing the
Dorfman procedure using the partition Ω.

It can be show that,3 for any partition Ω = {G1,G2, · · · ,Gm} of S, the expected number of false negatives and
the expected number of false positives obtained after implementing the Dorfman procedure using this partition is
given by

E[F N (Ω)] = ∑
Gg ∈Ω

F NGg (6)

and
E[F P (Ω)] = ∑

Gg ∈Ω
F PGg , (7)

respectively, where, for each Gg ∈Ω

F NGg ≡
{

(1−Se )qi , if Gg = {i }∑|Gg |
I=0 PGg (I )I

[
1−h(I , |Gg |)Se

]
, if |Gg | > 1

,

F PGg ≡
{

(1−Sp )(1−qi ), if Gg = {i }∑|Gg |
I=0 PGg (I )h(I , |Gg |)(|Gg |− I )(1−Sp ) if |Gg | > 1

and PGg (I ) is the probability that group Gg ∈Ω has exactly I infected subjects (see equation (4)).

We now derive sufficient conditions under which ordered partitions minimize each type of classification error.4

Hypothesis 1 Suppose that the dilution function h(·,k) is such that, for all I ∈ {1,2, · · · ,k −1},

I +1

2I
h(I +1,k)+ I −1

2I
h(I −1,k) ≥ h(I ,k).

Theorem 2 Let Ω = {G1,G2, · · · ,Gm} be an arbitrary partition of S. Suppose that hypothesis 1 holds for every pool
size k ∈ {k ′ ∈N;k ′ = |Gg |, for some Gg ∈Ω}. Then, there exists an ordered partition Ω∗ = {G∗

1 ,G∗
2 , · · · ,G∗

m} such that

3Details provided in the online Appendix.
4Aprahamian, Bish and Bish [2018] had previously shown that, when all the pools have the same size k ≥ 2, and the following condition holds

I
∂2h(I ,k)

∂I 2
+2

∂h(I ,k)

∂I
≥ 0 ∀I ∈ [0,k],

then grouping subjects according to an ordered partition minimizes the expected number of false negatives. In the online Appendix we show
that this condition implies that hypothesis 1 holds, but the converse is not necessarily true.
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a) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m},

b) E[F N (Ω∗)] ≤ E[F N (Ω)].

Hypothesis 1 can be interpreted as requiring that the dilution function h(·,k) is not “too concave”. In fact,
hypothesis 1 is satisfied whenever h(·,k) is convex, as convexity of h(·,k) implies that

I +1

2I
h(I +1,k)+ I −1

2I
h(I −1,k) ≥ h(I +1/I ,k) ≥ h(I ,k).

But convexity is not a necessary condition for hypothesis 1 to hold. Indeed, for any δ ∈ (0,1), the dilution
function introduced in equation (5) is not convex, and yet it satisfies hypothesis 1.

Though Aprahamian, Bish and Bish [2019] have shown that, in the absence of dilution effects, allocating those
with a higher probability of infection to be individually tested minimizes false negative classifications, this is not
necessarily the case in the presence of dilution effects, as illustrated by example 1.

Example 1 Suppose that the dilution function is given by expression 5, with δ= 1/2, Se = .97 and Sp = .95. Then, if
S = {1,2,3} and q1 = .1, q2 = .9 and q3 = .99 we have that

E[F N ({{1}, {2,3}})] = 0.143 < 0.303 = E[F N ({{1,2}, {3}})].

Intuitively, when there are dilution effects it is not necessarily optimal to allocate a subject with high probability
of infection for individual testing, as allocating this subject into a pool will reduce the probability of false negative
from those within the pool.

We now derive sufficient conditions under which ordered pooling minimizes false positive classifications.
Those conditions will go in the opposite direction of the conditions we required for ordered pooling to minimize
false negative classifications: instead of requiring the dilution function not to be “too concave”, we now require it
not to be “too convex”.

Hypothesis 2 Suppose that the dilution function h(·,k) is such that, for all I ∈ {1,2, · · · ,k −1},

k − I −1

2(k − I )
h(I +1,k)+ k − I +1

2(k − I )
h(I −1,k) ≤ h(I ,k).

Theorem 3 Let Ω = {G1,G2, · · · ,Gm} be an arbitrary partition of S. Suppose that hypothesis 2 holds for every pool
size k ∈ {k ′ ∈N;k ′ = |Gg |, for some Gg ∈Ω}. Then, there exists an ordered partition Ω∗ = {G∗

1 ,G∗
2 , · · · ,G∗

m} such that

a) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m},

b) Whenever a subject i ∈ S with probability of infection qi is individually tested under Ω∗, subjects with a proba-
bility of infection higher than qi are also individually tested under Ω∗.

c) E[F P (Ω∗)] ≤ E[F P (Ω)].

Notice that if h(·,k) is discrete-concave, then hypothesis 2 holds, as discrete-concavity of h(·,k) and the fact
that h(·,k) is increasing implies that

k − I −1

2(k − I )
h(I +1,k)+ k − I +1

2(k − I )
h(I −1,k) ≤ h(I +1,k)

2
+ h(I −1,k)

2
≤ h(I ,k).

Corollary 2 Let Ω = {G1,G2, · · · ,Gm} be an arbitrary partition of S such that |Gg | ≥ 2 for all Gg ∈ Ω. Suppose that
h(·,k) is discrete-concave for every k ∈ {k ′ ∈ N;k ′ = |Gg |, for some Gg ∈ Ω}. Then, there exists an ordered partition
Ω∗ = {G∗

1 ,G∗
2 , · · · ,G∗

m} such that

a) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m},

b) E[F P (Ω∗)] ≤ E[F P (Ω)].
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Intuitively, when the dilution effect is relatively small, matching subjects randomly to form the pools is likely
to generate many false positives, as each group will have a high chance of having at least one infected subject who
will trigger a follow-up test with high probability. If the individual tests have imperfect specificity, those follow-
up tests will increase the probability that non-infected subjects are incorrectly classified as infected. Performing
ordered pooling, on the other hand, results in less follow-up tests, as this pooling criterion reduces the frequency
with which a pooled sample is “contaminated” with an infected specimen that triggers a follow-up test.

Notice that, when we are only considering pools of size k = 2, we only need to check whether hypotheses 1 or
2 hold for I = 1. Because h(·,k) is increasing, both of these hypotheses are clearly satisfied at I = 1. So a corollary
to theorems 2 and 3 is that, if all the pools from a partition have size k = 2, then an ordered partition in which all
pools have size k = 2 will produce a lower expected number of both types of classification errors.

Corollary 3 Let Ω = {G1,G2, · · · ,Gm} be a partition of S such that |Gg | = 2 for all Gg ∈ Ω. Suppose that h(·,2) is
increasing. Then, there exists an ordered partition Ω∗ = {G∗

1 ,G∗
2 , · · · ,G∗

m} such that

a) |G∗
g | = 2 for all Gg ∈Ω,

b) E[F N (Ω∗)] ≤ E[F N (Ω)],

c) E[F P (Ω∗)] ≤ E[F P (Ω)].

Finally, notice that a corollary from theorems 1, 2 and 3 is that, if we are only considering partitions in which all
pools are required to have the same size k that is a dividend of the population size n, finding the optimal partition
when the dilution function is discrete-concave, and hypothesis 2 holds is trivial: it consists of implementing the
following ordered partition of S.

Ω∗ = {{1,2, · · · ,k}, {k +1,k +2, · · · ,2k}, · · · , {n −k +1,n −k +2, · · · ,n}}.

Corollary 4 Suppose that h(·,k) is discrete-concave and satisfies hypothesis 2. Let Ω be any partition of S =
{1,2, · · · ,n} with |Gg | = k ∀Gg ∈Ω. Then, the following ordered partition of S

Ω∗ = {{1,2, · · · ,k}, {k +1,k +2, · · · ,2k}, · · · , {n −k +1,n −k +2, · · · ,n}}

is such that

a) E[T (Ω∗)] ≤ E[T (Ω)],

b) E[F N (Ω∗)] ≤ E[F N (Ω)],

c) E[F P (Ω∗)] ≤ E[F P (Ω)].

Corollary 4 has practical implications to situations in which the tester is interested in using the same pool size
for all tests, say, because reconfiguring the pool sizes is too costly. But if the costs of changing the pool sizes are
not substantial, it may be beneficial to implement a partition with heterogeneous pool sizes. In the next section,
we discuss how to find the optimal ordered partition when pool sizes are allowed to be heterogeneous, and how to
derive a lower bound to the optimal cost.

6 Finding the optimal ordered partition

In general, a tester is interested in implementing a partition that minimizes a convex combination of the expected
number of tests, the expected number of false negatives and the expected number of false positives, i.e., they are
interested in minimizing the following expression:

E[C (Ω)] ≡λ1E[F N (Ω)]+λ2E[F P (Ω)]+λ3E[T (Ω)], (8)

where λ1,λ2,λ3 ≥ 0, i.e., the λ’s correspond to the weights assigned to each attribute.
If, for instance λ1 > 0 and λ2 = λ3 = 0, the tester’s sole purpose is minimizing the expected number of false

negatives, which can be achieved by individually testing all subjects. Indeed, it can be shown that, as long as the
dilution function h(·,k) is non-decreasing for every k, individual testing always minimizes the expected number
of false negatives, for any realization of (qi )i∈S .
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Proposition 1 If the dilution function satisfies assumption 1 (i.e., if h(·,k) is increasing for every k ∈N), then testing
all subjects individually minimizes the expected number of false negatives.

Individual testing has, however, the obvious disadvantage of requiring too many tests to screen the population,
which is costly. So individual testing is usually not optimal when λ1 > 0, the prevalence of infection is small and the
dilution function is not too strong. In those cases, finding the optimal partition can be challenging, as the number
of different partitions from even a small batch of 20 subjects can be quite large.5

But from the previous section we have seen that, when the dilution function is discrete-concave and satisfies
hypothesis 1, then, for any arbitrary partition, there always exists an ordered partition with the same pool size con-
figuration that yields a lower expected number of tests, another (potentially different) ordered partition with same
pool size configuration that yields a lower expected number of false negatives, and yet another ordered partition
with same pool size configuration that yields a lower expected number of false positives. While these results do not
guarantee that an ordered partition will minimize all of these three attributes simultaneously, they are indicative
that they represent good candidates for an optimal allocation, as deviations from ordered pooling imply that we
are able to improve at least one of the attributes.

Though the set of ordered partitions to be considered is still very large,6 Aprahamian, Bish and Bish [2019] have
noticed that one can still find the optimal ordered partition in polynomial time by implementing a shortest path
algorithm, such as Dijkistra’s minimum weight path algorithm.

Indeed, if, for example S = {1,2,3,4,5}, we can form a bijection that maps all the possible ordered partitions of
S into the set of possible paths leading node 1 into node 6 from the directed graph displayed in figure 2.

1

2

3

4

5

6

Figure 2: A graph that can be used to represent all the possible ordered par-
titions of S = {1,2,3,4,5}.

Table 2 displays examples of ordered partitions of S = {1,2,3,4,5}, and how they would be mapped into a path
from graph 2.

Because we can find a cost associated with each element of the partition, we can map each of these costs into
the weights given to each edge of the graph. For example, if we find that the expected cost of pool testing the
subgroup {1,2} is given by $ 20,00, then this value will represent the weight assigned to the edge that connects
node 1 to 3. Once we compute the weights from each edge of the graph, we can then use Dijkistra’s algorithm,
which is O(|S|2), to find the optimum path in polynomial time (e.g., Nemhauser and Wolsey [1998]).

Because we cannot guarantee that the optimal partition will indeed be an ordered partition, we also compute
a lower bound to the objective function (8). This can be achieved by computing

λ1 min
Ω

(E[F N (Ω)])+λ2 min
Ω

(E[F P (Ω)])+λ3 min
Ω

(E[T (Ω)]).

5The number of different partitions from a set S of 20 individuals is approximately 5.17e +13.
6Aprahamian, Bish and Bish [2019] shows that the number of different ordered partitions of S is 2|S|−1.
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Table 2: Examples of ordered partitions of S = {1,2,3,4,5}, and how they
would be mapped into paths from the acyclic directed graph depicted in
figure 2.

Ordered Partition Path
{{1}, {2,3,4,5}} 1 → 2 → 6
{{1,2}, {3,4,5}} 1 → 3 → 6

{{1}, {2,3}, {4,5}} 1 → 2 → 4 → 6
{{1}, {2,3,4}, {5}} 1 → 2 → 5 → 6

{{1,2,3,4,5}} 1 → 6

Indeed, from proposition 1, we have that minΩ(E[F N (Ω)]) can be trivially obtained by implementing individual
testing. To compute minΩ(E[F P (Ω)]) and minΩ(E[T (Ω)]), we only need to implement the Dijkistra’s algorithm to
minimize each of these attributes separately, as theorems 1 and 3 guarantee that we can focus exclusively on or-
dered partitions to find those minimums when the dilution function is discrete-concave. Also notice that discrete-
concavity of h(·,k) is a very mild assumption: if this hypothesis did not hold, the dilution effect would be too
strong, in which case pooled testing would generate too many false negatives, so it would not be a viable alterna-
tive to individual testing.

Remark 1 Notice that

min
Ω

(E[C (Ω)]) ≥λ1 min
Ω

(E[F N (Ω)])+λ2 min
Ω

(E[F P (Ω)])+ (1−λ1 −λ2)min
Ω

(E[T (Ω)]).

Moreover, if h(·,k) is non-decreasing for every k ∈N, then

min
Ω

(E[F N (Ω)]) = (1−Se )
∑
i∈S

qi .

If, in addition, h(·,k) is discrete-concave for every k ∈N, then minΩ(E[F P (Ω)]) and minΩ(E[T (Ω)]) can be obtained
in O (|S|2) by implementing Dijkistra’s algorithm.

In sections 9 and 10 we implement these techniques to find the optimal ordered partition in two case studies,
as well as an upper bound to the optimal partition.

7 Equity

Ideally one would want to implement a testing scheme that is fair, in the sense that it provides equitable expected
payoffs to subjects. This is important because, depending on the matching criteria used to form the pools, subjects
belonging to certain demographic groups can end up with a disproportionally high probability of being misclas-
sified (either with a false negative or a false positive classification). In this section we show that ordered pooling
does not always implement the most equitable allocation when all pool sizes are required to be equal, even if it
minimizes the overall expected number of false negatives and false positives. We show, however, that when all
pools are of size k = 2 and subjects either only care about false negative classifications or only care about false
positive classifications, then ordered pooling is guaranteed to generate the most equitable allocation regardless of
the dilution function and the distribution of priors. For pools of size k > 2, information on the dilution effect and
distribution of priors can be used to derive sufficient conditions under which ordered pooling maximizes equity.

Assuming the Dorfman procedure is applied to a partition Ω ≡ {G1,G2, · · · ,Gn/k } of S, we denote F Ni (Ω) as
an indicator variable that equals 1 whenever subject i ∈ S is incorrectly classified as healthy, and zero otherwise.
Similarly, F Pi (Ω) is an indicator variable that equals 1 whenever subject i ∈ S is incorrectly classified as infected.

Letting θ ∈ [0,1] be the weight attributed to false negative classifications, and (1−θ) be the weight attributed to
false positive classifications, we have that subject i ’s expected utility from this partition is given by

ui (Ω) ≡−θE[F Ni (Ω)]− (1−θ)E[F Pi (Ω)].

Throughout this section we use the utilitarian max-min welfare function to measure equity. As the name
suggests, a utilitarian max-min welfare function is a convex combination of the utilitarian and max-min welfare
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functions. The utilitarian welfare function, popularized by Harsanyi [1955], is simply the sum of utilities from
the agents in the economy, while the max-min welfare function, proposed by Rawls [1971], equals to the lowest
utility in the economy. So a utilitarian measure of welfare values Pareto efficiency, while a max-min measure values
equity. A utilitarian max-min measure puts a positive weight on both of these attributes. More precisely, for a given
parameter α ∈ [0,1], the utilitarian max-min welfare function is given by

πα(u1,u2, · · · ,un) ≡αmin
i∈S

(ui )+ (1−α)
∑
i∈S

ui . (9)

So the parameter α can be interpreted as the weight put on equity, while 1−α is the weight put on Pareto efficiency.
The utilitarian max-min welfare function is known to satisfy desirable axioms (e.g., see Schneider and Kim

[2020] and Bossert and Kamaga [2020]). But for our purposes, the main reason why we invoke this welfare function
is because it satisfies the following property: if an allocation maximizes the utilitarian welfare function and the
max-min welfare function, then it maximizes the utilitarian max-min welfare function for any parameter α. This
property is not shared by some additive social welfare functions, such as the α-fairness welfare function used in
Aprahamian, Bish and Bish [2019],7 even though the utilitarian and the max-min welfare functions correspond to
the extreme opposite instances of the α-fairness family, with the utilitarian approach putting all weight on Pareto
efficiency, and the max-min putting all weight on equity (e.g., Lan et al. [2010] and Bertsimas, Farias and Trichakis
[2012]).

The following example shows that ordered pooling does not necessarily maximize social welfare, even when
this pooling scheme minimizes both the expected number of false positives and the expected number of false
negatives.

Example 2 Consider the dilution function h(I ,k) = (1−Sp )+ (Sp +Se −1)
( I

k

)1/10
, with Sp = .95 and Se = .9. Figure

3 plots this dilution function when k = 3 (i.e., when the pool has 3 subjects).

0.
2

0.
4

0.
6

0.
8

Number of Infected, I

h(
I,k
)

0 1 2 3

Figure 3: Dilution function h(I ,k) = (1−Sp )+ (Sp +Se −1)
( I

k

)1/10
, with Sp =

.95, Se = .9 and k = 3.

Because h(·,k) is concave, we have from theorem 1 and corollary 2 that ordered pooling minimizes the expected
number tests and expected number of false positives. Moreover one can easily show that this dilution function satis-
fies hypothesis 1, which, from theorem 2, implies that ordered pooling also minimizes the expected number of false
negatives.

Now suppose that the utilitarian max-min welfare function 9 is such that α= 1, so that the partition that max-
imizes the social welfare function is the one that maximizes the payoff from the subject with lowest expected utility.
Also suppose that θ = 1, so that subjects only put weight on the probability that they get a false negative result.

7Indeed, consider u = (u1,u2,u3,u4) = (1,1,2,4) and u = (ũ1, ũ2, ũ3, ũ4) = (36/37,36/37,3,3). Then clearly minui > min ũi and
∑

ui >
∑

ũi .

However
∑ u1−α

i
1−α <∑ ũi

1−α
1−α for α= 2.
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Now consider a population with the following vector of probability of infection:

q = (.01, .015, .95, .96, .98, .99).

Then, if we use the ordered partition, i.e., {{1,2,3}, {4,5,6}}, the minimum payoff is the one from subject 3 and it is
equal to 0.745. If, on the other hand, the partition {{4,2,3}, {1,5,6}} is used to group subjects, then the minimum
payoff is the one from subject 6 and it is equal to 0.781. So ordered pooling does not maximize social welfare.

Similarly, if θ = 0, so that subjects only care about false positive errors, and the vector of probability of infection
is given by

q = (.001, .01, .02, .03, .98, .99),

then the ordered partition, i.e., {{1,2,3}, {4,5,6}}, generates a minimum expected payoff of 0.956, while the partition
{{1,2,5}, {3,4,6}} generates a higher minimum payoff of 0.957.

We find some instances, however, in which ordered pooling is guaranteed to maximize social welfare. Indeed,
when all pools are required to be of size k = 2 and all the weight on individual utilities is put either on false negative
or false positive classifications (i.e., θ = 1 or θ = 0), then ordered pooling maximizes social welfare.

Proposition 2 Suppose that k = 2 and θ ∈ {0,1}. Let Ω= {G1,G2, · · · ,Gm} be a partition of S such that |Gg | = 2 for all
Gg ∈Ω. Suppose that h(·,2) is increasing. Then, there exists an ordered partition Ω∗ = {G∗

1 ,G∗
2 , · · · ,G∗

m} such that

a) |G∗
g | = 2 for all Gg ∈Ω,

b) πα(u1(Ω∗),u2(Ω∗), · · · ,un(Ω∗)) ≥πα(u1(Ω),u2(Ω), · · · ,un(Ω)) for all α ∈ [0,1].

When k > 2 and θ ∈ (0,1), we may use information on the distribution of types to compute an upper bound to
the minimum utility.

Proposition 3 Let Ω∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} be an ordered partition of S = {1,2, · · · ,n} such that |G∗

g | = k ∀G∗
g ∈Ω∗, and

let Ω= {G1,G2, · · · ,Gn/k } be any other partition such that |Gg | = k ∀Gg ∈Ω. Then

min
i∈G j

ui (Ω) ≤−θE[F Nn(Ω∗)]− (1−θ)E[F P1(Ω∗)].

Notice that if the dilution function satisfies hypotheses 1 and 2, theorems 2 and 3 imply that ordered pooling
minimizes both the expected number of false negatives and the expected number of false positives. So in this case,
not only can we bound the max-min component of the welfare function (i.e., the equity component), but also the
utilitarian component (i.e., the Pareto efficiency component).

Corollary 5 Let Ω∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} be an ordered partition of S = {1,2, · · · ,n} such that |G∗

g | = k ∀G∗
g ∈Ω∗, and

let Ω = {G1,G2, · · · ,Gm} be any other partition such that |Gg | = k ∀Gg ∈ Ω. Suppose that hypotheses 1 and 2 hold.
Then:

πα(u1(Ω),u2(Ω), · · · ,un(Ω)) ≤−α(
θE[F Nn(Ω∗)]+ (1−θ)E[F P1(Ω∗)]

)+ (1−α)
∑
i∈S

ui (Ω∗).

8 Sufficient conditions for the dilution function to be discrete-concave

We saw that, when the dilution function is discrete-concave, then, for any partition, we can find an ordered par-
tition with the same pool size configuration that yields a lower expected number of tests, as well as an ordered
partition that yields a lower expected number of false positives (theorems 1 and 3). When the dilution function is
not readily available, it can still be estimated by looking at the distribution of a continuous measure used to de-
tect infection. Indeed, most diseases are detected by measuring a continuous biomarker, such as the viral load: if
the measure is above a certain threshold, infection is detected. By comparing the distribution of biomarker con-
centration among infected vs. non infected specimens, and by assuming that the biomarker concentration from a
pooled specimen is given by the average concentration of the specimens within the sample, one can then compute
the probability that the biomarker concentration from the group is above a certain threshold conditional on the
number of infected within the group. In this section, we prove the intuitive result that, as long as the the average
biomarker concentration from infected subjects is sufficiently high, the dilution function will not be too strong,
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causing it to be discrete-concave, in which case ordered partitions perform well in terms of minimizing the ex-
pected number of tests and the expected number of false positives (but not necessarily the expected number of
false negatives).

Suppose that the biomarker concentration of an infected subject is given by a random variable X+, while the
biomarker concentration from a non-infected subject is given by X−. Suppose that X+ ∼ N (µ+,σ2+) and that X− ∼
N (µ−,σ2−), where µ+ > µ−. Let YI ,k be the biomarker concentration of a pooled sample of k subjects, of which
exactly I ≤ k are infected. Following Wang, McMahan and Gallagher [2015] and Mokalled et al. [2021], we assume
that the biomarker concentration of a pooled sample is given by the average biomarker concentration of subjects
within the sample. In this case, YI ,k ∼ N (µI ,σ2

I ), where

µI = Iµ++ (k − I )µ−
k

and

σI =
√

Iσ2++ (k − I )σ2−
k2 .

Suppose that there is an exogenous threshold y ∈ [µ−,µ+], above which infection is detected. Though we can
make y a function of the pool size k, we will assume the threshold to be the same for all pool sizes to avoid clutter
notation. In this case, one can show that the dilution function is given by

h(I ,k) =
∫∞( y−µI

σI

) 1p
2π

e−
y2

2 d y.

Notice that, in order to estimate this dilution function, one only needs to estimate µ+, µ−, σ+ and σ−. These pa-
rameters can be easily estimated using data on the viral load or similar biomarker from infected and non-infected
subjects, as in Wang, McMahan and Gallagher [2015] and Mokalled et al. [2021]. We now present the main result
from this section.

Proposition 4 Suppose that σ+ ≥ σ−. If 1
k µ+ + (k−1)

k µ− > y, then the dilution function h(·,k) is increasing and
discrete-concave.

In words, proposition 4 tells us that, if the average viral load from infected subjects is significantly high, we
should observe a small dilution effect, so that the dilution function must be discrete-concave. More precisely, the
expression 1

k µ++ (k−1)
k µ− corresponds to the expected viral load from a pooled sample in which only one subject

is infected. If this average is higher than the threshold point above which infection is detected, then the dilution
function should not be “too strong”. Notice that this is a rather mild hypothesis. Indeed, if we had 1

k µ++ (k−1)
k µ− <

y , then pooled tests from samples that contained only one infected specimen would fail to detect infection in
more than 50% of the cases (assuming a Gaussian specification). Under small prevalences, this implies that the
pooled tests would more often fail than succeed detecting infected samples, in which case the tester should either
consider reducing the cutoff point above which infection is detected, or reduce the pool size.

The hypothesis that σ+ ≥σ− usually holds in practical applications, due to the fact that the biomarker reading
from patients with chronic infection often change dramatically over time. Such is the case for HIV infections (e.g.,
Alizon and Magnus [2012] and Maartens, Celum and Lewin [2014]) and Hepatitis B infections (e.g., Yapali, Talaat
and Lok [2014]).

Notice that, when estimating a dilution function through this method, one can find a function h(·,k) that is not
concave for small and non-integer values of I , though it is discrete-concave, as illustrated by example 3 below.

Example 3 If µ+ = 20, µ+ = 1, σ+ = σ− = 1 y = 4 and k = 5, we have that the dilution function is discrete-concave,
though it is not concave for values of I ∈ (0,1), as displayed in figure 4 below.

9 Case Study: Chlamydia Screening in the United States

Chlamydia is the most reported sexually transmitted disease in the US. It affects mostly the young and sexually ac-
tive, and symptomatic cases are more frequent among women. Though in general it can be cured with antibiotics,
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Figure 4: Dilution function when µ+ = 20, µ− = 1, σ− = σ+ = 1, y = 4 and
k = 5. The blue dashed lines depicts the dilution function evaluated at the
possible values I can assume in practice, {0,1, · · · ,5}, while the solid curve
corresponds to the dilution function if the number of infected was not nec-
essarily an integer number.

if left untreated the disease can cause severe sequelae in women, including Pelvic Inflammatory Disease (PID),
ectopic pregnancy and infertility (Centers for Disease Control and Prevention [2019a]).

In this section we consider the problem of minimizing the expected cost of screening a batch of samples for
Chlamydia, i.e., we consider the problem of minimizing equation (8). For this analysis, we will consider the Ligase
Chain Reaction (LCR) chlamydia test, which is commonly used to screen for chlamydia (Aprahamian, Bish and
Bish [2018]). We compare the performance of the optimal ordered partition (OR) with the following alternative
heuristics:

1. Optimal ordered partition ignoring dilution effects (ÔR): The tester implements the optimal ordered parti-
tion ignoring the existence of dilution effects. More precisely, if the true dilution function is given by h(I ,k),
with h(1,1) = Se and h(0,1) = 1−Sp , the tester (incorrectly) assumes that the dilution function is given by

ĥ(I ,k) =
{

Se if I > 0
1−Sp , if I = 0,

and implements the optimal ordered partition using this dilution function.

2. Random pooling (R1): Subjects are randomly pooled into groups of homogeneous size. If the batch size is
not a multiple of the pool size, a group of subjects is randomly selected to form the smaller pool. We follow
Aprahamian, Bish and Bish [2019] and Aprahamian, Bish and Bish [2018] by using a static framework, i.e., the
pool size is fixed and chosen to minimize the cost function before observing subjects’ realized probabilities
of infection.

3. Random pooling with a cutoff (R2): According to this heuristic, subjects with probability of infection above
a certain threshold are individually tested; the remaining subjects are randomly assigned into groups of
homogeneous size. If the fraction of subjects who are pooled tested is not a multiple of the pool size, a
subgroup of these subjects is randomly selected to form the smaller pool. Like in the previous case, we use a
static framework: i.e., the pool size and threshold are fixed and chosen to minimize the cost function before
observing subjects’ realized probabilities of infection.

4. Individual testing (IT): Every subject is individually tested, and there are no followup tests. Notice that, by
construction individual testing (IT) cannot yield a lower cost than the optimal ordered partition, as individ-
ual testing is, technically speaking, a special type of ordered partition (OR).
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Following Aprahamian, Bish and Bish [2019], we use the average between the cost of sequelae for men and
women, estimated by Owusu-Edusei Jr et al. [2015], to set the cost of a false negative at $2,927.8 Also following
Aprahamian, Bish and Bish [2019], we set the screening cost per test at $55, and the cost of a false positive equal to
the cost of a an additional screening test ($55). So the total expected cost of implementing a partition Ω is given by

E[C (Ω)] ≡ 2,927E[F N (Ω)]+55E[F P (Ω)]+55E[T (Ω)].

The prevalence per demographic group was extracted from the Centers of Disease and Control Prevention
(CDC) website for the year 2014.9 Following Aprahamian, Bish and Bish [2019] and Aprahamian, Bish and Bish
[2018], we multiply the prevalence of each group reported by CDC by 3, in order to account for under-reporting.10

Table 3 reports the prevalence of Chlamydia for each group in the sample.

Table 3: Prevalence of Chlamydia and proportion in population by Gender,
Age and race/Ethnicity (Centers for Disease Control and Prevention 2014).

Gender
Race/

Ethnicity
Age Group

(years)
Risk (prevalence)

(%)
Proportion in general population

(%)

Female

Hispanic
15-24 6.54 1.41
Other 0.65 7.01

Black
15-24 19.19 1.07
Other 1.22 5.67

Other
15-24 4.38 4.29
Other 0.25 31.31

Male

Hispanic
15-24 1.78 1.53
Other 0.36 7.16

Black
15-24 7.45 1.09
Other 1.05 5.08

Other
15-24 1.20 4.51
Other 0.17 29.87

Following Aprahamian, Bish and Bish [2018], we assumed the following functional format for the dilution ef-
fect:

h(I ,k) = (1−Sp )+ (Se +Sp −1)(I /k)δ. (10)

Data from Kacena et al. [1998a] suggest a high sensitivity and high specificity for pools of size of at least 4 subjects,
so we set Sp = .98, Se = .99 (details provided in the online Appendix). The parameter δ governs how strong the dilu-
tion effect is: the higher δ is, the stronger the dilution effect. We conservatively set δ≥ 0.1, which is relatively high
compared to what the dataset indicates, to understand the performance of ordered pooling in a scenario in which
dilution effects are non-trivial. Figure 5 plots our calibrated dilution function for k = 10 and δ ∈ {0.1,0.15,0.2}.

It can be shown that the calibrated dilution function from equation (10) is concave for any δ ∈ [0,1] and any
Sp ,Se ∈ [0,1] such that Se > 1−Sp . Moreover, for any δ≥ 0, this dilution function satisfies hypothesis 1. Therefore,
if δ ∈ [0,1], theorems 1, 2 and 3 indicate the optimal partition is likely an ordered partition. Indeed, if we were
not implementing an ordered partition, we would be able to either reduce the expected number of tests, or the
expected number of false negatives, or the expected number of false positives (or perhaps all 3 attributes simulta-
neously). Because our results do not guarantee that the optimal partition is necessarily an ordered partition, we
also compute a lower bound to the objective function, by computing a lower bound to each attribute separately
(see section 6).

Conducting simulations using the data from table 3, we can confirm that the optimal ordered partition per-
forms significantly better than the 4 alternative methods. The results of these simulations are depicted in table
4. For the simulations, we assumed n = 100, which corresponds to the approximate number of specimens that

8For simplification, this measure does not incorporate health-related reduction in quality of life, nor costs associated with transmissions
that a true positive would have averted.

9https://wonder.cdc.gov/std-race-age.html
10In part, many end up not being screened because they exhibit no symptoms: approximately 75% of women and 50% of infected men exhibit

no symptoms (Centers for Disease Control and Prevention [2000]).
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Figure 5: Calibrated dilution function for Chlamydia (eq. (10)) with param-
eters Sp = .98 and Se = .99, and pool size k = 10.

some state health laboratory tests in a day (Aprahamian, Bish and Bish [2019]). The values displayed in the table
correspond to the averages taken from 400 simulations.

Consistent with proposition 1, individual testing (I T ) generates less false negatives than any other method
considered. But because individual testing requires more tests and produces more false positives, it generates
the highest expected cost per subject (i.e., a higher E[C ]/n). Not surprisingly, as the dilution effect increases, the
benefits of taking into account the existence of dilution effects increases (i.e., the difference in total cost when
implementing OR vs ÔR increases). Also notice that, as the parameter δ increases, the average pool sizes decrease
(i.e., E[k] decreases). This happens because, under stronger dilution effects, larger pools are more more likely to
generating false negatives, in which case the tester should reduce the average pool size.

Though the results from 4 provide strong evidence that ordered pooling can be significantly less costly than
random pooling (R1), notice that these results were obtained under the assumption that the tester was allowed
to choose heterogenous pool sizes under ordered pooling, while being forced to select the same pool size under
random pooling. In some practical applications, however, changing pool sizes may be costly, thus forcing the
tester to use the same pool size for every test. So in figures 6a to 6d we display the performance of ordered pooling,
random pooling and individual testing in terms of E[T (Ω)], E[F N (Ω)], E[F P (Ω)] and E[C (Ω)], respectively, when all
pools are required to have the same size k and the total number of subjects to be tested is given by n = 10,000,11 and
δ= 0.15. Under ordered pooling, whenever the population size n was not a multiple of the pool size k, the subjects
with highest probability of infection were grouped into the smaller group. From these figures, we can see that
ordered pooling performs better than random pooling in all of the three attributes considered and for all pool sizes,
which is consistent with corollary 4, as our calibrated dilution function is discrete-concave and satisfied hypothesis
2. Notice, however, that substantial differences in costs are only noticeable when the pool size is sufficiently large
(e.g., when k ≥ 10), as displayed in figure 6d. In particular, the optimal pool size under ordered pooling (assuming
homogeneous pool size) is 13, which yields an expected cost per subject of $17.01. Meanwhile, the optimal pool
size under R1 is 10, which yields an expected cost of $18.58. Therefore, compared to R1, ordered pooling reduces
costs in approximately 8%.

Regarding equity, for each k ≥ 2 we used proposition 3 to compute the upper bound for the minimum utility
that can be achieved when pools are of homogeneous size when θ = λ1/(λ1 +λ2) ≈ 0.98 and α ∈ {0,1}, and cross-
compared it with the minimum utility obtained under ordered pooling and under random pooling. As displayed
in figures 7a and 7b, for all k ≥ 2, the average welfare obtained under ordered pooling was significantly higher than
the welfare obtained under random pooling. For α= 0 total welfare under ordered pooling perfectly matches the

11Having a large number of subjects being tested helps to smooth out the graphs for instances in which n is not a multiple of k.
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Table 4: Performance measure of the optimal ordered partition (OR) com-
pared to the optimal random partition (R1), the optimal random partition
with a cutoff (R2) and the lower bound for each of the attributes considered
(LB) for the chlamydia case study.

Using the dilution function (10) assuming δ= 0.1

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 0.1375 0.0073 0.1505 16.0587 12.9397 27.54 11.479

ÔR 0.1682 0.0157 0.147 15.3974 13.4715 24.835 13.5915
% (ÔR −OR) 18.2% 53.8% -2.4% -4.3% 3.9% -10.9% 15.5%

R1 0.2063 0.0319 0.1702 19.1972 16.6898 10.0 10.0
% (R1-OR) 33.3% -339.7% 11.6% 16.3% 22.5% -175.4% -14.8%

R2 0.1053 0.0043 0.2703 20.2703 14.3803 16.0 7.3729
% (R2-OR) -30.5% -40.3% 44.3% 20.8% 10.0% -72.1% -55.7%

IT 0.0097 0.0015 2.0006 100.0 56.3843 1 1
% (I T -OR) -1317.5% -372.1% 92.5% 83.9% 77.1% -2654.0% -1047.9%

LB 0.0099 - 0.0574 15.1818 8.6712 - -
% (OR-LB) 92.8% - 61.8% 5.5% 33.0% - -

Using the dilution function (10) assuming δ= 0.15

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 0.174 0.0079 0.1528 15.9075 13.9256 29.935 10.8153

ÔR 0.228 0.0205 0.1357 14.6482 14.8047 24.9675 13.6825
% (ÔR −OR) 23.7% 61.5% -12.6% -8.6% 5.9% -19.9% 21.0%

R1 0.2851 0.0439 0.1563 18.4273 18.5651 10.0 10.0
% (R1-OR) 39.0% -456.0% 2.2% 13.7% 25.0% -199.3% -8.2%

R2 0.1494 0.0063 0.2696 19.2129 15.0885 19.0 7.9943
% (R2-OR) -16.4% -20.8% 43.3% 17.2% 7.7% -57.6% -35.3%

IT 0.0097 0.0015 2.0006 100.0 56.3843 1 1
% (I T -OR) -1693.6% -428.0% 92.4% 84.1% 75.3% -2893.5% -981.5%

LB 0.0097 - 0.0566 14.1985 8.1256 - -
% (OR-LB) 94.4% - 62.9% 10.7% 41.7% - -

Using the dilution function (10) assuming δ= 0.2

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 0.1945 0.0073 0.1701 16.1333 14.6593 32.4475 9.9601

ÔR 0.2796 0.0263 0.1239 13.9905 15.946 24.8475 13.7188
% (ÔR −OR) 30.4% 72.1% -37.2% -15.3% 8.1% -30.6% 27.4%

R1 0.3555 0.0535 0.1438 17.7404 20.2408 10.0 10.0
% (R1-OR) 45.3% -630.2% -18.3% 18.0% 27.6% -224.5% 0.4%

R2 0.1759 0.0071 0.2485 19.1208 15.8003 16.0 7.4578
% (R2-OR) -10.6% -3.3% 31.5% 15.6% 7.2% -102.8% -33.6%

IT 0.0097 0.0015 2.0006 100.0 56.3843 1 1
% (I T -OR) -1904.9% -390.5% 91.5% 83.9% 74.0% -3144.8% -896.0%

LB 0.0095 - 0.0557 13.2306 7.5851 - -
% (OR-LB) 95.1% - 67.2% 18.0% 48.3% - -

19



(a) E[T (Ω)]/n

0.
2

0.
4

0.
6

0.
8

1.
0

Pool size, k

E
xp

. N
um

b.
 o

f t
es

ts
 p

er
 s

ub
je

ct

Random Pooling
Ordered Pooling
Individual testing

1 5 10 15 20

(b) E[F P (Ω)]/n

0.
00

0
0.

00
5

0.
01

0
0.

01
5

0.
02

0

Pool size, k

P
ro

b.
 o

f F
al

se
 P

os
iti

ve
 c

la
ss

ifi
ca

tio
n Random Pooling

Ordered Pooling
Individual testing

1 5 10 15 20

(c) E[F N (Ω)]/n

0.
00

0
0.

00
2

0.
00

4
0.

00
6

Pool size, k

P
ro

b.
 o

f f
al

se
 n

eg
at

iv
e 

cl
as

si
fic

at
io

n Random Pooling
Ordered Pooling
Individual testing

1 5 10 15 20

(d) E[C (Ω)]/n

20
30

40
50

60

Pool size, k

E
xp

. C
os

t p
er

 s
ub

je
ct

Random Pooling
Ordered Pooling
Individual testing

1 5 10 15 20

Figure 6: Expected number of tests and classification errors per subject for
Chlamydia tests using ordered pooling with homogenous pool sizes and
random pooling (R1). The red dot corresponds to the case in which sub-
jects are individually tested, i.e. k = 1. Parameters of the dilution function
(10): Se = .99, Sp = .98 and δ= 0.15.

upper bound. This is because the calibrated dilution function satisfies hypotheses 1 and 2, which implies, from
corollary 4, that ordered pooling maximizes the utilitarian component of the utilitarian max-min welfare function.
Though total welfare under ordered pooling does not match perfectly the upper bound when α= 1, they are very
close to one another, and, in addition, ordered pooling performs significantly better than random pooling.

Notice also that individual testing is the most equitable allocation for both α = 1 and α = 0. Intuitively, when
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α = 1, the tester only cares about the minimum utility of subjects being tested. Given our parameters, the sub-
ject with lowest utility is usually the one with highest probability of infection. This subject is more affected by the
probability of receiving a false negative, as compared to the probability of receiving a false positive. So individually
testing this subject maximizes the minimum utility, which is why individual testing performs well in terms of eq-
uity. Similarly, when α= 0, i.e., when the tester only cares about the sum of subjects’ utility, individual testing is still
optimal. This happens because the cost of a false negative is much higher than the cost of a false positive ($2,927
vs $55), and because subjects’ welfare function does not internalize the costs of testing subjects. If the testing costs
were added to the welfare function, then pooled testing would maximize the utilitarian component of the welfare
function, as depicted in figure 6d.
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Figure 7: Subjects’ welfare under ordered pooling vs random pooling for
Chlamydia tests, for values of k ≤ 20 that are dividends of n = 1000. In
both simulations we have θ = λ1/(λ1 +λ2) ≈ 0.98. Parameters of the dilu-
tion function (10): Se = .99, Sp = .98 and δ= 0.15.

10 Case Study: Hepatitis B Screening in Irish prisons

In this section we estimate the dilution effect of pooled testing for Hepatitis B using surveyed data on Irish prison-
ers with information on a continuous biomarker reading for individual tests. We then compare the performance
of the optimal ordered partition when applied to this dataset.

Hepatitis B is a liver infection disease caused by the hepatitis B virus (HBV). In 2015, 257 million people world-
wide were estimated to be living with chronic hepatitis B (World Health Organization [2017]). Left untreated, the
disease can lead to deadly sequelae, most commonly cirrhosis and hepatocellular carcinoma (primary liver can-
cer). In 2015 approximately 890,000 people were estimated to have died due to complications from the disease
(World Health Organization [2017]). Because hepatitis B can be transmitted by blood, the WHO recommends that
all blood donations be tested for hepatitis B. Due to budget constraints, it is common for blood centers to perform
pooled tests on multiple donors to detect HBV (e.g., El-Amine, Bish and Bish [2017]).

In this case study, we assume that the tester’s objective is to screen blood donors for HBV, so as to prevent
blood recipients from getting infected. So we will set the cost of a false negative equal to the expected cost of
infecting a blood recipient with HBV. Because some infected patients may become asymptomatic, while others
may exhibit acute symptoms, which may then progress to chronic infection and then possibly death, we use a
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simple Markov specification to model how patients transition from each of these states (details are provided in
the online Appendix).12 Using data from Jackson et al. [2003] and Birkmeyer et al. [1993], we estimate the cost of
infecting a blood recipient (and therefore, the cost of a false negative) to be equal to λ1 = $1,811.26.

Using data from Chahal et al. [2018], we set the cost of each test at $16.41 (the cost of a core antigen test), and
the cost of a false positive equal to the cost of collecting, handling and testing another blood sample to replace the
one that was discarded ($95, according to Birkmeyer et al. [1993]).

So the total expected cost of implementing a partition Ω is given by

E[C (Ω)] ≡ 1811.26E[F N (Ω)]+95E[F P (Ω)]+16.41E[T (Ω)].

To estimate the dilution effect of pooled samples, we use the dataset from a survey conducted in 1998 on 5 dif-
ferent prisons from Ireland, in which inmates were individually tested for Hepatitis B and other infectious diseases
to determine risk factors for infection. The results of this survey have been summarized by Allwright et al. [2000].
As prisons are arguably not the best place to find reliable blood donors, given that blood borne infections, such as
HBV, are highly prevalent among inmates (e.g., Smith et al. [2017]), our numerical analysis based on this dataset
only provides a conservative estimate of the benefits of implementing pooled testing as opposed to individual test-
ing, as pooled testing is usually more effective when used to screen populations with a low prevalence rate (Kim
et al. [2007]). Indeed, under small or no dilution effects, we have that, if the prevalence of a disease is high, then
each group is likely to have at least one infected subject. So under a high prevalence rate, most pools end up being
retested regardless, in which case it would be more economical to just implement individual testing as opposed to
Dorfman testing.

The dataset contains a classification of whether an inmate was infected with Hepatitis B, as well as the Optical
Density (OD) readings from a Murex ICE enzyme immunoassay (on oral fluid samples) used to detect the presence
of the core antigen for hepatitis B (HBcAg).

In total there were 99 infected, and 1,038 non-infected subjects, which amounts to a prevalence rate of approx-
imately 8.7%. Figure 8 displays the histogram of OD readings from both infected and non-infected subjects. While
the distribution of OD readings for the non-infected inmates exhibits a unimodal format, the distribution of OD
readings for infected inmates is bimodal. The bimodal distribution of the biomarker among infected subjects is
consistent with other reports of the distribution of a continuous biomarker used to detect HBV among infected
subjects (e.g., Downs et al. [2020] and Alcalde et al. [2009]).

Let Xi be the random variable corresponding to the OD reading that subject i ∈ S would get under individual
testing. The distribution of Xi is expected to depend on whether the subject is infected or not. Following Wang,
McMahan and Gallagher [2015] and Mokalled et al. [2021] we assume that the distribution of the OD reading of a
group Gg is given by the average of the OD readings from each subject in that group, i.e., by

∑
i∈G Xi /|Gg |.

Because the distribution of OD readings of infected subjects is bimodal, we used bootstrap to estimate the
cumulative densities of OD readings from a pooled sample. More precisely, for a pool of size k with I ≤ k infected
subjects, we make I random draws with replacement of OD readings from infected subjects, and k − I draws with
replacement from non-infected subjects, and then take the average of the OD readings from these subjects. We
repeat this process 1000 times for each possible combination of I and k. We then use these trials to estimate
the kernel density of the joint OD readings, and then integrate the estimated density to recover the cumulative
distribution of joint OD readings. The estimated cumulative distribution evaluated at a certain cutoff point OD∗
then gives us the probability that infection is not detected conditional that the pool has k subjects, of which exactly
I ≤ k are infected. For the sake of comparison, we also estimate the dilution function adopting a parametric
approach, by assuming that the OD readings from both infected and non-infected subjects is normally distributed,
as described in section 8.

Because the dataset did not include the cutoff values for OD readings above which a subject was classified as
infected, we computed our own thresholds as follows: assuming all subjects have the same probability of infection
given by µr , we compute the threshold from each pool size that would minimize the expected cost of testing that
group. So the threshold above which infection is detected depends on the pool size. Notice that this approach
is optimal under random pooling (R1) but it is not necessarily optimal under ordered pooling. This gives us a
conservative estimate of the benefits of implementing the optimal ordered partition (OR), vs. the optimal random
partition (R1).

12For simplification, our approach does not incorporate costs associated with transmissions that a true positive would have averted.
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Figure 8: Histogram of OD readings for Hepatitis B of infected and non-
infected inmates using the Irish Prisoner dataset collected by Allwright et al.
[2000].

For our dataset, both parametric and non-parametric estimates yield a discrete-concave dilution function
for all possible pool sizes, which implies that ordered pooling is expected to perform well in terms of mini-
mizing the expected number of tests and the expected number of false positives. This happens because the
mean and variance of the OD readings from infected subjects are much higher than the corresponding statis-
tics from non-infected subjects, which implies, from proposition 4, that the dilution function should be discrete-
concave. Indeed, our parametric estimation suggests that the distribution of OD readings from infected subjects
is given by X+ ∼ N (19.87,339.7), while the distribution of OD readings from non-infected subjects is given by
X− ∼ N (0.14,0.007). Hypothesis 1, however, is not always satisfied, so we cannot guarantee, without the aid of
numerical exercises, that ordered pooling performs well in terms of minimizing the expected number of false neg-
atives. Figure 9 depicts the estimated dilution function when k = 10 using both the parametric and non-parametric
approach. Notice that, under both approaches, the estimated dilution effect is very small, especially when using
the non-parametric approach.

As the prevalence of HBV is highly dependent on age (e.g., Centers for Disease Control and Prevention [2019b]
and World Health Organization [2017]), we estimate a logistic regression of the probability of infection as a function
of age, using the following quadratic specification

log i t (Pr ob(Yi = 1|Ag ei )) =β0 +β1Agei +β2Agei
2 +β3Agei

3 +εi ,

where Yi corresponds to the dummy variable that equals 1 if inmate i is infected, and zero otherwise. Agei corre-
sponds to the inmate’s age, and (εi )i∈S are normally and independently distributed error terms. Figure 10 displays
the estimated probability of infection as a function of age.

Using these estimated probabilities, we conducted simulations comparing the performance of the optimal
ordered partition (OR) with the 4 heuristics described in section 9: ÔR I T , R1 and R2. Similar to section 9, we
assume the batch size to be equal to n = 100, and we take the averages from 400 simulations.

The results of these simulations are displayed in table 5. As can be seen from the table, there are very small
differences between OR and ÔR under both the parametric and non-parametric specification. This is because our
estimations suggest a very small dilution effect, so ignoring it should not have a big impact on the optimal ordered
partition. Because the prevalence rate is so high (approximately 8.7%), most subjects should be tested individually,
as in this case retests would be too frequent under Dorfman testing. This is why, under the parametric approach,
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Figure 9: Calibrated dilution function for Hepatitis B when k = 10.
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Figure 10: Estimated probability of Hepatitis B infection of inmates as a
function of age.

individual testing (I T ) performs almost as well as the optimal ordered partition (OR).
Regardless of how the dilution function is estimated, the optimal pool sizes are usually very small, with many

subjects being individually tested. This is consistent with previous studies that suggest that, under a small preva-
lence rate, the benefits of implementing Dorfman testing as opposed to individual testing are very limited. In the
online Appendix we conduct these same simulations after multiplying the estimated probability of infection of
each subject by 0.1. In this case, the optimal pool sizes are much larger, so we observe significant gains in imple-
menting OR as opposed to I T .
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Table 5: Performance measure of the optimal ordered partition (OR) com-
pared to the optimal random partition (R1), the optimal random partition
with a cutoff (R2) and the lower bound for each of the attributes considered
(LB) for the Hepatitis B case study.

Non-parametric estimation of h(I ,k)

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 0.31 0.0051 0.3313 59.9333 15.7651 4.004 3.2928

ÔR 0.3246 0.0051 0.3884 58.7828 15.8944 5.0 3.9056
% (ÔR −OR) 4.5% 0.0% 14.7% -2.0% 0.8% 19.9% 15.7%

R1 0.3062 0.0168 0.3205 61.907 16.0102 3.0 2.9412
% (R1-OR) −1.2% 230.8% −3.4% 3.2% 1.5% −33.5% −12.0%

R2 0.2848 0.0087 0.386 63.6346 15.9672 3.0 2.5336
% (R2-OR) −8.9% 71.3% 14.2% 5.8% 1.3% −33.5% −30.0%

IT 0.1466 0.0026 1.4369 100.0 20.4297 1.0 1.0
% (I T -OR) −111.5% −96.3% 76.9% 40.1% 22.8% −300.4% −229.3%

LB 0.1459 - 0.1853 58.5312 12.4244 - -
% (OR-LB) 52.9% - 44.1% 2.3% 21.2% - -

Parametric estimation of h(I ,k)

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 1.3097 0.0224 0.0457 95.0484 39.3629 7.765 1.0786

ÔR 1.2812 0.0224 0.0478 98.3785 39.3953 3.0975 1.022
% (ÔR −OR) -2.2% 0.0% 4.3% 3.4% 0.1% -150.7% -5.5%

R1 1.2678 0.0225 0.0489 100.0 39.4197 1.0 1.0
% (R1-OR) -3.3% 0.2% 6.5% 5.0% 0.1% -676.5% -7.9%

R2 1.3107 0.031 0.0454 94.6867 39.3205 7.3925 1.0804
% (R2-OR) 0.1% 38.1% -0.8% -0.4% -0.1% -5.0% 0.2%

IT 1.2678 0.0224 0.0489 100.0 39.4197 1.0 1.0
% (I T -OR) -3.3% -0.0% 6.5% 5.0% 0.1% -676.5% -7.9%

LB 1.2681 - 0.0038 50.8113 31.3102 - -
% (OR-LB) 3.2% - 91.8% 46.5% 20.5% - -
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11 Discussion

We derived sufficient conditions under which ordered pooling minimizes the expected number of tests and both
types of classification errors. In order to check whether these conditions are met, one only needs to estimate the
dilution function for the pool sizes being considered. Because estimating the dilution function is almost always a
requirement before one even considers implementing pool testing schemes in practical applications,13 informa-
tion regarding the dilution function is usually readily available from previous studies (e.g., Bateman et al. [2020],
Morre et al. [2000] and Kacena et al. [1998b]). We show that, even if this information is not readily available, we can
still estimate the dilution effect by comparing the distribution of a continuous biomarker used to detect infection
among infected and non-infected individuals.

With information on subjects’ prior probability of infection, one can also conduct simulations to evaluate the
performance of ordered pooling in terms of equity. Our simulations suggest that, in general, ordered pooling yields
more equitable allocations than random pooling.

Because ordered pooling is easy to implement, and does not require knowing subjects’ exact probability of
infection, only how those probabilities are ordered, these results may prove useful in practical applications.
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I When ordered pooling minimizes the expected number of tests

For any arbitrary group Gg ⊆ S, we define

TGg ≡
{

1, if |Gg | = 1

1+|Gg |∑|Gg |
I=0 h(I ,k)PGg (I ), if |Gg | > 1

,
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which corresponds to the expected number of tests for group Gg .1

Lemma I.1 If h(·,k) is discrete-concave, then for any arbitrary group Gg ⊆ S such that |Gg | = k, and any l ∈Gg ,

k−1∑
I=0

PGg \{l }(I )[h(I +1,k)−h(I ,k)]

is decreasing in the probability of infection from each subject in Gg \{l }.

Proof: Notice that
k−1∑
I=0

PGg \{l }(I )[h(I +1,k)−h(I ,k)]

corresponds to a weighted average of h(I +1,k)−h(I ,k), where the weights are determined by the probability mass
function PGg \{l }(·). Clearly, increasing the probability of infection from a subject in Gg \{l } causes this average to put
more weight on higher values of I (formally, letting Y be the random variable associated with the probability mass
function PGg \{l }(·) and Y ′ be its transformed version after the probability of infection from a subject in Gg \{l } is
increased, we have that Y ′ first-order stochastically dominates Y ). Therefore, because discrete-concavity of h(·,k)
implies that h(I +1,k)−h(I ,k) is decreasing in I , we have that increasing the probability of infection from a subject
in Gg \{l } causes

∑k−1
I=0 PGg \{l }(I )[h(I +1,k)−h(I ,k)] to decrease.

Lemma I.2 Let G1 and G2 be two disjoint subsets of S such that |G1| = k1 ≥ 2 and |G2| = k2 ≥ 2. Then consider the
following ordered partitions of G1 ∪G2:

{G∗
1 ,G∗

2 },

and
{G∗∗

2 ,G∗∗
1 },

where |G∗
1 | = |G∗∗

1 | = k1, |G∗
2 | = |G∗∗

2 | = k2, i < j for all i ∈G∗
1 and all j ∈G∗

2 and i > j for all i ∈G∗∗
1 and all j ∈G∗∗

2 .
If h(·,k1) and h(·,k2) are both discrete-concave, then

min{TG∗
1
+TG∗

2
,TG∗∗

1
+TG∗∗

2
} ≤ TG1 +TG2 .

Proof: If {G1,G2} = {G∗
1 ,G∗

2 } or {G1,G2} = {G∗∗
1 ,G∗∗

2 }, the proof is trivial. So suppose that {G1,G2} 6= {G∗
1 ,G∗

2 } and
{G1,G2} 6= {G∗∗

1 ,G∗∗
2 }, so that

min
i∈G1

i < max
j∈G2

j

and
min
j∈G2

j < max
i∈G1

i .

For an arbitrary i ∈G1 and j ∈G2 either one of the following inequalities must hold

k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)] ≤
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] (1)

or

k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] ≤
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]. (2)

1. Suppose that inequality 2 holds. Then define
i ≡ max

i∈G1
i

and
j ≡ min

j∈G2
j .

1The constant 1 corresponds to the pooled test performed for the group, while the second term corresponds to the probability that the
pooled test detects infection times the number of subjects in the group (who are each tested individually in the event the pooled test detects
infection). If the group is comprised of a single subject, then only one test is performed for that subject.
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Because qi ≥ qi , lemma I.1 implies that

k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)] ≤
k−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]. (3)

Analogously, q j ≤ q j and lemma I.1 imply that

k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] ≤
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)]. (4)

Together inequalities 2, 3 and 4 imply that

k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] ≤
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]. (5)

Now let us exchange the position of subjects i and j to create the new groups

G̃1 =G1 ∪ { j }\{i }

and
G̃2 =G2 ∪ {i }\{ j }.

We will show that TG̃1
+TG̃2

≤ TG1 +TG2 . First, notice that

TG̃1
+TG̃2

≤ TG1 +TG2

⇐⇒
k1∑

I=0
h(I ,k1)PG̃1

(I )+
k2∑

I=0
h(I ,k2)PG̃2

(I ) ≤
k1∑

I=0
h(I ,k1)PG1 (I )+

k2∑
I=0

h(I ,k2)PG2 (I ) (6)

Now notice that

k1∑
I=0

h(I ,k1)PG̃1
(I ) = q j

k1−1∑
I=0

h(I +1,k1)PG̃1\{ j }(I )+ (1−q j )
k1−1∑
I=0

h(I ,k1)PG̃1\{ j }(I )

= q j

k1−1∑
I=0

PG̃1\{ j }(I )[h(I +1,k1)−h(I ,k1)]+
k1−1∑
I=0

h(I ,k1)PG̃1\{ j }(I ).

Because G̃1\{ j } =G1\{i }, the above expression can be rewritten as

k1∑
I=0

h(I ,k1)PG̃1
(I ) = q j

k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]+
k1−1∑
I=0

h(I ,k1)PG1\{i }(I ,k1).

Analogously,

k2∑
I=0

h(I ,k2)PG̃2
(I ) = qi

k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I )]+
k1−1∑
I=0

h(I ,k2)PG2\{ j }(I ),

k1∑
I=0

h(I ,k1)PG1 (I ) = qi

k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]+
k1−1∑
I=0

h(I ,k1)PG1\{i }(I ),

k2∑
I=0

h(I ,k2)PG2 (I ) = q j

k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)]+
k2−1∑
I=0

h(I ,k2)PG2\{ j }(I ).

3



Replacing these expressions into 6 and rearranging the terms, we get

TG̃1
+TG̃2

≤ TG1 +TG2 (7)

⇐⇒ (qi −q j )
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I )] ≤ (qi −q j )
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)]

⇐⇒
k2−1∑
I=0

PG2\{ j }(I )[h(I +1,k2)−h(I ,k2)] ≤
k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)], (8)

which, from inequality 5, holds.

Now, defining

i
′ ≡ max

i∈G̃1

i

and
j ′ ≡ min

j∈G̃2

j ,

we have that either one of the following conditions must hold:

(a) q j ≥ q
i
′ (i.e., j > i for all i ∈ G̃1 and all j ∈ G̃2), in which case G̃1 =G∗

1 and G̃2 =G∗
2 , so that TG1

∗ +TG2
∗ ≤

TG1 +TG2 .

(b) q j < q ′
i
. In this case, notice that when we moved from G1 to G̃1 we decreased the probability of infec-

tion from one subject in this group while not altering the probability of infection from the remaining
subjects within the group. From lemma I.1 this implies that

k1−1∑
I=0

PG1\{i }(I )[h(I +1,k1)−h(I ,k1)] ≤
k1−1∑
I=0

P
G̃1\{i

′
}
(I )[h(I +1,k1)−h(I ,k1)]. (9)

Analogously, when moving from G2 to G̃2 we increased the probability of infection from one subject
in this group while not altering the probability of infection from the remaining subjects in this group.
From lemma I.1 this implies that

k1−1∑
I=0

PG̃2\{ j ′}(I )[h(I +1,k1)−h(I ,k1)] ≤
k1−1∑
I=0

PG2\{ j ′}(I )[h(I +1,k1)−h(I ,k1)]. (10)

Together, inequalities 8, 9 and 10 imply that

k−1∑
I=0

PG̃2\{ j ′}(I )[h(I +1)−h(I )] ≤
k−1∑
I=0

P
G̃1\{i

′
}
(I )[h(I +1)−h(I )].

So we can redefine G1 = G̃1, G2 = G̃2, i = i
′

and j = j ′ and repeat the previous steps iteratively, until
the final pair of groups is given by G∗

1 and G∗
2 such that |G∗

1 | = |G1| = k1, |G∗
2 | = |G2| = k2, qi ≤ q j for all

i ∈G∗
1 and all j ∈G∗

2 .

Because at each step of this algorithm we reduce the expected number of tests for subjects within these
groups, and because at the end of this process we obtain the groups G∗

1 and G∗
2 , we have that

TG∗
1
+TG∗

2
≤ TG1 +TG2 ,

as we wanted to show.

2. If inequality 1 holds, the proof is analogous to case 1, when inequality 2 holds, instead. Indeed, if 1 holds,
we define i = mini∈G1 i and j = max j∈Gm j , and then repeat the steps in case 1 to show that switching subject

i with subject j weakly reduces the expected number of tests, provided that h(·,k1) and h(·,k2) are both
discrete-concave. Then, we iteratively switch subjects from the new groups in the same fashion until we
reach the ordered partition {G∗∗

2 ,G∗∗
1 }. Because at each step of the algorithm the expected number of tests

diminishes, we obtain TG∗∗
1

+TG∗∗
2

≤ TG1 +TG2 .
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Lemma I.3 Let G1 and G2 be two disjoint subsets of S such that |G1| = k1 ≥ 1 and |G2| = 1. Let j = max(G1∪G2) (i.e.,
j is the subject with highest probability of infection in group G1∪G2). Then consider the following ordered partition
of G1 ∪G2:

{G∗
1 ,G∗

2 },

where

G∗
1 ≡G1 ∪G2\{ j },

G∗
2 ≡

{
j
}

,

i.e., {G∗
1 ,G∗

2 } is the ordered partition that groups the k1 subjects with lowest probability of infection together, and the
subject with highest probability of infection alone.

If h(·,k1) is increasing, then
TG∗

1
+TG∗

2
≤ TG1 +TG2 .

Proof: Let G1 and G2 be two disjoint subsets of S. The proof when |G1| = |G2| = 1 is trivial. So suppose that |G1| =
k1 ≥ 2 and G2 = { j }, with j < j = max(G1 ∪G2). Let

G∗
1 ≡G1 ∪G2\{ j },

G∗
2 ≡

{
j
}

.

Because |G2| = |G∗
2 | = 1, we have that TG2 = TG∗

2
= 1. Therefore,

TG1
∗ +TG2

∗ ≤ TG1 +TG2

⇐⇒
(

1+k1

k1∑
I=0

PG∗
1

(I )h(I ,k1)

)
+1 ≤

(
1+k1

k1∑
I=0

PG1 (I )h(I ,k1)

)
+1

⇐⇒ k1

(
q j

k1−1∑
I=0

PG1\{ j }(I )h(I +1,k1)+ (1−q j )
k1−1∑
I=0

PG1\{ j }(I )h(I ,k1)

)
≤

k1

(
q j

k1−1∑
I=0

PG1\{ j }(I )h(I +1,k1)+ (1−q j )
k1−1∑
I=0

PG1\{ j }(I )h(I ,k1)

)

⇐⇒ 0 ≤ (q j −q j )

(
k1−1∑
I=0

PG1\{ j }(I )(h(I +1,k1)−h(I ,k1))

)
⇐⇒ 0 ≤ q j −q j ,

which is satisfied, since q j ≥ q j for all j < j .

I.1 Proof of theorem 1

Let {G1,G2, · · · ,Gm} be an arbitrary partition of S = {1,2, · · · ,n}, where m is the number of groups from the partition
(e.g., if all of the groups from the partition have the same size k, then m = n

k ). Also suppose that h(·, |Gg |) is
discrete-concave for every Gg ∈ {G1,G2, · · · ,Gm}. Then implement the following algorithm:

Algorithm I.1

1. Initialize the partition Ω̃= {G̃1,G̃2, · · · ,G̃m}, where G̃g =Gg for all g ∈ {1,2, · · · ,m}.

2. Initialize g = 1.
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3. Set w = g +1.

4. Pick groups G̃g and G̃w from Ω̃.

(a) If |G̃g | ≥ 2 and |G̃w | ≥ 2, consider the following ordered partitions of G̃g ∪G̃w :

{G∗
g ,G∗

w },

and
{G∗∗

w ,G∗∗
g },

where |G∗
g | = |G∗∗

g | = |G̃g |, |G∗
w | = |G∗∗

w | = |G̃w |, i < j for all i ∈ G∗
g and all j ∈ G∗

w , and qi > q j for all
i ∈G∗∗

g and all j ∈G∗∗
w .

If TG∗
g
+TG∗

w
≤ TG∗∗

g
+TG∗∗

w
, redefine

G̃g =G∗
g and G̃w =G∗

w

else, redefine
G̃g =G∗∗

w and G̃w =G∗∗
g .

(b) If |G̃g | = 1 or |G̃w | = 1, redefine
G̃g = G̃g ∪G̃w \{max(G̃g ∪G̃w )},

and
G̃w = {max(G̃g ∪G̃w )}.

5. If w = m, proceed to the next step. Else, redefine w = w +1 and repeat step 4.

6. If g = m −1, stop the algorithm, else, redefine g = g +1 and repeat step 3.

Let Ω= {G1,G2, · · · ,Gm} be the original partition and Ω̃= {G̃1,G̃2, · · · ,G̃m} be the final partition obtained obtained
after implementing algorithm I.1. From lemmas I.2 and I.3, at each step of this algorithm the overall expected
number of tests weakly diminishes, which implies that E[T (Ω̃)] ≤ E[T (Ω)]. Because at the end of each step 6 of
algorithm I.1 we have that, for each w > m, qi ≤ q j for all i ∈ G̃g and all j ∈ G̃w , we have that Ω̃ is an ordered
partition of S. Moreover, because changes made at steps 4a and 4b of algorithm I.1 preserve pool sizes, there exists
a permutation p of the indices (1,2, · · · ,m) such that |Gp(g )| = |Gg | for all g ∈ {1,2, · · · ,m}.

As to the second part of the theorem, notice that, at each step 4b of algorithm I.1 we are allocating the subject
with highest probability of infection to be tested individually. This implies that if a subject i is tested individually
under Ω̃, then a subject j with q j > qi is also tested individually under Ω̃.

II When ordered pooling minimizes the expected number of false negatives

For any arbitrary group Gg ⊆ S, it can be shown that

F NGg ≡
{

(1−Se )qi , if Gg = {i },∑|Gg |
I=0 PGg (I )I

[
1−h(I , |Gg |)Se

]
, if |Gg | > 1

,

corresponds to the expected number of false negatives from group Gg .2

2That this is true for |Gg | = 1 is trivial. To see this is true for |Gg | > 1, define F NGg ,I ,d as the expected number of false negatives in group Gg

conditional that the group has exactly I infected subjects and conditional that infection is detected in the first stage of testing. Similarly, define
F NGg ,I ,nd as the expected number of false negatives in group Gg conditional that the group has exactly I infected subjects and conditional

that infection is not detected in the first stage of testing. Then, by the law of iterated expectations we must have

F NGg =
|Gg |∑
I=0

PGg (I )
[

h(I , |Gg |)F NGg ,I ,d + (1−h(I , |Gg |))F NGg ,I ,nd

]
.

Noticing that F NGg ,I ,d = I (1−Se ) and F NGg ,I ,nd = I , yields the desired result.
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For any arbitrary group Gg ⊆ S such that |Gg | ≥ 2 and any j ∈Gg we define

AGg , j ≡
|Gg |−1∑

I=0
(I +1)(1−h(I +1, |Gg |)Se )PGg \ j (I ),

BGg , j ≡
|Gg |−1∑

I=0
I (1−h(I , |Gg |)Se )PGg \ j (I ).

From the above expressions, AGg , j is the expected number of false negatives in group Gg conditional that j ∈ Gg

is infected. Similarly, BGg , j is the expected number of false negatives in group Gg conditional that j ∈ Gg is not
infected.

Now notice that, for any j ∈Gg ,

F NGg = q j AGg , j + (1−q j )BGg , j

= q j (AGg , j −BGg , j )+BGg , j . (11)

Lemma II.1 If hypothesis 1 holds for a given k ≥ 2, then for any arbitrary group Gg ⊆ S such that |Gg | = k, and any
l ∈Gg ,

AGg ,l −BGg ,l

is decreasing in the probability of infection from each subject in Gg \{l }.

Proof: Notice that

AGg ,l −BGg ,l =
k−1∑
I=0

PGg \{l }(I )[(I +1)(1−Se h(I +1,k))− I (1−Se h(I ,k))],

which corresponds to a weighted average of (I + 1)(1− Se h(I + 1,k))− I (1− Se h(I ,k)), where the weights are de-
termined by the probability mass function PGg \{l }(·). Clearly, increasing the probability of infection from a patient
in Gg \{l } causes this average to put more weight on higher values of I (formally, letting Y be the random variable
associated with the probability mass function PGg \{l }(·) and Y ′ be its transformed version after the probability of
infection from a patient in Gg \{l } is increased, we have that Y ′ first-order stochastically dominates Y ). So it suf-
fices to show that (I +1)(1−Se h(I +1,k))− I (1−Se h(I ,k)) is decreasing in I , a property that is satisfied if, for any
I ∈ {1,2, · · · ,k −1},

(I +1)(1−Se h(I +1,k))− I (1−Se h(I ,k))−
− [I (1−Se h(I ,k))− (I −1)(1−Se h(I −1,k))] ≤ 0

⇐⇒ I +1

2I
h(I +1,k)+ I −1

2I
h(I −1,k) ≥ h(I ,k).

Lemma II.2 Let G1 and G2 be two disjoint subsets of S such that |G1| = k1 ≥ 2 and |G2| = k2 ≥ 2. Then consider the
following ordered partitions of G1 ∪G2:

{G∗
1 ,G∗

2 },

and
{G∗∗

2 ,G∗∗
1 },

where |G∗
1 | = |G∗∗

1 | = k1, |G∗
2 | = |G∗∗

2 | = k2, i < j for all i ∈G∗
1 and all j ∈G∗

2 and i > j for all i ∈G∗∗
1 and all j ∈G∗∗

2 .
If h(·,k1) and h(·,k2) satisfy hypothesis 1, then

min{F NG∗
1
+F NG∗

2
,F NG∗∗

1
+F NG∗∗

2
} ≤ F NG1 +F NG2 .

Proof: If {G1,G2} = {G∗
1 ,G∗

2 } or {G1,G2} = {G∗∗
1 ,G∗∗

2 }, the proof is trivial. So suppose that {G1,G2} 6= {G∗
1 ,G∗

2 } and
{G1,G2} 6= {G∗∗

1 ,G∗∗
2 }, so that

min
i∈G1

i < max
j∈G2

j

7



and
min
j∈G2

j < max
i∈G1

i .

For an arbitrary i ∈G1 and j ∈G2 either one of the following inequalities must hold

AG1,i −BG1,i ≤ AG2, j −BG2, j (12)

or

AG2, j −BG2, j ≤ AG1,i −BG1,i (13)

1. Assume that inequality 13 holds, and define
i ≡ max

i∈G1
i

and
j ≡ min

j∈G2
j .

Because qi ≥ qi , lemma II.1 implies that

AG1,i −BG1,i ≤ AG1,i −BG1,i . (14)

Analogously, q j ≤ q j and lemma II.1 imply that

AG2, j −BG1, j ≤ AG1, j −BG1, j . (15)

Together inequalities 13, 14 and 15 imply that

AG2, j −BG2, j ≤ AG1,i −BG1,i . (16)

Now let us exchange the position of subjects i and j to create the new groups

G̃1 =G1 ∪ { j }\{i }

and
G̃2 =G2 ∪ {i }\{ j }.

Then we must have F NG̃1
+F NG̃2

≤ F NG1 +F NG2 . Indeed, from expression 11, we have that

F NG1 = qi AG1,i + (1−qi )BG1,i ,

F NG2 = q j AG2, j + (1−q j )BG2, j .

Moreover, because
AG̃1, j = AG1,i ,

BG̃1, j = BG1,i ,

AG̃2,i = AG2, j ,

BG̃2,i = BG2, j ,

we also have that

F NG̃1
= q j AG1,i + (1−q j )BG1,i ,

F NG̃2
= qi AG2, j + (1−qi )BG2, j .

8



Therefore,

F NG̃1
+F NG̃2

≤ F NG1 +F NG2

⇐⇒ q j (AG1,i −BG1,i )+qi (AG2, j −BG2, j ) ≤ qi (AG1,i −BG1,i )+q j (AG2, j −BG2, j )

⇐⇒ (qi −q j )(AG2, j −BG2, j ) ≤ (qi −q j )(AG1,i −BG1,i )

⇐⇒ (AG2, j −BG2, j ) ≤ (AG1,i −BG1,i ),

which, from inequality 16, holds.

Now, defining

i
′ ≡ max

i∈G̃1

i

and
j ′ ≡ min

j∈G̃2

j ,

we have that either one of the following conditions must hold:

(a) q j ≥ q ′
i
, in which case G̃1 =G∗

1 and G̃2 =G∗
2 , so that F NG1

∗ +F NG2
∗ ≤ F NG1 +F NG2 .

(b) q j < q ′
i
. In this case, notice that when we moved from G1 to G̃1 we decreased the probability of infec-

tion from one subject in this group while not altering the probability of infection from the remaining
subjects in the group. From lemma II.1 this implies that

AG1,i −BG1,i ≤ A
G̃1,i

′ −B
G̃1,i

′ . (17)

Analogously, when moving from G2 to G̃2 we increased the probability of infection from one subject
in this group while not altering the probability of infection from the remaining subjects in the group.
From lemma II.1 this implies that

AG̃2, j ′ −BG̃2, j ′ ≤ AG2, j −BG2, j . (18)

Together inequalities 16, 17 and 18 imply that

AG̃2, j ′ −BG̃2, j ′ ≤ A
G̃1,i

′ −B
G̃1,i

′

So we can redefine G1 = G̃1, G2 = G̃2, i = i
′

and j = j ′ and repeat the previous steps iteratively, until the
final pair of groups is given by G∗

1 and G∗
2 .

Because at each step of this algorithm we reduce the expected number of false negatives for subjects in these
groups, and because at the end of this process we obtain the groups G∗

1 and G∗
2 , we have that

F NG∗
1
+F NG∗

2
≤ F NG1 +F NG2 ,

as we wanted to show.

2. If inequality 12 holds, the proof is analogous to case the case in which inequality 13 holds (case 1). Indeed,
when 12 holds, we define i = mini∈G1 i and j = max j∈Gm j , and then repeat the same steps in case 13 to show

that switching the positions of subjects i and j weakly reduces the expected number of tests, provided that
h(·,k1) and h(·,k2) both satisfy hypothesis 1. Then, we iteratively switch subjects from the new groups in
the same fashion until we reach the ordered partition {G∗∗

2 ,G∗∗
1 }. Because at each step of the algorithm the

expected number of false negatives diminishes, we obtain F NG∗∗
1

+F NG∗∗
2

≤ F NG1 +F NG2 .
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Lemma II.3 Let G1 and G2 be two disjoint subsets of S such that |G1| = k ≥ 1 and |G2| = 1. Let j ≡ max(G1 ∪G2) and
j ≡ min(G1 ∪G2). Then consider the following ordered partitions of G1 ∪G2:

{G∗
1 ,G∗

2 },

and
{G∗∗

2 ,G∗∗
1 },

where

G∗
1 ≡G1 ∪G2\{ j }

G∗
2 ≡ { j }

G∗∗
1 ≡ { j }

G∗∗
2 ≡G1 ∪G2\{ j },

i.e., {G∗
1 ,G∗

2 } is an ordered partition of G1 ∪G2 that individually tests the subject with highest probability of infec-
tion, while {G∗∗

1 ,G∗∗
2 } is an ordered partition of G1 ∪G2 that individually tests the subject with lowest probability of

infection.
If h(·,k) satisfies hypothesis 1, then

min{F NG∗
1
+F NG∗

2
,F NG∗∗

1
+F NG∗∗

2
} ≤ F NG1 +F NG2 .

Proof: If k = 1, the proof is trivial, as all partitions are the same. So we will assume that k > 1. As the proof is also
trivial for the cases in which G2 = { j } or G2 = { j }, let us assume that G2 = {i }, with j < i < j . Then we have that

F NG1 +F NG2 = q j (AG1, j −BG1, j )+BG1, j +qi (1−Se )

and

F NG∗
1
+F NG∗

2
= qi (AG1, j −BG1, j )+BG1, j +q j (1−Se ).

Now notice that one of the following inequalities must hold:

F NG∗
1
+F NG∗

2
≤ F NG1 +F NG2 (19)

or
F NG∗

1
+F NG∗

2
> F NG1 +F NG2 (20)

If inequality (19) holds, the Lemma is proven. So suppose that inequality (20) holds. Then we must have

q j (AG1, j −BG1, j )+BG1, j +qi (1−Se ) < qi (AG1, j −BG1, j )+BG1, j +q j (1−Se )

⇐⇒ (AG1, j −BG1, j ) < (1−Se ). (21)

We want to show that

F NG∗∗
1

+F NG∗∗
2

≤ F NG1 +F NG2

⇐⇒ qi (AG1, j −BG1, j )+BG1, j +q j (1−Se ) ≤ q j (AG1, j −BG1, j )+BG1, j +qi (1−Se )

⇐⇒ (AG1, j −BG1, j ) ≤ (1−Se ). (22)

From lemma II.1, we have that (AG1, j −BG1, j ) ≤ (AG1, j −BG1, j ). Therefore, from inequality 21, we have that

(AG1, j −BG1, j ) ≤ (1−Se ), as we wanted to show.
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II.1 Proof of theorem 2

LetΩ= {G1,G2, · · · ,Gm} be an arbitrary partition of S = {1,2, · · · ,n}, where m is the number of groups from the par-
tition (e.g., if all of the groups from the partition have the same size k, then m = n

k ). Also suppose that hypothesis
1 holds for every k ∈ {|G1|, |G2|, · · · , |Gm |}. Then implement the following algorithm:

Algorithm II.1

1. Initialize the partition Ω̃= {G̃1,G̃2, · · · ,G̃m}, where G̃g =Gg for all g ∈ {1,2, · · · ,m}.

2. Initialize g = 1.

3. Set w = g +1.

4. Pick groups G̃g and G̃w from Ω̃.

5. Then consider the following ordered partitions of G̃g ∪G̃w :

{G∗
g ,G∗

w },

and
{G∗∗

w ,G∗∗
g },

where |G∗
g | = |G∗∗

g | = |G̃g |, |G∗
w | = |G∗∗

w | = |G̃w |, i < j for all i ∈ G∗
g and all j ∈ G∗

w , and qi > q j for all i ∈ G∗∗
g

and all j ∈G∗∗
w .

If TG∗
g
+TG∗

w
≤ TG∗∗

g
+TG∗∗

w
, redefine

G̃g =G∗
g and G̃w =G∗

w

else, redefine
G̃g =G∗∗

w and G̃w =G∗∗
g .

6. If w = m, proceed to the next step. Else, redefine w = w +1 and repeat step 4.

7. If g = m −1, stop the algorithm, else, redefine g = g +1 and repeat step 3.

Let Ω= {G1,G2, · · · ,Gm} be the original partition and Ω̃= {G̃1,G̃2, · · · ,G̃m} be the final partition obtained obtained
after implementing algorithm II.1. From lemmas II.2 and II.3, at each step of this algorithm the overall expected
number of false negatives weakly diminishes, which implies that E[F N (Ω̃)] ≤ E[F N (Ω)]. Because at the end of each
step 7 of algorithm II.1 we have that, for each w > m, qi ≤ q j for all i ∈ G̃g and all j ∈ G̃w , we have that Ω̃ is an
ordered partition of S. Moreover, because changes made at each step 5 of algorithm II.1 preserve pool sizes, there
exists a permutation p of the indices (1,2, · · · ,m) such that |Gp(g )| = |Gg | for all g ∈ {1,2, · · · ,m}.

Proposition II.1 For a given partitionΩ= {G1,G2, · · · ,Gm} of S, if

I
∂2h(I , |Gg |)

∂I 2 +2
∂h(I , |Gg |)

∂I
≥ 0, ∀I ∈ [0, |Gg |], and ∀Gg ∈Ω (23)

then
I +1

2I
h(I +1, |Gg |)+ I −1

2I
h(I −1, |Gg |) ≥ h(I , |Gg |), ∀I ∈ {1,2, · · · , |Gg |}, and ∀Gg ∈Ω, (24)

but the converse is not necessarily true.

Proof: The condition

I
∂2h(I ,k)

∂I 2 +2
∂h(I ,k)

∂I
≥ 0, ∀I ∈ [0,k],

holds if and only if
∂2I h(I ,k)

∂I 2 ≥ 0, ∀I ∈ [0,k],
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i.e., if and only if the function f : [0,k] →R such that

f (I ) = I h(I ,k) ∀I ∈ [0,k]

is convex. Clearly, if f (·) is convex, hypothesis 1 holds.
But we can find instances in which equation 23 does not hold for some I ∈ [0,k], and yet equation 24 holds for

every I ∈ {1,2, · · · ,k −1}. Indeed, suppose that k = 3 and

h(I ,k) = 1/[1+exp(−20(I /k −3/4))],

then hypothesis 1 holds (for I = 1 and I = 2), even though condition 8 does not hold for non-integer values of I
greater than 2 and sufficiently close to k = 3.

III When ordered pooling minimizes the expected number of false positives

For any arbitrary group Gg ⊆ S s.t. |Gg | ≥ 2, it can be shown that

F PGg ≡
{

(1−Sp )(1−qi ), if Gg = {i },∑|Gg |
I=0 PGg (I )h(I , |Gg |)(|Gg |− I )(1−Sp ) if |Gg | ≥ 2

corresponds to the expected number of false positives from group Gg .3

For any arbitrary group Gg ⊆ S such that |Gg | ≥ 2 and any j ∈Gg we define

CGg , j ≡
|Gg |−1∑

I=0
PGg \ j (I )h(I +1, |Gg |)(|Gg |− (I +1))(1−Sp ),

DGg , j ≡
|Gg |−1∑

I=0
PGg \ j (I )h(I , |Gg |)(|Gg |− I )(1−Sp ).

From the above expressions, CGg , j is the expected number of false positives in group Gg conditional that j ∈ Gg

is infected. Similarly, DGg , j is the expected number of false positives in group Gg conditional that j ∈ Gg is not
infected.

Now notice that, for any j ∈Gg ,

F PGg = q j CGg , j + (1−q j )DGg , j

= q j (CGg , j −DGg , j )+DGg , j . (25)

Lemma III.1 If hypothesis 2 holds for a given k ≥ 2, then for any arbitrary group Gg ⊆ S such that |Gg | = k, and any
l ∈Gg ,

CGg ,l −DGg ,l

is decreasing in the probability of infection from each subject in Gg \{l }.

Proof: Notice that

CGg ,l −DGg ,l =
k−1∑
I=0

PGg \{l }(I )(1−Sp )[(k − I −1)h(I +1,k)− (k − I )h(I ,k)],

3That this is true for |Gg | = 1 is trivial. To see this is true for |Gg | > 1, define F PGg ,I ,d as the expected number of false positives in group Gg

conditional that the group has exactly I infected subjects and conditional that infection is detected in the first stage of testing. Similarly, define
F PGg ,I ,nd as the expected number of false positives in group Gg conditional that the group has exactly I infected subjects and conditional that

infection is not detected in the first stage of testing. Then, by the law of iterated expectations we must have

F PGg =
|Gg |∑
I=0

PGg (I )
[

h(I , |Gg |)F PGg ,I ,d + (1−h(I , |Gg |))F PGg ,I ,nd

]
.

Noticing that F PGg ,I ,d = (k − I )(1−Sp ) and F PGg ,I ,nd = 0, yields the desired result.
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which corresponds to a weighted average of (k − I −1)(1−Sp )h(I +1,k)− (k − I )(1−Sp )h(I ,k), where the weights
are determined by the probability mass function PGg \{l }(·). Clearly, increasing the probability of infection from a
subject in Gg \{l } causes this average to put more weight on higher values of I (formally, letting Y be the random
variable associated with the probability mass function PGg \{l }(·) and Y ′ be its transformed version after the proba-
bility of infection from a subject in Gg \{l } is increased, we have that Y ′ first-order stochastically dominates Y ). So
it suffices to show that (k−I −1)(1−Sp )h(I +1,k)−(k−I )(1−Sp )h(I ,k) is decreasing in I , a property that is satisfied
if, for any I ∈ {1,2, · · · ,k −1},

(k − I −1)h(I +1,k)− (k − I )h(I ,k)−
− [(k − I )h(I ,k)− (k − I +1)h(I −1,k)] ≤ 0

⇐⇒ k − I −1

2(k − I )
h(I +1,k)+ k − I +1

2(k − I )
h(I −1,k) ≤ h(I ,k).

Lemma III.2 Let G1 and G2 be two disjoint subsets of S such that |G1| = k1 ≥ 2 and |G2| = k2 ≥ 2. Then consider the
following ordered partitions of G1 ∪G2:

{G∗
1 ,G∗

2 },

and
{G∗∗

2 ,G∗∗
1 },

where |G∗
1 | = |G∗∗

1 | = k1, |G∗
2 | = |G∗∗

2 | = k2, i < j for all i ∈G∗
1 and all j ∈G∗

2 and i > j for all i ∈G∗∗
1 and all j ∈G∗∗

2 .
If h(·,k1) and h(·,k2) satisfy hypothesis 2, then

min{F PG∗
1
+F PG∗

2
,F PG∗∗

1
+F PG∗∗

2
} ≤ F PG1 +F PG2 .

Proof: If {G1,G2} = {G∗
1 ,G∗

2 } or {G1,G2} = {G∗∗
1 ,G∗∗

2 }, the proof is trivial. So suppose that {G1,G2} 6= {G∗
1 ,G∗

2 } and
{G1,G2} 6= {G∗∗

1 ,G∗∗
2 }, so that

min
i∈G1

i < max
j∈G2

j

and
min
j∈G2

j < max
i∈G1

i .

For an arbitrary i ∈G1 and j ∈G2 either one of the following inequalities must hold

CG1,i −DG1,i ≤CG2, j −DG2, j (26)

or

CG2, j −DG2, j ≤CG1,i −DG1,i (27)

1. Assume that inequality 27 holds, and define
i ≡ max

i∈G1
i

and
j ≡ min

j∈G2
j .

Because qi ≥ qi , lemma III.1 implies that

CG1,i −DG1,i ≤CG1,i −DG1,i . (28)

Analogously, q j ≤ q j and lemma II.1 imply that

CG2, j −DG1, j ≤CG1, j −DG1, j . (29)

Together inequalities 27, 28 and 29 imply that

CG2, j −DG2, j ≤CG1,i −DG1,i . (30)
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Now let us exchange the position of subjects i and j to create the new groups

G̃1 =G1 ∪ { j }\{i }

and
G̃2 =G2 ∪ {i }\{ j }.

Then we must have F PG̃1
+F PG̃2

≤ F PG1 +F PG2 . Indeed, from expression 11, we have that

F PG1 = qi CG1,i + (1−qi )DG1,i ,

F PG2 = q j CG2, j + (1−q j )DG2, j .

Moreover, because
CG̃1, j =CG1,i ,

DG̃1, j = DG1,i ,

CG̃2,i =CG2, j ,

DG̃2,i = DG2, j ,

we also have that

F PG̃1
= q j CG1,i + (1−q j )DG1,i ,

F PG̃2
= qi CG2, j + (1−qi )DG2, j .

Therefore,

F PG̃1
+F PG̃2

≤ F PG1 +F PG2

⇐⇒ q j (CG1,i −DG1,i )+qi (CG2, j −DG2, j ) ≤ qi (CG1,i −DG1,i )+q j (CG2, j −DG2, j )

⇐⇒ (qi −q j )(CG2, j −DG2, j ) ≤ (qi −q j )(CG1,i −DG1,i )

⇐⇒ (CG2, j −DG2, j ) ≤ (CG1,i −DG1,i ),

which, from inequality 30, holds.

Now, defining

i
′ ≡ max

i∈G̃1

i

and
j ′ ≡ min

j∈G̃2

j ,

we have that either one of the following conditions must hold:

(a) q j ≥ q ′
i
, in which case G̃1 =G∗

1 and G̃2 =G∗
2 , so that F PG1

∗ +F PG2
∗ ≤ F PG1 +F PG2 .

(b) q j < q ′
i
. In this case, notice that when we moved from G1 to G̃1 we decreased the probability of infec-

tion from one subject in this group while not altering the probability of infection from the remaining
subjects in the group. From lemma III.1 this implies that

CG1,i −DG1,i ≤C
G̃1,i

′ −D
G̃1,i

′ . (31)

Analogously, when moving from G2 to G̃2 we increased the probability of infection from one subject
in this group while not altering the probability of infection from the remaining subjects in the group.
From lemma III.1 this implies that

CG̃2, j ′ −DG̃2, j ′ ≤CG2, j −DG2, j . (32)
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Together inequalities 30, 31 and 32 imply that

CG̃2, j ′ −DG̃2, j ′ ≤C
G̃1,i

′ −D
G̃1,i

′

So we can redefine G1 = G̃1, G2 = G̃2, i = i
′

and j = j ′ and repeat the previous steps iteratively, until the
final pair of groups is given by G∗

1 and G∗
2 .

Because at each step of this algorithm we reduce the expected number of false negatives for subjects in these
groups, and because at the end of this process we obtain the groups G∗

1 and G∗
2 , we have that

F PG∗
1
+F PG∗

2
≤ F PG1 +F PG2 ,

as we wanted to show.

2. If inequality 26 holds, the proof is analogous to case the case in which inequality 27 holds (case 1). Indeed,
when 26 holds, we define i = mini∈G1 i and j = max j∈Gm j , and then repeat the same steps in case 27 to

show that switching the positions of subjects i and j weakly reduces the expected number of false positives,
provided that h(·,k1) and h(·,k2) both satisfy hypothesis 2. Then, we iteratively switch subjects from the
new groups in the same fashion until we reach the ordered partition {G∗∗

2 ,G∗∗
1 }. Because at each step of the

algorithm the expected number of false positives diminishes, we obtain F PG∗∗
1

+F PG∗∗
2

≤ F PG1 +F PG2 .

Lemma III.3 Let G1 and G2 be two disjoint subsets of S such that |G1| = k ≥ 1 and |G2| = 1. Let j = max(G1∪G2) (i.e.,
j is the subject with highest probability of infection in group G1∪G2). Then consider the following ordered partition
of G1 ∪G2:

{G∗
1 ,G∗

2 },

where

G∗
1 ≡G1 ∪G2\{ j },

G∗
2 ≡

{
j
}

,

i.e., {G∗
1 ,G∗

2 } is the ordered partition that groups the k subjects with lowest probability of infection together, and the
subject with highest probability of infection alone.

If h(·,k) is increasing, then
F PG∗

1
+F PG∗

2
≤ F PG1 +F PG2 .

Proof: Let G1 and G2 be two disjoint subsets of S. The proof when |G1| = |G2| = 1 is trivial. So suppose that |G1| =
k1 ≥ 2 and G2 = { j }, with j < j = max(G1 ∪G2). Let

G∗
1 ≡G1 ∪G2\{ j },

G∗
2 ≡

{
j
}

.
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Because G2 = { j } and G∗
2 = { j }, we have that F PG2 = (1−Sp )(1−q j ) and F PG∗

2
= (1−Sp )(1−q j ). Therefore,

F PG1
∗ +F PG2

∗ ≤ F PG1 +F PG2

⇐⇒ (1−Sp )
k∑

I=0
PG∗

1
(I )(k − I )h(I ,k)+ (1−Sp )(1−q j ) ≤+(1−Sp )

k∑
I=0

PG1 (I )(k − I )(h(I ,k))+ (1−Sp )(1−q j )

⇐⇒ (1−Sp )

(
q j

k−1∑
I=0

PG1\{ j }(I )(k − I −1)h(I +1,k)+ (1−q j )
k−1∑
I=0

PG1\{ j }(I )h(I ,k)(k − I )

)
≤

(1−Sp )

(
q j

k−1∑
I=0

PG1\{ j }(I )(k − I −1)h(I +1,k)+ (1−q j )
k−1∑
I=0

PG1\{ j }(I )h(I ,k)(k − I )

)
+ (1−Sp )(q j −q j )

⇐⇒ (q j −q j )

(
k−1∑
I=0

PG1\{ j }(I ) [(k − I )h(I ,k)− (k − I −1)h(I +1,k)]

)
≤ (q j −q j )

⇐⇒
k−1∑
I=0

PG1\{ j }(I ) [(k − I )h(I ,k)− (k − I −1)h(I +1,k)] ≤ 1, (33)

Now notice that, since h(·,k) is increasing and since h(I ,k) ≤ (1−Se ) ≤ 1, we have that

k−1∑
I=0

PG1\{ j }(I ) [(k − I )h(I ,k)− (k − I −1)h(I +1,k)] ≤
k−1∑
I=0

PG1\{ j }(I ) [(k − I )h(I +1,k)− (k − I −1)h(I +1,k)]

=
k−1∑
I=0

PG1\{ j }(I )h(I +1,k)

≤
k−1∑
I=0

PG1\{ j }(I ) = 1,

which implies that inequality 33 is satisfied.

III.1 Proof of theorem 3

LetΩ= {G1,G2, · · · ,Gm} be an arbitrary partition of S = {1,2, · · · ,n} such that |Gg | ≥ 2 for all Gg ∈Ω, where m is the
number of groups from the partition (e.g., if all of the groups from the partition have the same size k, then m = n

k ).
Also suppose that hypothesis 2 holds for every k ∈ {|G1|, |G2|, · · · , |Gm |}. Then implement the following algorithm:

Algorithm III.1

1. Initialize the partition Ω̃= {G̃1,G̃2, · · · ,G̃m}, where G̃g =Gg for all g ∈ {1,2, · · · ,m}.

2. Initialize g = 1.

3. Set w = g +1.

4. Pick groups G̃g and G̃w from Ω̃.

(a) If |Gg | ≥ 2 and |Gw | ≥ 2, consider the following ordered partitions of G̃g ∪G̃w :

{G∗
g ,G∗

w },

and
{G∗∗

w ,G∗∗
g },

where |G∗
g | = |G∗∗

g | = |G̃g |, |G∗
w | = |G∗∗

w | = |G̃w |, i < j for all i ∈ G∗
g and all j ∈ G∗

w , and qi > q j for all
i ∈G∗∗

g and all j ∈G∗∗
w .

If F PG∗
g
+F PG∗

w
≤ F PG∗∗

g
+F PG∗∗

w
, redefine

G̃g =G∗
g and G̃w =G∗

w

else, redefine
G̃g =G∗∗

w and G̃w =G∗∗
g .
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(b) If |G̃g | = 1 or |G̃w | = 1, redefine
G̃g = G̃g ∪G̃w \{max(G̃g ∪G̃w )},

and
G̃w = {max(G̃g ∪G̃w )}.

5. If w = m, proceed to the next step. Else, redefine w = w +1 and repeat step 4.

6. If g = m −1, stop the algorithm, else, redefine g = g +1 and repeat step 3.

Let Ω= {G1,G2, · · · ,Gm} be the original partition and Ω̃= {G̃1,G̃2, · · · ,G̃m} be the final partition obtained obtained
after implementing algorithm III.1. From lemmas III.2 and III.3, at each step of this algorithm the overall expected
number of false positives weakly diminishes, which implies that E[F P (Ω̃)] ≤ E[F P (Ω)]. Because at the end of each
step 6 of algorithm III.1 we have that, for each w > m, qi ≤ q j for all i ∈ G̃g and all j ∈ G̃w , we have that Ω̃ is an
ordered partition of S. Moreover, because changes made at steps 4a and 4b of algorithm III.1 preserve pool sizes,
there exists a permutation p of the indices (1,2, · · · ,m) such that |Gp(g )| = |Gg | for all g ∈ {1,2, · · · ,m}.

As to the second part of the theorem, notice that, at each step 4b of algorithm III.1 we are allocating the subject
with highest probability of infection to be tested individually. This implies that if a subject i is tested individually
under Ω̃, then a subject j with q j > qi is also tested individually under Ω̃.

IV Expected number of tests, Expected number of false negatives and Ex-
pected number of false positives for extreme dilution functions

It is a well known result that, in the absence of dilution effects, ordered pooling is more desirable than other pooling
criterion in terms of minimizing expected number of tests, the expected number of false positives and the expected
number of false negatives. This result is stated formally in proposition IV.1.

Proposition IV.1 (Aprahamian, Bish and Bish (2019)) Suppose that the dilution function is given by:

h(I ,k) =
{

Se , if I > 0
1−Sp , if I = 0.

Then,

a) For any partitionΩ of S, there exists an ordered partitionΩ∗ such that E[T (Ω∗)] ≤ E[T (Ω)].

b) The probability that an infected subject is incorrectly diagnosed as healthy is the same across any partition Ω
of S such that |Gg | ≥ 2 for all Gg ∈Ω, and is given by (1−S2

e ).

c) For any partition Ω of S such that |Gg | ≥ 2 for all Gg ∈ Ω, there exists an ordered partition Ω∗ such that
E[F P (Ω∗)] ≤ E[F P (Ω)].

Proof: Suppose that the dilution function is given by

h(I ,k) =
{

Se , if I > 0
1−Sp , if I = 0.

Then,

a) Ordered pooling minimizes the expected number of tests. Indeed this follows directly from theorem 1 and
the fact that h(·,k) is concave.

b) Any matching criteria produces the same expected number of false negatives. Indeed, consider any arbitrary
infected patient from the population. Then regardless of whom he is matched with in the pooled sample,
the probability that his pooled sample tests positive for infection is (1−Se ). If the pooled test does accuse
infection, which happens with probability Se , the infected subject is individually tested and diagnosed as
healthy with probability (1−Se ). So using simple probability theory, the overall probability that an arbitrary
infected subject is incorrectly diagnosed as healthy is given by

(1−Se )+Se (1−Se ) = 1−S2
e ,

which does not depend on whom the subject is matched with in the pool.
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c) Ordered pooling minimizes the expected number of false positives. Indeed, this follows directly from theo-
rem 3 and the fact that this dilution function satisfies hypothesis 2.

So from proposition IV.1, we can see that, in the absence of dilution effects, ordered partitions seem like the
optimal choice, as they generate the same E[F N (Ω)] as any other matching criterion, and they may also potentially
minimize E[T (Ω)] and E[F P (Ω)] simultaneously (notice that the proposition does not guarantee that the ordered
partition that minimizes E[T (Ω)] is the same as the ordered partition that minimizes E[F P (Ω)]).

Next, we consider the case in which h(·,k) is affine, i.e., when h(I ,k) = a+bI . It can be shown that, in this case,
an ordered partition also performs weakly better than any partition in which all pool sizes are equal in all of the
three dimensions considered, namely, E[T (Ω)], E[F N (Ω)] and E[F P (Ω)].

Proposition IV.2 Suppose that the dilution function is given by h(I ,k) = a +bI . Then,

a) For any pair of partitionsΩ andΩ′ of S such that |Gg | = k for all Gg ∈Ω∪Ω′, we must have E[T (Ω)] = E[T (Ω′)].

b) IfΩ is a partition of S such that |Gg | = k for all Gg ∈Ω, andΩ∗ is an ordered partition of S such that |G∗
g | = k

for all G∗
g ∈Ω∗, then E[F N (Ω∗)] ≤ E[F N (Ω)] and E[F P (Ω∗)] ≤ E[F P (Ω)].

Proof: Suppose that the dilution function is given by h(I ,k) = a +bI , where b ≥ 0.

a) First, we show that the expected number of tests is not affected by the matching criteria used to form the
pools.

Let Xi , j = 1 if individual i from group j is infected. Moreover, assume that Pr ob(Xi , j = 1) = qi , j . Then, the
expected number of tests is given by

T ≡ n

k
+

n/k∑
i=1

k∑
I=0

h(I ,k)Pr ob(
n∑

j=1
Xi , j = I ).

Assuming that h(I ,k) = a +bI , we have that

T = n

k
+

n/k∑
i=1

k∑
I=0

{
[a +bI ]Pr ob(

n∑
j=1

Xi , j = I )

}
.

= n

k
+

n/k∑
i=1

[
a +b

k∑
I=0

I Pr ob(
n∑

j=1
Xi , j = I )

]
. (34)

Because
∑k

I=0 I Pr ob(
∑n

j=1 Xi , j = I ) equals to the expected number of infected in group i , and because the

number of infected in each group follows a Poisson-binomial distribution with parameters (k, {qi , j }k
j=1), this

expectation is given by
∑k

j=1 qi , j . Replacing this into expression 34, we get

T = n

k
+

n/k∑
i=1

[
a +b

k∑
j=1

qi , j

]

= n

k
+ n

k
a +b

n/k∑
i=1

k∑
j=1

qi , j ,

which clearly does not depend on how the qi , j ’s are grouped.

b) As to the proof that ordered pooling achieves a minimum in the expected number of false negatives, it follows
directly from theorem 2 and the fact that h(I ,k) = a+bI (with b ≥ 0) satisfies hypothesis 1. Finally, notice that
hypothesis 2 is clearly satisfied when h(I ,k) is affine, so that ordered pooling also minimizes the expected
number of false positives.
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Finally, we consider the extreme case in which the dilution effect is so strong that the probability of detecting
infection from a pool comprised of at least one healthy subject is given by 1−Sp , the same probability of detecting
infection from a healthy subject through an individual test. In this case we show that, conditional that all pools
have the same size, ordered partitions generates the highest expected number of tests, though it minimizes the
expected number of false negatives and generates the same expected number of false positives as any other pooling
criteria.

Proposition IV.3 Suppose that the dilution function is given by

h(l ,k) =
{

1−Sp , if I < k
Se , if I = k.

Then,

a) If Ω∗ is an ordered partition of S such that |G∗
g | = k for all G∗

g ∈ Ω∗, and Ω is any partition of S such that
|Gg | = k for all Gg ∈Ω, then E[T (Ω∗)] ≥ E[T (Ω)].

b) IfΩ is a partition of S such that |Gg | = k for all Gg ∈Ω, andΩ∗ is an ordered partition of S such that |G∗
g | = k

for all G∗
g ∈Ω, then E[F N (Ω∗)] ≤ E[F N (Ω)].

c) The probability that a healthy subject is incorrectly diagnosed as infected is the same across any partitionΩ of
S such that |Gg | ≥ 2 for all Gg ∈Ω, and is given by (1−Sp )2.

Proof: Suppose that the dilution function is given by

h(l ,k) =
{

1−Sp , if I < k
Se , if I = k.

a) First, we will show that ordered pooling maximizes the expected number of tests.

Consider a partitionΩ≡ {G1,G2, · · · ,Gn/k } of S = {1,2, · · · ,n}, where |Gg | = k for all Gg ∈Ω (i.e., each group has
the same size). The probability that group Gg has exactly k infected subjects is given by PGg (k) = ∏

j∈Gg q j ,
and the expected number of tests from this partition is given by

E[T (Ω)] = n

k
+n(1−Sp )+k(Sp +Se −1)

∑
g∈Ω

PGg (k).

Because k(Sp+Se−1) is a positive constant (recall that we assume that Se > 1−Sp ), we have that the partition
that minimizes the expected number of tests is the one that minimizes

∑
Gg ∈ΩPGg (k). We now show that

ordered pooling maximizes
∑

Gg ∈ΩPGg (k).

Suppose by way of contradiction that Ω = {G1,G2, · · · ,Gn/k } maximizes
∑

Gg ∈G PGg (k) among all partitions
that have all pool sizes equal to k, and suppose thatΩ is not an ordered partition. Then there are Gl ,Gw ∈Ω
such that PGl (k) < PGw (k) and there is a i ∈ Gl an j ∈ Gw such that (1− qi ) > (1− q j ). Then, denoting A ≡∏
τ∈Gl \{i }(1−qτ) and B ≡∏

τ∈Gw \{ j }(1−qτ), we must have that A < B . Moreover, ifΩmaximizes
∑

Gg ∈ΩPGg (k)
we must have

(1−qi )A+ (1−q j )B ≥ (1−q j )A+ (1−qi )B

⇐⇒ (1−q j )(B − A) ≥ (1−qi )(B − A)

⇐⇒ (1−q j ) ≥ (1−qi ),

a contradiction with (1−qi ) > (1−q j ).→←
b) As to the proof that ordered pooling minimizes the expected number of false negatives, it follows directly

from theorem 2 and the fact that this dilution function clearly satisfies hypothesis 1.
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c) Finally, under this extreme dilution effect, if a healthy subject is pooled tested, the test will detect infection
with probability 1−Sp regardless of who the healthy patient is matched with. In this contingency, the subject
is tested again as is declared infected with probability 1− Sp . Because those events are independent, the
overall probability that a healthy subject is diagnosed as infected is (1−Sp )2. Because this probability does
not depend on who the subject is matched with, this implies that any matching mechanism generates the
same expected number of false positives.

While it is very unlikely that pooled testing schemes are ever considered as a good alternative to individual
testing under such an extreme dilution effect, proposition IV.3 helps to illustrate that a partition used to form the
pools may perform well in one dimension (e.g., by minimizing the expected number of false negatives), but poorly
in others (e.g., by generating an excessively high expected number of tests).

V When ordered pooling maximizes social welfare

V.1 Proof of proposition 2

It suffices to show that ordered pooling maximizes the minimum utility and the sum of utilities. That ordered pool-
ing maximizes the sum of utilities follows immediately from corollary 3. So it only remains to show that ordered
pooling maximizes the minimum utility.

Without loss of generality, we can assume that there are only two groups, and that the probability of infection
from subjects is given by

q1 ≤ q2 ≤ q3 ≤ q4.

Then, the ordered partition is given by
Ω∗ = {{1,2}, {3,4}}.

The only possible alternative partitions are
Ω′ = {{1,3}, {2,4}}

and
Ω′′ = {{1,4}, {2,3}}.

1. Suppose that λ= 1.

For any qi ∈ [0,1], let
A(qi ) ≡ qi [1−Se h(2,2)]+ (1−qi )[1−Se h(1,2)],

i.e., A(qi ) is the probability that a subject is not detected as infected given that this subject is infected and
the person this subject is matched with has probability of infection of qi .

In this case, if the ordered partitionΩ∗ is implemented, subjects’ utilities are given by

u1(Ω∗) = 1−q1 A(q2), u2(Ω∗) = 1−q2 A(q1), u3(Ω∗) = 1−q3 A(q4), u4(Ω∗) = 1−q4 A(q3).

The utilities from the other 2 other possible partitions,Ω′ andΩ′′, are given by

u1(Ω′) = 1−q1 A(q3), u2(Ω′) = 1−q2 A(q4), u3(Ω′) = 1−q3 A(q1), u4(Ω′) = 1−q4 A(q2),

and

u1(Ω′′) = 1−q1 A(q4), u2(Ω′′) = 1−q2 A(q3), u3(Ω′′) = 1−q3 A(q2), u4(Ω′′) = 1−q4 A(q1).

Because A(qi ) ≥ 0, we have that a subject’s utility is decreasing in the subject’s probability of infection. More-
over, because h(·,2) is increasing (see assumption 1), we have that [1−Se h(2,2)] ≤ [1−Se h(1,2)], which im-
plies that A(qi ) is decreasing in qi . This implies that a subject’s utility is increasing in the probability of
infection of the subject he is matched with. This implies that the subject with lowest utility from each group
is the subject who has the highest probability of infection from that group.
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So suppose that, under ordered pooling, subject 2 is the one with the lowest utility, i.e., suppose that

u2(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗).

In this case, we have that

u3(Ω′) = 1−q3 A(q1) ≤ 1−q2 A(q1) = u2(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗),

and
u4(Ω′′) = 1−q4 A(q1) ≤ 1−q2 A(q1) = u2(Ω∗) = min

i∈{1,2,3,4}
ui (Ω∗),

so that ordered pooling maximizes the minimum utility.

Suppose, instead, that subject 4 is the one with lowest utility under ordered pooling, i.e., suppose that

u4(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗).

In this case, we have that

u4(Ω′) = 1−q4 A(q2) ≤ 1−q4 A(q3) = u4(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗),

and
u4(Ω′′) = 1−q4 A(q1) ≤ 1−q4 A(q3) = u4(Ω∗) = min

i∈{1,2,3,4}
ui (Ω∗),

so that again, ordered pooling maximizes the minimum utility.

2. Suppose that λ= 0.

For any qi ∈ [0,1], let
B(qi ) ≡ qi (1−Sp )h(1,2)+ (1−qi )(1−Sp )h(0,2),

i.e., B(qi ) is the probability that a subject is detected as infected given that this subject is not infected and
the person this subject is matched with has probability of infection of qi .

In this case, if the ordered partitionΩ∗ is implemented, subjects’ utilities are given by

u1(Ω∗) = 1− (1−q1)B(q2), u2(Ω∗) = 1− (1−q2)B(q1), u3(Ω∗) = 1− (1−q3)B(q4), u4(Ω∗) = 1− (1−q4)B(q3).

The utilities from the other 2 other possible partitions,Ω′ andΩ′′, are given by

u1(Ω′) = 1− (1−q1)B(q3), u2(Ω′) = 1− (1−q2)B(q4), u3(Ω′) = 1− (1−q3)B(q1), u4(Ω′) = 1− (1−q4)B(q2),

and

u1(Ω′′) = 1− (1−q1)B(q4), u2(Ω′′) = 1− (1−q2)B(q3), u3(Ω′′) = 1− (1−q3)B(q2), u4(Ω′′) = 1− (1−q4)B(q1).

Clearly, a subject’s utility is increasing in its own probability of infection. Moreover, because h(·,2) is increas-
ing (see assumption 1), we have that (1−Sp )h(1,2) ≤ (1−Sp )h(2,2), which implies that B(qi ) is increasing in
qi . Because the term B(qi ) enters negatively in the utility function from each agent, we have that a subject’s
utility is decreasing in the probability of infection of the subject he is matched with. This implies that the
subject with lowest utility from each group is the subject who has the lowest probability of infection from
that group.

So suppose that, under ordered pooling, subject 1 is the one with the lowest utility, i.e., suppose that

u1(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗).

In this case, we have that

u1(Ω′) = 1− (1−q1)B(q3) ≤ 1− (1−q1)B(q2) = u1(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗),
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and
u1(Ω′′) = 1− (1−q1)B(q4) ≤ 1− (1−q1)B(q2) = u1(Ω∗) = min

i∈{1,2,3,4}
ui (Ω∗),

so that ordered pooling maximizes the minimum utility.

Suppose, instead, that subject 3 is the one with lowest utility under ordered pooling, i.e., suppose that

u3(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗).

In this case, we have that

u2(Ω′) = 1− (1−q2)B(q4) ≤ 1− (1−q3)B(q4) = u3(Ω∗) = min
i∈{1,2,3,4}

ui (Ω∗),

and
u1(Ω′′) = 1− (1−q1)B(q4) ≤ 1− (1−q3)B(q4) = u3(Ω∗) = min

i∈{1,2,3,4}
ui (Ω∗),

so that again, ordered pooling maximizes the minimum utility.

V.2 Proof of proposition 3

For a given pool size of k ∈ N, we can assume, without loss of generality, that there are only two pools (i.e., that
m = 2).4 Consider the following ordered partition of S = {1,2, · · · ,n}

Ω∗ = {G∗
1 ,G∗

2 },

where
G∗

1 = {1,2, · · · ,k}

and
G∗

2 = {k +1,k +2, · · · ,n},

and |G∗
1 | = |G∗

2 | = k.

I) Suppose that θ = 1. Consider any partition Ω = {G1,G2}, such that |G1| = |G2| = k. For each group G̃g ⊆Ω,
define

Ai ,Gg ≡
k−1∑
I=0

(1−Se h(I +1,k))PG\{i }(I ),

i.e., Ai ,Gg is the probability that a subject in group Gg is not detected as infected given that this subject is
infected.

Then, the utility from each subject i ∈ {1,2, · · · ,n} under partitionΩ is given by

ui (Ω) =
{

1−qi Ai ,G1 , if i ∈G1

1−qi Ai ,G2 , if i ∈G2

Clearly, the utility from each subject is decreasing in their own probability of infection. Because the dilution
function h(·,k) is increasing, we also have that, for any group Gg and any j ∈Gg \{i }, Ai ,Gg is decreasing in q j .
This implies that the utility from any subject is increasing in the probability of infection of the subjects he is
matched with. Therefore, the subject with lowest utility from each group is the subject who has the highest
probability of infection in that group.

Because under ordered pooling subject n (i.e., the one with highest probability of infection) is matched with
the the k−1 subjects with highest probability of infection excluding subject n, we have that subject n’s utility
is maximized under ordered pooling. Therefore,

un(Ω∗) ≥ un(Ω) ≥ min
i∈S

ui (Ω),

as we wanted to show.

4To extend the result for m > 2, one only needs to follow an algorithm similar to the one presented in the proofs of theorems 1, 2 and 3.
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II) Suppose that θ = 0. Consider any partition Ω = {G1,G2}, such that |G1| = |G2| = k. For each group Gg ⊆Ω,
define

Bi ,Gg ≡
k−1∑
I=0

(1−Sp )h(I ,k)PGg \{i }(I ),

i.e., Bi ,Gg is the probability that a subject in group Gg is detected as infected given that this subject is not
infected.

Then, the utility from each subject i ∈ {1,2, · · · ,n} under partitionΩ is given by

ui (Ω) =
{

1− (1−qi )Ai ,G1 , if i ∈G1

1− (1−qi )Ai ,G2 , if i ∈G2

Clearly, the utility from each subject is increasing in their own probability of infection. Because the dilution
function h(·,k) is increasing, we also have that, for any group Gg and any j ∈Gg \{i }, Bi ,Gg is increasing in q j .
This implies that the utility from any subject is decreasing in the probability of infection of the subjects he is
matched with. Therefore, the subject with lowest utility from each group is the subject who has the lowest
probability of infection in that group.

Because under ordered pooling subject 1 (i.e., the one with lowest probability of infection) is matched with
the the k −1 subjects with lowest probability of infection excluding subject 1, we have that subject 1’s utility
is maximized under ordered pooling. Therefore,

un(Ω∗) ≥ un(Ω) ≥ min
i∈S

ui (Ω),

as we wanted to show.

V.3 Proof of theorem 5

Theorem 5 follows directly from proposition 3 and theorems 2 and 3, and the fact that, if a partition maximizes the
sum of utilities and minimum utility, it also maximizes the utilitarian max-min welfare function for any parameter
δ ∈ [0,1].

VI Sufficient Conditions for the Dilution Function to be Discrete-Concave

VI.1 Proof of proposition 4

To avoid clutter notation, define h(I ) ≡ h(I ,k).

1. First, let us show that h(·) is discrete-concave. A sufficient condition for this to be true is that h′′(I ) ≤ 0 for
I ≥ 1 and that

h(2)+h(0) ≤ 2h(1).

I) First, let us show that h′′(I ) ≤ 0 for I ≥ 1. First, notice that

h(I ) =
∫ ∞( y−µI

σI

) 1p
2π

e−
y2

2 d y,

where

µI = I

k
µ++ k − I

k
µ−,

and

σI =
√

I

k2σ
2++ (k − I )

k2 σ2−.
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Taking the first derivative of this expression, we get

h′(I ) = 1p
2π

e−
( y−µI

σI

)2

2

[
(µ+−µ−)

σI
−

(µI − y)(σ2+−σ2−)

2σ3
I k2

]
.

Defining

D I ≡ (µ+−µ−)

σI
−

(µI − y)(σ2+−σ2−)

2σ3
I k2

,

we have that D I is greater than zero for all I ≥ 1. Indeed, since µI ≤µ+ and µ− < y , we have that

µ+−µ− ≥µI − y .

Therefore, a sufficient condition for D I ≥ 0 is that

1

σI
≥ σ2+−σ2−

2k2σ3
I

⇐⇒σ2
I ≥

σ2+−σ2−
2k2

⇐⇒ I (σ2+−σ2−)+kσ2−
k2 ≥ σ2+−σ2−

2k2

⇐⇒ kσ2
− ≥ (

1

2
− I )(σ2

+−σ2
−),

a condition that always holds for I ≥ 1, since ( 1
2 − I )(σ2+−σ2−) < 0 for all I ≥ 1 and kσ2− > 0.

Now, taking the second derivative of h(·), we get

h′′(I ) =− 1p
2π

e−
( y−µI

σI

)2

2

(µI − y

σI

)
D2

I

+ 1p
2π

e−
( y−µI

σI

)2

2

[
3(µI − y)(σ2+−σ2−)2

4σ5
I k4

− (µ+−µ−)(σ2+−σ2−)

σ3
I k2

]
(35)

Clearly, the term

− 1p
2π

e−
( y−µI

σI

)2

2

(µI − y

σI

)
D2

I

from equation (35) is negative. So it suffices to show that[
3(µI − y)(σ2+−σ2−)2

4σ5
I k4

− (µ+−µ−)(σ2+−σ2−)

σ3
I k2

]
≤ 0 (36)

Because µ+−µ− ≥µI − y , a sufficient condition for inequality (36) to hold is that

(σ2+−σ2−)

σ3
I k2

≥ 3(σ2+−σ2−)2

4σ5
I k4

⇐⇒σ2
I ≥

3(σ2+−σ2−)

4k2

⇐⇒ I (σ2+−σ2−)+kσ2−
k2 ≥ 3(σ2+−σ2−)

4k2

⇐⇒ kσ2
− ≥

(
3

4
− I

)
(σ2

+−σ2
−),

a condition that always holds for I ≥ 1, since σ2+ ≥σ2−.
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II) Now, let us show that
h(2)+h(0) ≤ 2h(1) ⇐⇒ h(2)−h(1) ≤ h(1)−h(0).

This condition holds if and only if

∫ k
( y−µ1

σ1

)
k
( y−µ2

σ2

) 1p
2π

e−
y2

2 d y ≤
∫ k

( y−µ0
σ0

)
k
( y−µ1

σ1

) 1p
2π

e−
y2

2 d y (37)

Because
y−µ0

σ > 0, and
y−µ1

σ < 0 and
y−µ2

σ < 0, and because the standard normal distribution has a
greater mass around 0, we have that a sufficient condition for inequality (37) to hold is that

y −µ1

σ1
−

y −µ2

σ2
≤

y −µ0

σ0
−

y −µ1

σ1

⇐⇒
2(y −µ1)

σ1
≤

2(y −µ0)

σ0
+

2(y −µ2)

σ2

⇐⇒
2(y −µ1)

σ1
≤

2(y −µ0)√
σ2

1 −ε
+

2(y −µ2)√
σ2

1 +ε
, (38)

where

ε≡ σ2+−σ2−
k2 .

One can easily show that this inequality holds for ε= 0, i.e., when σ2+ = σ2−. Moreover, since y −µ0 > 0
and y −µ1 < 0, we have that the right hand side of inequality (38) is increasing in ε. Therefore, the

inequality holds for any σ2+ ≥σ2−.

2. Now, let is show that h(I ) is increasing. We have already seen that h′(I ) ≥ 0 for I ≥ 0. So it only remains to
show that

h(1) ≥ h(0)

⇐⇒
∫ ∞( y−µ1

σ1

) 1p
2π

e−
y2

2 d y ≥
∫ ∞( y−µ0

σ0

) 1p
2π

e−
y2

2 d y.

Since
y−µ1

σ1
< 0 and

y−µ0

σ0
> 0, this condition holds.

VII Proof of proposition 1

For a given pool of size k, and for a given patient i belonging to this pool, let P−i (I ) denote the probability that
exactly I ≤ k −1 of the other members in the pool are infected. Then the probability that patient i is incorrectly
diagnosed as not infected is given by

qi

k−1∑
I=0

[F (I +1)(1−Se )+ (1−F (I +1))]P−i (I ),

which is greater than or equal to

qi

k−1∑
I=0

[F (I +1)(1−Se )+ (1−F (I +1))(1−Se )]P−i (I ) = qi (1−Se ),

the probability the subject is incorrectly diagnosed as not infected if he is tested individually.
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VIII Calibrating the dilution function for Chlamydia

Following Aprahamian, Bish and Bish (2018), we assume that the dilution function for pooled testing for Chlamydia
follows the format

h(I ,k) = (1−Sp )+ (Se +Sp −1)(I /k)δ. (39)

In their experiments, Kacena et al. (1998) found that pools of size k = 4 exhibited perfect sensitivity and specificity
of

1−h(0,4) = 97/98 = .98.

Because pooled testing with pools of size k = 4 exhibited perfect sensitivity, it would be natural to assume that
individual testing should also exhibit perfect sensitivity. But because previous studies seem to suggest otherwise
(e.g., Schachter et al. (1994)), it is possible that the perfect sensitivity observed in Kacena et al. (1998) was the result
of sampling variation. So we conservatively set Se = 0.99.

Assuming that specificity is constant among all pool sizes, we must have h(0,1) = h(0,4), so we set Sp = 1−
h(0,4) = 97/98.

In Kacena et al. (1998), the prevalence of Chlamydia for pools of size k = 10 was given by µr = 62/520, and the
proportion of times infection was detected in infected pooled samples of size k = 10 was given by 37/38. So, if we
were to follow Aprahamian, Bish and Bish (2018)’s approach, we would set δ so that

37/38 = 1

1− (1−µr )10

10∑
I=1

h(I ,10)

(
10

I

)
µI

r (1−µr )10−I ,

i.e., we would choose δ so that the sensitivity for pools of size 10 obtained in Kacena et al. (1998) is consistent
with the dilution function ĥ. This would procedure δ = 0.0089, so that we would end up with very small dilution
effects. But given that it is possible that the results from Kacena et al. (1998) are subject to sampling variation, we
conservatively choose much higher values for δ in our numerical exercises (between 0.1 and 0.2), thus allowing for
the existence of non-negligible dilution effects.

IX HBV infection: calibrating the cost of a false negative

Because we assume subjects are being screened for HBV infection for blood donation, we assume that the cost of
a false negative is equal to the expected cost of infecting someone with HBV. Because some infected patients may
become asymptomatic, while others may exhibit acute symptoms, which may then progress to chronic infection
and then possibly death, we use a simple Markov specification to model how patients transition from each of these
states.

Following Jackson et al. (2003) and Birkmeyer et al. (1993), we assume that, after receiving a blood transfusion
infected with HBV , the patient may either be asymptomatic for the rest of his life or exhibit symptoms of acute
infection following the transfusion. If the patient has acute infection, he may either recover and be cured, or
progress to chronic infection, which is not curable. Chronic infection not only considerably reduces the patient’s
quality of life, but also increases the probability that the patient dies at the end of every period.

Costs and transition probabilities from this model were extracted from Jackson et al. (2003) and Birkmeyer et al.
(1993) and are summarized in table 1. Following the literature, we set the monetary value of 1 quality-adjusted life
year (QALY) to be equal to $50,000 (i.e., one year of perfect healthy is worth $50,000). We also assume a yearly
discount factor of 3%. These parameters result in a total expected cost of a false negative to be equal to 1811.264.

X Hepatitis B: performance of ordered pooling using parametric estimates
of the dilution effect

In the main text we used Monte Carlo simulations to estimate the cumulative distribution of OD readings of pooled
samples. In this section we use a parametric approach instead, by assuming that the distribution of OD readings
from infected and non-infected subjects follow a normal distribution.

Suppose that the OD reading of a healthy and infected subject are governed by the random variables X− and
X+, respectively. Applying the method of moments to our dataset assuming that both X− and X+ are normally dis-
tributed yields the following estimate for the distribution of X− and X+: X− ∼ N (0.1448,0.007) and X+ ∼ N (20,340).
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Table 1: Costs and transition probabilities

Costs Estimate
Acute viral hepatitis One-time cost of $800 for medical evaluation, plus 2.5%

probability of one-time hospitalization at $5,0001

Chronic hepatitis B $150 per year, plus a one-time cost of $1,200 (liver biopsy)1

Quality-of-life adjustments Estimate
Acute hepatitis (symptomatic) 2 weeks (one-time subtraction)1

Hospitalization for acute hepatitis 1 week (one-time subtraction)1

Symptomatic chronic hepatitis 0.91

Transition Probabilities Estimate
Acute Infection (just after receiving 25%1

infected blood)
Chronic Infection (just after an 10%2

acute infection)
Symptoms, given chronic hepatitis 14%1

Yearly increase in probability of death, 0.35%1

given chronic hepatitis

1 Jackson et al. (2003);
2 Birkmeyer et al. (1993)

XI Hepatitis B case study using a smaller prevalence rate

Prisons are arguably not the best place to find reliable blood donors, given that blood borne infections, such as
HBV and HIV are highly prevalent among inmates (e.g., Smith et al. (2017)). So our numerical analysis based on
this dataset only provides a conservative estimate of the benefits of implementing pooled testing as opposed to in-
dividual testing, as pooled testing is usually more effective when used to screen populations with a low prevalence
rate (Kim et al. (2007)). So in this section we divide the estimated probability of infection from each subject by 10,
in order to mimmic situations in which the tester is interested in screening blood infection from non-inmates, who
are much less likely to be infected.

The results of our simulations are depicted in table 2 below. As it can be seen form the table, under small preva-
lence levels the benefits of implementing OR as opposed to I T are much higher: under the parametric approach,
OR generates costs that are 62.7% lower compared with I T . Under the non-parametric approach, this difference
is even greater (74.5%).
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Table 2: Performance measure of the optimal ordered partition (OR) compared to the optimal random partition
(R1), the optimal random partition with a cutoff (R2) and the lower bound for each of the attributes considered
(LB) for the Hepatitis B case study, when estimated probabilities of infection are multiplied by 0.1.

Non-Parametric estimation of h(I ,k) multiplying prevalences by 0.1

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 0.0654 0.001 0.1752 19.9697 4.6286 16.304 12.4722

ÔR 0.0628 0.001 0.1675 20.4681 4.656 14.31 11.1089
% (ÔR −OR) -4.1% -0.7% -4.6% 2.4% 0.6% -13.9% -12.3%

R1 0.0672 0.0012 0.1809 20.3112 4.7216 13.0 12.5
% (R1-OR) 2.6% 21.9% 3.2% 1.7% 2.0% -25.4% 0.2%

R2 0.0672 0.0012 0.181 20.3163 4.7234 13.0 12.5
% (R2-OR) 2.7% 23.0% 3.2% 1.7% 2.0% -25.4% 0.2%

IT 0.0147 0.0003 1.5603 100.0 18.1577 1 1
% (I T -OR) -1147.2% -281.3% 88.8% 80.0% 74.5% -1530.4% -1147.2%

LB 0.0147 - 0.089 19.6671 3.5774 - -
% (OR-LB) 77.6% - 49.2% 1.5% 22.7% - -

Parametric estimation of h(I ,k) multiplying prevalences by 0.1

Model E[F N ] max{E[F Ni ]} E[F P ] E[T ] E[C ]/n E[max{k}] E[k]

OR 0.2335 0.0041 0.0043 16.8352 6.9957 15.964 12.525

ÔR 0.2335 0.0041 0.0043 16.8326 6.996 16.0 12.4944
% (ÔR −OR) 0.0% 0.1% -0.3% -0.0% 0.0% 0.2% -0.2%

R1 0.234 0.0042 0.0045 17.2129 7.0675 13.0 12.5
% (R1-OR) 0.2% 1.8% 4.3% 2.2% 1.0% -22.8% -0.2%

R2 0.2337 0.0041 0.0045 17.2035 7.0606 13.0 12.5
% (R2-OR) 0.1% 1.4% 4.2% 2.1% 0.9% -22.8% -0.2%

IT 0.1268 0.0022 0.0531 100.0 18.7568 1 1
% (I T -OR) -1152.5% -82.4% 91.8% 83.2% 62.7% -1496.4% -1152.5%

LB 0.1267 - 0.0006 16.8319 5.0566 - -
% (OR-LB) 45.8% - 87.2% 0.0% 27.7% - -
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