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The Dorfman pooled testing scheme is a process in which individual specimens (e.g., blood, urine, swabs, etc.) are

pooled and tested together; if the merged sample tests positive for infection, then each specimen from the pool is

tested individually. Through this procedure, laboratories can reduce the expected number of tests required to screen

the population, as individual tests are only carried out when the pooled test detects infection. Several different parti-

tions of the population can be used to form the pools. In this study we analyze the performance of ordered partitions,

those in which subjects with similar probability of infection are pooled together. We derive sufficient conditions un-

der which ordered partitions outperform other types of partitions in terms of minimizing the expected number of

tests, the expected number of false negatives, and the expected number of false positive classifications. These suffi-

cient conditions can be easily verified in practical applications, once the dilution effect has been estimated. We also

propose a measure of equity and present conditions under which this measure is maximized by ordered partitions.
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Highlights

• We derive conditions under which it may be desirable to group together patients with similar proba-

bility of infection when implementing the Dorfman pooled testing procedure. We show that, depending

on the dilution effect, this way of pooling subjects minimizes the expected number of tests required to

screen the population, as well as the expected number of false positive and false negative classifications.

• We also propose a measure of equity and derive conditions under which this pooling method max-

imizes equity.

• We present a couple of case studies showing how these results can be applied to real data.

1. Introduction

For many infectious diseases it is common practice to screen the population through a pool testing

scheme (also known as group testing) a process in which specimens (e.g., blood, urine, swabs) from

different subjects are pooled and tested together. One of the simplest versions of pooled testing is the

Dorfman procedure (due to Dorfman (1943)). In this procedure pooled samples are tested together, and
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whenever a pooled test detects infection, each specimen from that group is tested individually. Com-

pared to testing subjects individually, this procedure may potentially reduce the overall expected num-

ber of tests required to screen a population, as subjects are only tested individually in the event the

pooled test detects infection. Perhaps because of its simplicity, this type of pool testing scheme is the

most implemented in practical applications (e.g., McMahan, Tebbs and Bilder (2012)).

The study of pooled testing started during World War II with the seminal work of Dorfman (1943),

which suggested pooling blood samples from the US military to detect syphilis in soldiers. Since then the

field has evolved to produce several new applications, including the detection of other infectious dis-

eases such as Chlamydia (e.g., McMahan, Tebbs and Bilder (2012)) and HIV (e.g., Nguyen et al. (2019)),

the detection of defective parts in production lines (e.g., Sobel and Groll (1959)), the detection of data

tampering using one-way hash functions (e.g., Goodrich, Atallah and Tamassia (2005)) and the alloca-

tion of transmission time slots to users in multiaccess channels (e.g., Chlebus (2001)). Recently, the field

has regained new interest as pool testing techniques can be used to minimize the costs of detecting

COVID-19 in a population. As of now, many countries including the US, Germany, China and Chile have

experimented using pool testing to screen the population for COVID-19 (e.g., Basso et al. (2022), Grobe

et al. (2020) and Fan (2020)).

For tractability reasons, most research in the literature assume that pooled testing is not subject to

dilution effects, namely, that grouping non-infected with infected samples does not reduce the prob-

ability of detecting infection in the group (see Kim et al. (2007) for a thorough review). But in reality,

dilution effects have proven to be non-negligible in several practical applications, including in the de-

tection of COVID-19 using RT-PCR tests (e.g., Bateman et al. (2020)).1 Small but non-negligible dilution

effects have been reported in other applications, such as when pooling samples to test for chlamydia

and gonorrhea, for pool sizes less than or equal to 10 (Morre et al. (2000) and Kacena et al. (1998b)).

Most research in the literature also work under the assumption that each subject has the same prob-

ability of infection (e.g., Kim et al. (2007)), when in reality the probability of infection can be highly

dependent on subjects’ demographics. As an example, the prevalence of chlamydia and other sexually

transmitted diseases in the U.S. varies considerably with age and demographics.2 For blood screening,

the probability of HIV infection from first-time donors in the U.S. is approximately 7 times higher than

that from repeat donors (Zou, Stramer and Dodd (2012)). Because some attributes of subjects can be col-

lected by the tester, the tester could use some of this information to determine who should be matched

with whom to form the pools.

1 Bateman et al. (2020) estimate that the probability of detecting COVID-19 from an infected subject is 6% lower when his
sample is diluted with the sample of 4 healthy subjects. The percentage reduction in the precision of the test is 8% when the
infected sample is further diluted with 9 non infected samples, and 18% when the infected sample is diluted with 49 non
infected specimens.

2 See section 7 for details.
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Several different partitions can be used to form the pools. In this study we analyze the performance

of ordered partitions, those in which subjects with similar probability of infection are matched together.

In the absence of dilution effects, Hwang (1975) and McMahan, Tebbs and Bilder (2012) have shown

that there exists an ordered partition that minimizes the expected number of tests required to screen

the population. Moreover, in the absence of dilution effects, the probability that any infected subject is

incorrectly diagnosed as not infected does not depend on who the subject is matched with in the pool.

So, in the absence of dilution effects, the matching criteria used to form the pools does not affect the ex-

pected number of false negatives. As to the other type of classification error, Aprahamian, Bish and Bish

(2019) have shown that, in the absence of dilution effects, there exists an ordered partition that mini-

mizes the expected number of false positives. So these results indicate that ordered partitions perform

well in all of the three dimensions considered: expected number of tests, expected number of false posi-

tives and expected number of false negatives. We extend these results by showing that, when dilution ef-

fects are present but are sufficiently small, there exists an ordered partition that minimizes the expected

number of tests and another ordered partition that minimizes the expected number of false positives,

conditional on a given set of pool sizes. We show that, provided that an additional technical condition

is met regarding the concavity of the function governing the dilution effect, pooling subjects according

to an ordered partition is also optimal in terms of minimizing the expected number of false negatives.

As a corollary, if all of these conditions are met and one is only considering partitions in which all pools

have the same size, ordered partitions will always outperform any other partition with the same pool

size configuration in all of the three attributes mentioned earlier: expected number of tests, expected

number of false positives and expected number of false negatives. This result has practical applications

to situations in which reconfiguring the testing machine for different pool sizes is time-consuming or

impractical (e.g., Aprahamian, Bish and Bish (2020)).

We also characterize ordered partitions in terms of equity. Ideally one would want to implement a

testing scheme that is fair, in the sense that it provides equitable expected payoffs to subjects. This is

important because, depending on the matching criteria used to form the pools, subjects belonging to

certain demographic groups can end up with a disproportionally high probability of being misclassified

(either with a false negative or a false positive classification). We show that, conditional that all pools

have the same size, ordered partitions do not always yield the most equitable allocation, even if they

minimize both types of classification errors. But we find an instance in which ordered partitions are

guaranteed to generate the most equitable allocation regardless of the concavity of the function govern-

ing the dilution effect and regardless of the distribution of priors: when all pools are comprised of only

two subjects. For bigger pools, information on the dilution effect and empirical distribution of priors

can be used to form sufficient conditions under which ordered partitions maximize equity.



Author: Gustavo Saraiva
4 Article submitted to ; manuscript no.

We apply our results to the detection of chlamydia and hepatitis B through pooled testing. To do so,

we first estimate the dilution effect for assays used to detect those diseases, as well as the prevalences

of those diseases for different demographic groups, using data from previous studies. We then use those

estimates to verify whether the hypotheses from our results are satisfied, and conduct numerical analy-

sis comparing the performance of ordered vs random partitions (i.e., those partitions in which subjects

are matched randomly). We find that, in general, the conditions that guarantee the existence of an or-

dered partition that minimizes the expected number of tests and the expected number of false positives

are met. Though the sufficient conditions that guarantee that ordered partitions perform well in terms

of minimizing the expected number of false negatives is not always met, our simulations indicate that

ordered partitions tend to produce slightly less false negatives than random partitions. Our simulations

also indicate that ordered partitions have a better performance than random partitions in terms of eq-

uity.

2. Related Literature

This paper is related to the work of Hwang (1975), McMahan, Tebbs and Bilder (2012) and Aprahamian,

Bish and Bish (2019), which propose algorithms to determine the optimal partition used to perform the

Dorfman procedure, so as to either minimize the expected number of tests (Hwang (1975) and McMa-

han, Tebbs and Bilder (2012)) or a convex combination of the expected number of tests and both types

of classification errors (Aprahamian, Bish and Bish (2019)). But different from our setting, they follow

the literature convention by assuming that pooled testing is not subject to dilution effects. In such an

environment one can always find an optimal partition that is an ordered partition. But in the presence

of dilution effects, an ordered partition may perform poorly in some attributes, such as in the minimiza-

tion of false negative classifications. We show that if the dilution function satisfies certain properties that

can be tested empirically, then one can always find an optimal partition that is an ordered partition.

This paper is also related to the work of Hwang (1976) and Wein and Zenio (1996) which vie to find

optimal pool sizes for the Dorfman procedure when pooled testing is subject to dilution effects. Their

work, however, follow the literature convention by assuming that the probability of infection is homo-

geneous across the population, whereas in our environment we allow subjects to have heterogeneous

probability of infection.

Most research in the literature that simultaneously allow for dilution effects and heterogeneous priors

are the ones dedicated to estimating the probability of infection conditional on the results of pooled

tests, such as the work of Wang, McMahan and Gallagher (2015), Warasi et al. (2017) and Mokalled et al.

(2021). To the best of our knowledge, the only theoretical research that attempt to formulate optimal

matching schemes under the presence of both dilution effects and heterogeneous priors are the work

of El-Amine, Bish and Bish (2017), Aprahamian, Bish and Bish (2020) and Aprahamian, Bish and Bish
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(2018). El-Amine, Bish and Bish (2017) and Aprahamian, Bish and Bish (2020) propose a testing scheme

in which subjects with similar probability of infection are matched together to form the pools. However,

for tractability reasons they assume that the dilution effect only depends on the pool size, not on the

number of subjects infected within the pool. More in line with our Aprahamian, Bish and Bish (2018)

work in an environment in which the dilution effect is affected by the proportion of infected subjects

within the pool. They present conditions under which an ordered partition minimizes the expected

number of tests and the expected number of false negative classifications. However, different from our

approach, the results they derive regarding ordered partitions do not allow samples that were detected as

infected to be retested,3 nor do they analyze the conditions under which an ordered partition minimizes

the expected number of false positives and maximizes equity. They also require pool sizes to be equal,

whereas we also derive results that apply to situations in which pool sizes are heterogeneous. Finally,

we slightly relax the sufficient conditions derived in Aprahamian, Bish and Bish (2018) that guarantee

that an ordered partition minimizes the expected number of false negatives. One practical application

of this stronger result is that it implies that, for any realistic dilution effect (more precisely, for any dilu-

tion function in which the probability of detecting infection diminishes with the proportion of infected

subjects within the pool), ordered partitions always minimize the expected number of false negatives

conditional that all subjects are pooled into groups of size 2 (an analogous result follows for false positive

classifications).

3. Environment

Suppose that there is a population S = {1,2, · · · ,n} of subjects to be tested. Each subject can either be

infected or not infected (we use the terms not infected and healthy interchangeably). Each subject i ∈ S

is infected with probability qi ∈ [0,1]. Without loss of generality, we assume throughout the paper that

q1 ≤ q2 ≤ ·· · ≤ qn .

If a subject is individually tested and he is not infected, the test will classify him as healthy with prob-

ability Sp ∈ [0,1]. An infected subject who is individually tested is classified as infected with probability

Se ∈ [0,1]. Using the terminology from clinical trials, Sp corresponds to the specificity of the test, while Se

corresponds to its sensitivity. We assume that Se > 1−Sp , so that whenever a test detects infection, the

subject is more likely to be infected than not.

In a Dorfman procedure, the subjects to be tested, S, are pooled into disjoint groups, and the samples

from subjects belonging to the same group are merged and tested together. If the test detects infection

for the pooled sample, then each subject within the pool is tested individually. If a group is comprised

of only one subject, then this subject is only tested individually, without a followup test.

3 Though their full specification allows for retesting, for tractability reasons, they treat the expected number of tests and false
negatives from the first phase of tests separately from the results obtained in the second wave of tests.
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Several criteria can be used to form the pools. One way is to group subjects randomly, without taking

into account their prior probability of infection, into pools of equal size. But such pooling method does

not take advantage of the information on subjects’ prior probability of infection, nor does it take into

account the fact that, when a subject’s probability of infection is sufficiently high, it may be preferable

to test that subject individually.

So next we consider a class of pooling schemes in which subjects are ordered from lowest to highest

probability of infection, and those with similar probability of infection are matched together. Formally,

a partition Ω∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} of S is said to be an ordered partition if, for any g , w ∈ {1,2 · · · ,m} with

g 6= w we have that either qi ≥ q j for all i ∈G∗
g and all j ∈G∗

w or qi ≤ q j for all i ∈G∗
g and all j ∈G∗

w . In an

ordered pooling scheme subjects are grouped according to an ordered partition.

We will compare this method to group subjects with alternative ones in terms of the expected number

of tests they require to diagnose the entire population S, how many false negatives and false positives

they generate (i.e., how many subjects are misclassified) and equity (i.e., how fair the final allocation is).

But in order to make those comparisons, we must first make assumptions regarding how the probability

of detecting infection in a pooled test is affected by the number of infected subjects within the pool.

Let h(I ,k) be the probability of detecting infection in a pooled sample collected from k ∈N subjects,

conditional that exactly I ∈ {0,1,2, · · · ,k} of those subjects are infected. From our definition of sensitivity

and specificity, we must have h(1,1) = Se and h(0,1) = 1− Sp . We will occasionally refer to h, as the

dilution function. For each k ∈ N, we assume that h(·,k) is (weakly) increasing, i.e., the more infected

subjects there are in the pool, the more likely the pooled test will detect infection, which is arguably a

very mild and reasonable assumption.

Assumption 1 h(I ,k) is increasing in I (i.e., the more infected subjects there are in the group, the more

likely the pooled test will detect infection for that group).

Most of the literature assumes that pooled samples are not susceptible to dilution, so that the proba-

bility of detecting infection in a pooled sample that has at least one infected subject is the same as the

probability of detecting infection from an individual test of an infected subject. This corresponds to the

case in which

h(I ,k) =
{

Se , if I > 0
1−Sp , if I = 0.

(1)

But in general, h could assume different formats. The faster h(I ,k) converges to Se as I approaches k,

the lower is the dilution effect. Figure 1 depicts different functions h(·,k) that satisfy assumption 1. The

lower and more convex functions correspond to cases in which the dilution effect is stronger.
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Figure 1 Different dilution functions h(·,k), for a given k ∈N. The dilution function is such that h(0,k) = 1−Sp and h(k,k) =
Se .

4. Expected Number of Tests

Because testing is costly, ideally one would want to implement a partition that minimizes the expected

number of tests required to screen the population. For a given partitionΩ≡ {G1,G2, · · · ,Gn/k } of the pop-

ulation S, we denote T (Ω) as the number of tests performed on the population after implementing the

Dorfman procedure using this partition to determine the pools, and E[T (Ω)] as its corresponding expec-

tation.

It is straightforward to show that, for any partition Ω ≡ {G1,G2, · · · ,Gm} of S, the expected number of

tests required to screen the population using the Dorfman procedure is given by

E[T (Ω)] ≡ ∑
Gg ∈Ω

TGg , (2)

where

TGg ≡
{

1, if |Gg | = 1

1+|Gg |∑|Gg |
I=0 h(I ,k)PGg (I ), if |Gg | > 1

, (3)

PGg (I ) ≡ ∑
G⊆Gg

s.t .|G|=I

∏
i∈G

qi

∏
j∈Gg \G

(1−q j ). (4)

When h(·,k) is concave for all k ∈N, we show that, for any partitionΩ, we can find an ordered partition

Ω∗ that preserves the pool sizes ofΩ, and generates a weakly lower expected number of tests. Moreover,

this partition is such that, whenever it individually tests a subject i with probability of infection qi , it

also individually tests all subjects with higher probability of infection.
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Theorem 1 Let Ω = {G1,G2, · · · ,Gm} be an arbitrary partition of S. Suppose that h(·, |Gg |) is concave for

every Gg ∈Ω. Then, there exists an ordered partitionΩ∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} such that

a) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m}.

b) Whenever a subject i ∈ S with probability of infection qi is individually tested underΩ∗, subjects with

a probability of infection higher than qi are also individually tested underΩ∗.

c) E[T (Ω∗)] ≤ E[T (Ω′)].

Intuitively, the parts a and c from theorem 1 can be explained as follows. Suppose that we were to

match subjects randomly. In this case, each group would have a high probability of having at least one

infected subject. A concave dilution function h(·,k) implies that the dilution effect is not too strong. If

the dilution effect is sufficiently small, pooled tests would detect infection for most groups, resulting

in many individual follow-up tests being conducted. If, on the other hand, ordered pooling was imple-

mented, only the groups with high probability of infection would be likely to have at least one infected

subject, and therefore to test positive for the disease, thus resulting in a lower number of follow-up tests.

As to part b from theorem 1, we have that, adding more infected subjects into a pool increases the

probability that the pooled test detects infection, thus triggering followup tests for all the subjects within

that pool. So to minimize the expected number of tests, those with highest probability of infection

should be the ones, if any, allocated for individual testing.

Notice that theorem 1 requires h(·,k) to be concave for all different pool sizes from the original par-

tition. This hypothesis will be satisfied if, for instance, the dilution function is assumed to depend only

on the proportion of infected subjects within the pool, I /k, and such dilution function is concave. As an

example, consider the following class of dilution functions previously used in the literature (e.g., Burns

and Mauro (1987) and Aprahamian, Bish and Bish (2018))

h(I ,k) = (1−Sp )+ (Sp +Se −1)

(
I

k

)δ
, (5)

where δ ≥ 0. As long as δ ≤ 1, the function h(·,k) will be concave. In practice, the concavity of such

function can be easily calibrated using empirical data on pooled tests (see section 7).

Theorem 1 guarantees that, for any partition Ω we can always find an ordered partition Ω∗ that gen-

erates a weakly lower expected number of tests than Ω and preserves the pool sizes of Ω. So according

to this theorem, ifΩ= {{3,4}, {1,2,5}}, the ordered partition that generates less expected number of tests

thanΩ could be {{1,2}, {3,4,5}} or {{1,2,3}, {4,5}} (or both). But notice that, if all the pools ofΩ have equal

size, then there is essentially only one way to form an ordered partition that preserves the pool sizes of

Ω, which implies, from theorem 1, that finding an ordered partition Ω∗ such that E[T (Ω∗)] ≤ E[T (Ω)] is

trivial. This has practical implications to situations in which the tester is interested in using the same

pool size for all tests, say, because reconfiguring the pool sizes is too costly.
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Corollary 1 Suppose that h(·,k) is concave. LetΩ be a partition of S = {1,2, · · · ,n} with |Gg | = k ∀Gg ∈Ω.

Then, the following ordered partition of S

Ω∗ = {{1,2, · · · ,k}, {k +1,k +2, · · · ,2k}, · · · , {n −k +1,n −k +2, · · · ,n}}

is such that E[T (Ω∗)] ≤ E[T (Ω)].

5. Expected Number of False Negatives and False Positives

A false negative occurs when an infected subject is incorrectly classified as healthy, and a false positive

occurs when a healthy subject is incorrectly classified as infected. For a given partitionΩ of S, we denote

F N (Ω) and F P (Ω) as the total number of false negatives and false positives, respectively, obtained after

implementing the Dorfman procedure using the partitionΩ.

It is straightforward to show that, for any partition Ω = {G1,G2, · · · ,Gm} of S, the expected number

of false negatives and false positives obtained after implementing the Dorfman procedure using this

partition is given by

E[F N (Ω)] = ∑
Gg ∈Ω

F NGg (6)

and

E[F P (Ω)] = ∑
Gg ∈Ω

F PGg , (7)

respectively, where, for each Gg ∈Ω

F NGg ≡
{

(1−Se )qi , if Gg = {i }∑|Gg |
I=0 PGg (I )I

[
1−h(I , |Gg |)Se

]
, if |Gg | > 1

,

F PGg ≡
{

(1−Sp )(1−qi ), if Gg = {i }∑|Gg |
I=0 PGg (I )h(I , |Gg |)(|Gg |− I )(1−Sp ) if |Gg | > 1

and PGg (I ) is the probability that group Gg ∈Ω has exactly I infected subjects (see equation 4).

In this section we compare the performance of ordered vs non-ordered partitions in terms of expected

number of false negatives and false positives. But before we present general results, let us first look at

the performance of ordered partitions for specific dilution functions.

It is a well known result that, for a given partition Ω, there always exists an ordered partition that

preserves the pool sizes of Ω, and outperforms it in terms of minimizing the expected number of tests

and expected number of false positives. Moreover, any other partition that preserves the pool sizes ofΩ

yield the same expected number of false negatives. Those results are stated formally in proposition 1.

Proposition 1 (Aprahamian, Bish and Bish (2019)) Suppose that the dilution function is given by:

h(I ,k) =
{

Se , if I > 0
1−Sp , if I = 0.

Then,
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a) For any partitionΩ of S, there exists an ordered partitionΩ∗ such that E[T (Ω∗)] ≤ E[T (Ω)].

b) The probability that an infected subject is incorrectly diagnosed as healthy is the same across any par-

titionΩ of S such that |Gg | ≥ 2 for all Gg ∈Ω, and is given by (1−S2
e ).

c) For any partitionΩ of S such that |Gg | ≥ 2 for all Gg ∈Ω, there exists an ordered partitionΩ∗ such that

E[F P (Ω∗)] ≤ E[F P (Ω)].

So from proposition 1, we can see that, in the absence of dilution effects, ordered partitions seem like

the optimal choice, as they may potentially minimize E[T (Ω)], E[F N (Ω)] and E[F P (Ω)].

Next, we consider the case in which h(·,k) is affine, i.e., when h(I ,k) = a +bI . It can be shown that, in

this case, an ordered partition also performs weakly better than any partition in which all pool sizes are

equal in all of the three dimensions considered, namely, E[T (Ω)], E[F N (Ω)] and E[F P (Ω)].

Proposition 2 Suppose that the dilution function is given by h(I ,k) = a +bI . Then,

a) For any pair of partitionsΩ andΩ′ of S such that |Gg | = k for all Gg ∈Ω∪Ω′, we must have E[T (Ω)] ≤
E[T (Ω′)].

b) If Ω is a partition of S such that |Gg | = k for all Gg ∈Ω, and Ω∗ is an ordered partition of S such that

|G∗
g | = k for all G∗

g ∈Ω, then E[F N (Ω∗)] ≤ E[F N (Ω)] and E[F P (Ω∗)] ≤ E[F P (Ω)].

Finally, we consider the extreme case in which the dilution effect is so strong that the probability of

detecting infection from a pool comprised of at least one healthy subject is given by 1− Sp , the same

probability of detecting infection from a healthy subject through an individual test. In this case we show

that, conditional that all pools have the same size, ordered partitions generates the highest expected

number of tests, though it minimizes the expected number of false negatives and generates the same

expected number of false positives as any other pooling criteria.

Proposition 3 Suppose that the dilution function is given by

h(l ,k) =
{

1−Sp , if I < k
Se , if I = k.

Then,

a) IfΩ∗ is an ordered partition of S such that |G∗
g | = k for all G∗

g ∈Ω∗, andΩ is any partition of S such that

|Gg | = k for all Gg ∈Ω, then E[T (Ω∗)] ≥ E[T (Ω)].

b) If Ω is a partition of S such that |Gg | = k for all Gg ∈Ω, and Ω∗ is an ordered partition of S such that

|G∗
g | = k for all G∗

g ∈Ω, then E[F N (Ω∗)] ≤ E[F N (Ω)].

c) The probability that a healthy subject is incorrectly diagnosed as infected is the same across any parti-

tionΩ of S such that |Gg | ≥ 2 for all Gg ∈Ω, and is given by (1−Sp )2.
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While it is very unlikely that pooled testing schemes are ever considered as a good alternative to in-

dividual testing under such an extreme dilution effect, proposition 3 helps to illustrate that a partition

used to form the pools may perform well in one dimension (e.g., minimizing false negatives), but poorly

in others (e.g., does not minimize the expected number of tests).

We now derive general sufficient conditions under which ordered pooling minimizes each type of

classification error.4

Hypothesis 1 Suppose that the dilution function h(·,k) is such that, for all I ∈ {1,2, · · · ,k −1},

I +1

2I
h(I +1,k)+ I −1

2I
h(I −1,k) ≥ h(I ,k).

Theorem 2 LetΩ= {G1,G2, · · · ,Gm} be an arbitrary partition of S such that |Gg | ≥ 2 for all Gg ∈Ω. Suppose

that hypothesis 1 holds for every pool size k ∈ {k ′ ∈ N;k ′ = |Gg |, for some Gg ∈ Ω}. Then, there exists an

ordered partitionΩ∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} such that

a) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m},

b) E[F N (Ω∗)] ≤ E[F N (Ω)].

Hypothesis 1 can be interpreted as requiring that the dilution function h(·,k) is not “too concave”. In

fact, hypothesis 1 is satisfied whenever h(·,k) is convex, as convexity of h(·,k) implies that

I +1

2I
h(I +1,k)+ I −1

2I
h(I −1,k) ≥ h(I +1/I ,k) ≥ h(I ,k).

But convexity is not a necessary condition for hypothesis 1 to hold. Indeed, for any δ ∈ (0,1), the dilu-

tion function introduced in equation 5 is not convex, and yet it satisfies hypothesis 1.

While Aprahamian, Bish and Bish (2019) have shown that, in the absence of dilution effects, allocating

those with higher probability of infection to be individually tested minimizes false negative classifica-

tions, this is no longer the case under the presence of dilution effects. Indeed, consider the following

counter-example: suppose that the dilution function is given by expression 5, with δ= 1/2, Se = .97 and

Sp = .95. Then, if S = {1,2,3} and q1 = .1, q2 = .9 and q3 = .99 we have that

E[F N ({{1}, {2,3}})] = 0.143 < 0.303 = E[F N ({{1,2}, {3}})].

This is why theorem 2 requires all pools to have at least two subjects, as it is no longer straightforward

to determine who should be individually tested to minimize false negative classifications. But notice

4 Aprahamian, Bish and Bish (2018) had previously shown that, when all the pools have the same size k ≥ 2, and the following
condition holds

I
∂2h(I ,k)

∂I 2
+2

∂h(I ,k)

∂I
≥ 0 ∀I ∈ [0,k], (8)

then grouping subjects according to an ordered partition minimizes the expected number of false negatives. In section B from
the Appendix we show that this condition implies that hypothesis 1 holds, but the converse is not necessarily true.
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that theorem 2 can be relaxed to allow for individual testing in the following way: we can show that,

for any partition Ω of S, there is a partition Ω∗ that does not change the set of subjects who are indi-

vidually tested under Ω, but implements ordered pooling for the remaining subjects, and is such that

E[F N (Ω∗)] ≤ E[F N (Ω)]. In this case, the partition Ω∗ that generates less false negatives than Ω could be

interpreted as a “semi-ordered” partition.

Corollary 2 Let Ω = {G1,G2, · · · ,Gm} be an arbitrary partition of S. Suppose that hypothesis 1 holds for

every pool size k ∈ {k ′ ∈N;k ′ = |Gg |, for some Gg ∈Ω}. Then, there exists a partition Ω∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m}

such that

a) {i ∈ S; {i } ∈Ω} = {i ∈ S; {i } ∈Ω∗} (i.e., the set of subjects who are individually tested underΩ andΩ∗ are

the same).

b) For every G∗
g ,G∗

w ∈Ω∗ such that G∗
g 6=G∗

w , |G∗
g | ≥ 2 and |G∗

w | ≥ 2, we have that either qi ≥ q j for all i ∈G∗
g

and all j ∈G∗
g , or qi ≤ q j for all i ∈G∗

g and all j ∈G∗
g .

c) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m},

d) E[F N (Ω∗)] ≤ E[F N (Ω)].

We now derive conditions under which ordered pooling minimizes false positive classifications. Those

conditions will go in the opposite direction of the conditions we required for ordered pooling to mini-

mize false negative classifications: instead of requiring the dilution function not to be “too concave”, we

now require it not to be “too convex”.

Hypothesis 2 Suppose that the dilution function h(·,k) is such that, for all I ∈ {1,2, · · · ,k −1},

k − I −1

2(k − I )
h(I +1,k)+ k − I +1

2(k − I )
h(I −1,k) ≤ h(I ,k).

Theorem 3 Let Ω = {G1,G2, · · · ,Gm} be an arbitrary partition of S. Suppose that hypothesis 2 holds for

every pool size k ∈ {k ′ ∈ N;k ′ = |Gg |, for some Gg ∈ Ω}. Then, there exists an ordered partition Ω∗ =
{G∗

1 ,G∗
2 , · · · ,G∗

m} such that

a) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m},

b) Whenever a subject i ∈ S with probability of infection qi is individually tested underΩ∗, subjects with

a probability of infection higher than qi are also individually tested underΩ∗.

c) E[F P (Ω∗)] ≤ E[F P (Ω)].

Notice that if h(·,k) is concave, then hypothesis 2 holds, as concavity of h(·,k) implies that

k − I −1

2(k − I )
h(I +1,k)+ k − I +1

2(k − I )
h(I −1,k) ≤ h(I − 1

k − I
,k) ≤ h(I ,k).

Corollary 3 Let Ω = {G1,G2, · · · ,Gm} be an arbitrary partition of S such that |Gg | ≥ 2 for all Gg ∈Ω. Sup-

pose that h(·,k) is concave for every k ∈ {k ′ ∈ N;k ′ = |Gg |, for some Gg ∈Ω}. Then, there exists an ordered

partitionΩ∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} such that
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a) |G∗
g | = |Gg | for all g ∈ {1,2, · · · ,m},

b) E[F P (Ω∗)] ≤ E[F P (Ω)].

Intuitively, when the dilution effect is relatively small, matching subjects randomly to form the pools

is likely to generate many false positives, as each group will have a high chance of having at least one in-

fected subject who will trigger a follow-up test with high probability. If the individual tests have imperfect

specificity, those follow-up tests will increase the probability that non-infected subjects are incorrectly

classified as infected. Performing ordered pooling, on the other hand, results in less follow-up tests, as

this matching criterion reduces the frequency with which a pooled sample is “contaminated” with an

infected specimen that triggers a follow-up test.

Notice that, when we are only considering pools of size k = 2, we only need to check whether hypothe-

ses 1 or 2 hold for I = 1. Because h(·,k) is increasing, both of these hypotheses are clearly satisfied at

I = 1. So a corollary to theorems 2 and 3 is that, if all the pools from a partition have size k = 2, then

an ordered partition in which all pools have size k = 2 will produce a lower expected number of false

negatives and false positives.

Corollary 4 Let Ω = {G1,G2, · · · ,Gm} be a partition of S such that |Gg | = 2 for all Gg ∈ Ω. Suppose that

h(·,2) is increasing. Then, there exists an ordered partitionΩ∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} such that

a) |G∗
g | = 2 for all Gg ∈Ω,

b) E[F N (Ω∗)] ≤ E[F N (Ω)],

c) E[F P (Ω∗)] ≤ E[F P (Ω)].

Finally, notice that a corollary from theorems 1, 2 and 3 is that, if we are only considering partitions in

which all pools are required to have the same size k that is a dividend of the population size n, finding

the optimal partition when the dilution function is concave and hypothesis 2 holds is trivial: it consists

in implementing the following ordered partition of S.

Ω∗ = {{1,2, · · · ,k}, {k +1,k +2, · · · ,2k}, · · · , {n −k +1,n −k +2, · · · ,n}}.

Corollary 5 Suppose that h(·,k) is concave and satisfies hypothesis 2. Let Ω be any partition of S =
{1,2, · · · ,n} with |Gg | = k ∀Gg ∈Ω. Then, the following ordered partition of S

Ω∗ = {{1,2, · · · ,k}, {k +1,k +2, · · · ,2k}, · · · , {n −k +1,n −k +2, · · · ,n}}

is such that

a) E[T (Ω∗)] ≤ E[T (Ω)],

b) E[F N (Ω∗)] ≤ E[F N (Ω)],

c) E[F P (Ω∗)] ≤ E[F P (Ω)].
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Corollary 5 has practical implications to situations in which the tester is interested in using the same

pool size for all tests, say, because reconfiguring the pool sizes is too costly.

In section J from the appendix, we compare the performance of ordered vs. random pooling for differ-

ent combinations of dilution functions and distribution of priors, assuming that pool sizes are homoge-

neous. All the simulations are consistent with the propositions proven in this section.

6. Equity

Ideally one would want to implement a testing scheme that is fair, in the sense that it provides equi-

table expected payoffs to subjects. This is important because, depending on the matching criteria used

to form the pools, subjects belonging to certain demographic groups can end up with a disproportion-

ally high probability of being misclassified (either with a false negative or a false positive classification).

In this section we show that ordered pooling does not always implement the most equitable allocation

when all pool sizes are required to be equal, even if it minimizes the overall expected number of false

negative and false positive classifications. However, we show that when all pools are of size k = 2 and

subjects either only care about false negative classifications or only care about false positive classifica-

tions, then ordered pooling is guaranteed to generate the most equitable allocation regardless of the

dilution function and the distribution of priors. For pools of size k > 2, information on the dilution effect

and distribution of priors can be used to construct sufficient conditions under which ordered pooling

maximizes subjects’ welfare function.

Assuming the Dorfman procedure is applied to a partitionΩ≡ {G1,G2, · · · ,Gn/k } of S, we denote F Ni (Ω)

as an indicator variable that equals 1 whenever subject i ∈ S is incorrectly classified as healthy, and zero

otherwise. Similarly, F Pi (Ω) is an indicator variable that equals 1 whenever subject i ∈ S is incorrectly

classified as infected.

Letting θ ∈ [0,1] be the weight attributed to false negative classifications, and (1− θ) be the weight

attributed to false positive classifications, we have that subject i ’s expected utility from this partition is

given by

ui (Ω) ≡ 1−θE[F Ni (Ω)]− (1−θ)E[F Pi (Ω)].

Throughout this section we consider the utilitarian max-min welfare function to measure equity. As

the name suggests, a utilitarian max-min welfare function is a convex combination of the utilitarian and

max-min welfare functions. The utilitarian welfare function, popularized by Harsanyi (1955), is simply

the sum of utilities from the agents in the economy, while the max-min welfare function, proposed by

Rawls (1971), equals to the lowest utility in the economy. So a utilitarian measure of welfare values effi-

ciency, while a max-min measure values equity. A utilitarian max-min measure puts a positive weight on
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both measures. More precisely, for a given parameter α ∈ [0,1], the utilitarian max-min welfare function

is given by

πα(u1,u2, · · · ,un) ≡αmin
i∈S

(ui )+ (1−α)
∑
i∈S

ui . (9)

So the parameter α can be interpreted as the weight put on equity, while 1−α is the weight put on

efficiency.

The utilitarian max-min welfare function is known to satisfy desirable axioms (e.g., see Schneider and

Kim (2020) and Bossert and Kamaga (2020)). But for our purposes, the main reason why we invoke this

welfare function is because it satisfies the following property: if an allocation maximizes the utilitarian

welfare function and the max-min welfare function, then it maximizes the utilitarian max-min welfare

function for any parameter α. This property is not shared by some additive social welfare functions,

such as the family of α-fairness welfare functions,5 even though the utilitarian and the max-min welfare

functions correspond to the extreme opposite instances of the α-fairness family, with the utilitarian

approach putting all weight on efficiency, and the max-min putting all weight on equity (e.g., Lan et al.

(2010) and Bertsimas, Farias and Trichakis (2012)).

The following example shows that, ordered pooling does not necessarily maximize social welfare, even

when this pooling scheme minimizes both the expected number of false positives and expected number

of false negatives.

Example 1 Consider the dilution function h(I ,k) = (1−Sp )+(Sp +Se −1)
(

I
k

)1/10
, with Sp = .95 and Se = .9.

Figure 2 plots this dilution function when k = 3 (i.e., when the pool has 3 subjects).

0.
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h(
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)
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Figure 2 Dilution function h(I ,k) = (1−Sp )+ (Sp +Se −1)
(

I
k

)1/10
, with Sp = .95, Se = .9 and k = 3.

5 Indeed, consider u = (u1,u2,u3,u4) = (1,1,2,4) and u = (ũ1, ũ2, ũ3, ũ4) = (36/37,36/37,3,3). Then clearly minui > min ũi and∑
ui >

∑
ũi . However

∑ u1−α
i

1−α <∑ ũi
1−α

1−α for α= 2.
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Because h(·,k) is concave, we have from theorem 1 and corollary 3 that ordered pooling minimizes the

expected number tests and expected number of false positives. Moreover one can easily show that this di-

lution function satisfies hypothesis 1, which, from theorem 2, implies that ordered pooling also minimizes

the expected number of false negatives.

Now suppose that the utilitarian max-min welfare function 9 is such that α = 1, so that the partition

that maximizes the social welfare function is the one that maximizes the payoff from the subject with

lowest expected utility. Also suppose that θ = 1, so that subjects only put weight on the probability that

they get a false negative result.

Now consider a population with the following vector of probability of infection:

q = (.01, .015, .95, .96, .98, .99).

Then, if we use the ordered partition, i.e., {{1,2,3}, {4,5,6}}, the minimum payoff is the one from subject

3 and it is equal to 0.745. If, on the other hand, the partition {{4,2,3}, {1,5,6}} is used to group subjects,

then the minimum payoff is the one from subject 6 and it is equal to 0.781. So ordered pooling does not

maximize social welfare.

Similarly, if θ = 0, so that subjects only care about false positive errors, and the vector of probability of

infection is given by

q = (.001, .01, .02, .03, .98, .99),

then the ordered partition, i.e., {{1,2,3}, {4,5,6}}, generates a minimum expected payoff of 0.956, while the

partition {{1,2,5}, {3,4,6}} generates a higher minimum payoff of 0.957.

We find some instances, however, in which ordered pooling is guaranteed to maximize social welfare.

Indeed, when all pools are required to be of size k = 2 and all the weight on individual utilities is put

either on false negative or false positive classifications (i.e., θ = 1 or θ = 0), then ordered pooling maxi-

mizes social welfare.

Proposition 4 Suppose that k = 2 and θ ∈ {0,1}. Let Ω = {G1,G2, · · · ,Gm} be a partition of S such that

|Gg | = 2 for all Gg ∈ Ω. Suppose that h(·,2) is increasing. Then, there exists an ordered partition Ω∗ =
{G∗

1 ,G∗
2 , · · · ,G∗

m} such that

a) |G∗
g | = 2 for all Gg ∈Ω,

b) πα(u1(Ω∗),u2(Ω∗), · · · ,un(Ω∗)) ≥πα(u1(Ω),u2(Ω), · · · ,un(Ω)) for all α ∈ [0,1].

When k > 2, we may use information on the distribution of types to determine whether ordered pool-

ing maximizes social welfare.

Proposition 5 LetΩ∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} be an ordered partition of S = {1,2, · · · ,n} such that |G∗

g | = k ∀G∗
g ∈

Ω∗, and letΩ= {G1,G2, · · · ,Gn/k } be any other partition such that |Gg | = k ∀Gg ∈Ω.
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a) If θ = 1, then mini∈G j
ui (Ω) ≤ un(Ω∗).

b) If θ = 0, then mini∈G j
ui (Ω) ≤ u1(Ω∗).

Notice that if the dilution function satisfies hypotheses 1 and 2, theorems 2 and 3 imply that ordered

pooling minimizes both the expected number of false negatives and the expected number of false pos-

itives. In this case, a sufficient condition for ordered pooling to maximize the social welfare function is

that it maximizes the utility from the subject with lowest utility. From proposition 5, this will be the case

whenever θ = 1 and the subject with lowest utility under ordered pooling happens to be the subject with

highest probability of infection, or when θ = 0 and the subject with lowest utility under ordered pooling

happens to be the subject with lowest probability of infection.

Theorem 4 Let Ω∗ = {G∗
1 ,G∗

2 , · · · ,G∗
m} be an ordered partition of S = {1,2, · · · ,n} such that |G∗

g | = k ∀G∗
g ∈

Ω∗, and letΩ= {G1,G2, · · · ,Gm} be any other partition such that |Gg | = k ∀Gg ∈Ω′. Suppose that hypotheses

1 and 2 hold. Then:

a) If θ = 1 and mini∈S ui (Ω∗) = un(Ω∗), then πα(u1(Ω∗),u2(Ω∗), · · · ,un(Ω∗)) ≥ πα(u1(Ω),u2(Ω), · · · ,un(Ω))

for all α ∈ [0,1].

b) If θ = 0 and mini∈S ui (Ω∗) = u1(Ω∗), then πα(u1(Ω∗),u2(Ω∗), · · · ,un(Ω∗)) ≥ πα(u1(Ω),u2(Ω), · · · ,un(Ω))

for all α ∈ [0,1].

For situations in which the minimum utility obtained under ordered pooling does not coincide with

the upper bounds derived in proposition 5, we can still conduct simulations to see how close those

utilities are to those upper bounds. If they are close enough and, in addition, hypotheses 1 and 2 both

hold, then ordered pooling is expected to maximize social welfare for most α ∈ [0,1].

7. Case Study: Chlamydia Screening in the United States

Chlamydia is the most reported sexually transmitted disease in the US. It affects mostly the young and

sexually active, and symptomatic cases are more frequent among women. Though in general it can be

cured with antibiotics, if left untreated the disease can cause severe sequelae in women, including Pelvic

Inflammatory Disease (PID), ectopic pregnancy and infertility (Centers for Disease Control and Preven-

tion (2019a)).

In this section we compare the performance of ordered vs random partitions when using the Dorfman

procedure to screen for Chlamydia. We also compare the performance of these two partitions with indi-

vidual testing. Each of these three procedures differs in terms of their expected number of tests, expected

number of false positives, and expected number of false negatives. For example, it can be shown that,

for any dilution function h(I ,k) that is increasing in I , individual testing always generates the lowest

expected number of false negatives compared to any pooling criteria used to implement the Dorfman

procedure.
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Proposition 6 If the dilution function satisfies assumption 1 (i.e., if h(·,k) is increasing for every k ∈ N),

then testing all subjects individually minimizes the expected number of false negatives.

Individual testing tends, however, to be outperformed by pooled testing in terms of the expected num-

ber of tests and expected number of false positives. So in order to compare the performance of each

of these testing schemes, we need to attribute weights to each of the aforementioned attributes: i.e.,

weights to the expected number of tests, the expected number of false positives, and the expected num-

ber of false negatives. Following Aprahamian, Bish and Bish (2019), we use the average between the cost

of sequelae for men and women, estimated by Owusu-Edusei Jr et al. (2015), to set the cost of a false

negative at $2,927. Also following Aprahamian, Bish and Bish (2019), we set the screening cost per test at

$55, and the cost of a false positive equal to the cost of a an additional screening test ($55). So the total

expected cost of implementing a certain matching procedure is measured by

E[C (Ω)] ≡λ1E[F N (Ω)]+λ2E[F P (Ω)]+λ3E[T (Ω)],

with λ1 = $2,927 and λ2 =λ3 = $55.

The prevalence per demographic group was extracted from the Centers of Disease and Control Pre-

vention (CDC) website for the year 2014.6 Following Aprahamian, Bish and Bish (2019), we multiply the

prevalence of each group reported by CDC by 3, in order to account for under-reporting.7 Table 1 reports

the prevalence of Chlamydia for each group in the sample.

Gender
Race/

Ethnicity
Age Group

(years)
Risk (prevalence)

(%)
Proportion in general population

(%)

Female

Hispanic
15-24 6.54 1.41
Other 0.65 7.01

Black
15-24 19.19 1.07
Other 1.22 5.67

Other
15-24 4.38 4.29
Other 0.25 31.31

Male

Hispanic
15-24 1.78 1.53
Other 0.36 7.16

Black
15-24 7.45 1.09
Other 1.05 5.08

Other
15-24 1.20 4.51
Other 0.17 29.87

Table 1 Prevalence of Chlamydia and proportion in population by Gender, Age and race/Ethnicity (Aprahamian, Bish and

Bish (2019) and Centers for Disease Control and Prevention 2014).

6 https://wonder.cdc.gov/std-race-age.html

7 In part, many end up not being screened because they exhibit no symptoms: approximately 75% of women and 50% of in-
fected men exhibit no symptoms (Centers for Disease Control and Prevention (2000)).

https://wonder.cdc.gov/std-race-age.html
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To estimate the dilution effect we used the same calibration employed by Aprahamian, Bish and Bish

(2018), who used data on the sensitivity of LCR pooled tests conducted by Kacena et al. (1998a) to obtain

an approximation to the dilution function. This resulted in a dilution function of

ĥ(I ,k) = (1−Sp )+ (Se +Sp −1)(I /k)δ, (10)

with Sp = .98, Se = 1 and δ= 0.014302. We plot this dilution function for k = 10 in figure 3. Details on the

methodology used for this calibration is provided in section I from the appendix.

0.
97

0
0.

98
0

0.
99

0
1.

00
0

Number of Infected, I

h(
I,k

)

1 2 3 4 5 6 7 8 9 10

Figure 3 Calibrated dilution function for Chlamydia with parameters Sp = .98, Se = 1 and δ= 0.014302, and pool size k = 10.

It can be shown that the calibrated dilution function from equation (10) is concave for anyδ ∈ [0,1] and

any Sp ,Se ∈ [0,1] such that Se > 1−Sp . Moreover, for any δ≥ 0, this dilution function satisfies hypothesis

1. Therefore, if δ= 0.014302, theorems 1, 2 and 3 imply that an ordered partition minimizes the expected

number of tests, the expected number of false negatives and the expected number of false positives.

Conducting simulations using the data from table 1, we can confirm this qualitative result. Figures 9

to 4c display the performance of ordered pooling, random pooling and individual testing in terms of

E(T (Ω)), E(F N (Ω)) and E(F P (Ω)), respectively, when all pools have the same size k and the total number

of subjects to be tested was given by n = 10,000. Whenever the pool size k was not a dividend of the

population size n, we grouped the subjects with highest probability of infection into the remainder of the

division n/k to form the ordered partition. From these figures, we can see that ordered pooling performs

better than random pooling in all of the three dimensions considered, thus resulting in a lower overall

expected cost.

Consistent with proposition 6, individual testing generates less false negatives than both random

pooling and ordered pooling. However, because individual testing requires more tests and produces
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more false positives, it generates a higher total expected cost compared to both random and ordered

pooling.
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Figure 4 Expected number of tests and classification errors per subject for Chlamydia tests using ordered and random

pooling. The red dot corresponds to the case in which subjects are individually tested, i.e. k = 1. The red dot cor-

responds to the case in which subjects are individually tested, i.e. k = 1.

Regarding equity, for each k ≥ 2 we used proposition 5 to compute the upper bound from the mini-

mum utility from any match when θ = 1 and θ = 0, and compared it with the minimum utility obtained
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under ordered pooling vs random pooling. As displayed in figures 5a and 5b, for all k ≥ 2, the average

minimum utility obtained under ordered pooling was very close to the upper bound, and significantly

above the minimum utility obtained under random matching. This, combined with the fact that ordered

pooling maximizes the utilitarian welfare function under the dilution function ĥ, is indicative that or-

dered pooling should yield high welfare for any α ∈ [0,1].
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Figure 5 Minimum utility of ordered pooling vs random pooling for Chlamydia tests, for values of k ≤ 20 that are dividends

of n = 10,000.

8. Case Study: Hepatitis B Screening in Irish prisons

In this section we estimate the dilution effect of pooled testing for Hepatitis B using surveyed data with

information on continuous biomarker readings for individual tests. We then compare the performance

of random vs ordered pooling when applied to this dataset.

Hepatitis B is a liver infection disease caused by the hepatitis B virus (HBV). In 2015, 257 million peo-

ple worldwide were estimated to be living with chronic hepatitis B World Health Organization (2017).

Left untreated, this disease can lead to deadly sequelae, most commonly cirrhosis and hepatocellular

carcinoma (primary liver cancer). In 2015 approximately 890,000 people were estimated to have died

due to complications from hepatitis B World Health Organization (2017). Because hepatitis B can be

transmitted by blood, the WHO recommends that all blood donations be tested for hepatitis B. Due to

budget constraints, it is common for blood centers to perform pooled tests on multiple donors to detect

HBV (El-Amine, Bish and Bish (2017)).
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To estimate the dilution effect of pooled testing for hepatitis B, we use the dataset from a survey con-

ducted in 1998 on 5 different prisons from Ireland, in which inmates were individually tested for Hepati-

tis B and other infectious diseases to determine risk factors for infection. The results of this survey have

been summarized by Allwright et al. (2000). Multiple followup studies have used this dataset to estimate

the dilution effect of pooled testing for Hepatitis B, including Wang, McMahan and Gallagher (2015),

Warasi et al. (2017) and Mokalled et al. (2021).

The dataset contains a classification of whether an inmate was infected or not with Hepatitis B, as well

as the Optical Density (OD) readings from a Murex ICE enzyme immunoassay (on oral fluid samples)

used to detect the presence of the core antigen for hepatitis B (HBcAg).

In total there were 99 infected, and 1038 non infected subjects. Figure 6 displays the histogram of OD

readings from both infected and non-infected subjects. While the distribution of OD readings for the

non-infected inmates exhibits a unimodal format, the distribution of OD readings for infected inmates

is bimodal. This is consistent with other studies in the literature that indicate a bimodal distribution of

biomarkers readings for those infected with HBV (e.g., Downs et al. (2020) and Alcalde et al. (2009)).
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Figure 6 Histogram of OD readings for Hepatitis B of infected and non-infected inmates using the Irish Prisoner dataset

collected by Allwright et al. (2000).

Let X i be the random variable corresponding to the OD reading that subject i ∈ S would get under

individual testing. The distribution of X i is expected to depend on whether the subject is infected or

not. The previous literature has often assumed that the distribution of the OD reading of a group Gg was

given by the average of the OD readings from each subject in that group, i.e., by
∑

i∈G X i /|Gg |. A problem
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with this approach, however, is that it may result in situations in which, even if I /k is much greater than

I ′/k ′, we may have h(I ,k) < h(I ′,k ′). For example, if we assume X i ∼ N (0.1448,0.007) when the subject

is healthy and X i ∼ N (20,340) when the subject is sick (the moments of these distributions were chosen

so as to match their sample counterparts), and set the cutoff values from pooled tests so as to preserve a

specificity of 0.9997 for any pool size, we end up with h(1,1) = 0.854 < 0.930 = h(2,10), which is arguably

not very realistic.

This issue can be avoided if we adopt the following approach instead. Suppose that the OD reading of

a healthy and infected subject are governed by the random variables X− and X+, respectively. We assume

that, if a pool of size k has exactly I ≤ k infected subjects, the OD reading of the pool will be given by

X I ,k ≡ (I /k)X++ (1− I /k)X−. Notice that, in this case, what ultimately affects the distribution of the OD

reading is the proportion of healthy vs infected subjects in the pool, not the pool size.

Because the distribution of OD readings of infected subjects is bimodal, we use a non-parametric

approach to estimate the densities of infected and non infected subjects, and then recover the joint

distribution of OD readings using bootstrap.8

Because the dataset did not include the cutoff values for OD readings above which a subject is classi-

fied as infected, for individual testing we follow Mokalled et al. (2021) and Wang et al. (2018) by eliciting

a threshold that maximizes the sum of specificity and sensitivity. This approach leads to an estimated

specificity of Sp = 0.996 for individual testing. For pooled testing, we select the threshold of the OD read-

ing so as to preserve this specificity, i.e., for each pool size k ≥ 2, we choose the threshold of detection so

that h(0,k) = Sp = 0.996.

Figure 7 displays the estimated dilution function using this approach for a pool of size k = 10. As it

is clear from the figure, the dilution function is concave, which implies that ordered pooling minimizes

both the expected number of tests and the expected number of false positive classifications. To as-

sess whether ordered pooling minimizes the expected number of false positive classifications, one only

needs to check whether hypothesis 1 holds. In this particular case, however, the hypothesis is not always

satisfied. But if we estimate subjects’ prior probability of infection, we can still conduct simulations to

compare the performance of random vs. ordered pooling on this regard.

As contraction of HBV is highly dependent on age (e.g., Centers for Disease Control and Prevention

(2019b) and World Health Organization (2017)), we estimate a logit regression of the probability of in-

fection as a function of age, using the following quadratic specification

l og i t (Pr ob(Yi = 1|Ag ei )) =β0 +β1Agei +β2Agei
2 +β3Agei

3 +εi ,

8 We obtain similar results by adopting a parametric approach, and assuming that the OD readings of both infected and non
infected subjects is normally distributed, though the assumption of normal distribution for infected subjects is highly incon-
sistent with the empirical distribution.
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Figure 7 Calibrated dilution function for Hepatitis B using non-parametric density estimates.

where Yi corresponds to the dummy variable that equals 1 if inmate i is infected, and zero otherwise.

Agei corresponds to the inmate’s age, and (εi )i∈S are normally and independently distributed error terms.

Figure 8 displays the estimated probability of infection as a function of age.
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Figure 8 Estimated probability of Hepatitis B infection of inmates as a function of age.

Using these estimated probabilities, we conduct simulations comparing the performance of ordered

vs. random pooling in terms of expected number of tests, expected number of false negatives, expected

number of false positives, and equity, when all pools are required to have the same size k. The results of

these simulations are displayed in figures 9 and 10.
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From figures 9a and 9b, we can see that ordered pooling outperforms random pooling both in terms

of the expected number of tests and the expected number of false positives, which is consistent with

theorem 1 and corollary 1. As to the expected number of false negatives, they are practically identical for

both methods, with random pooling generating slightly more expected number of false negatives.
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Figure 9 Expected number of tests and classification errors per subject for HBV tests using ordered and random pooling.

The red dot corresponds to the case in which subjects are individually tested, i.e. k = 1.
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Figure 10 Minimum utility of ordered pooling vs random pooling for HBV tests, for values of k ≤ 20 that are dividends of

n = 10,000.

Regarding equity, similar to the previous section, ordered pooling resulted in significantly higher min-

imum utilities compared to random pooling, for θ = 1 and θ = 0. Moreover, those minimum utilities

were very close to the simulated upper bounds from the minimum utility that can be achieved through

a partition that preserves those pool sizes, which is indicative that the allocations from ordered pooling

are highly equitable.

9. Discussion

We derived sufficient conditions under which ordered pooling minimizes the expected number of tests

and both types of classification errors. In order to check whether these conditions are satisfied, one only

needs to estimate the dilution function for the pool sizes being considered. Because estimating the di-

lution function is almost always a requirement before one even considers implementing pool testing

schemes in practical applications,9 information regarding the dilution function is usually readily avail-

able from previous studies (e.g., Bateman et al. (2020), Morre et al. (2000) and Kacena et al. (1998b)).

With information on subjects’ prior probability of infection, one can also conduct simulations to eval-

uate the performance of ordered pooling in terms of equity. Our simulations suggest that, in general,

ordered pooling yields more equitable allocations than random pooling.

9 If the dilution effect is too strong, pool testing may be deemed too imprecise to be considered as a good alternative to individ-
ual testing.
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Because ordered pooling is easy to implement, and does not require knowing subjects’ exact proba-

bility of infection, only how those probabilities are ordered, these results may prove useful in practical

applications.
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