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Abstract
Dorfman pooled testing combines individual specimens (e.g., blood samples) into one test; if the

pooled sample tests positive for infection, each specimen is tested separately. Under small prevalence
levels, this method is known to reduce the expected number of tests required to screen a population, as
individual tests only occur when a pooled test detects an infection. When conducting Dorfman testing,
studies often recommend implementing positive assortative matching, i.e., pooling together samples with
a similar risk of infection, as this tends to minimize the expected number of tests, the expected number
of false negatives, and the expected number of false positives. However, because the logistics of collecting
data and assorting samples from lowest to highest probability of infection can be costly, one may ask
if implementing this procedure is indeed cost-effective. This article provides easy-to-compute upper
bounds to the benefits of implementing Dorfman testing with positive assortative matching instead of
matching samples randomly. Testers can then compare these upper bounds with the costs of estimating
the probabilities of infection from each sample and then matching together those with similar risk of
infection, to aid their decision on whether or not to implement this method.

Highlights
• This study derives a simple-to-compute upper bound to the benefits of implementing positive assorta-

tive matching when conducting Dorfman testing.

• Healthcare professionals can use these upper bounds to assess whether the additional effort required
to implement positive assortative matching is justified by its potential gains.

• The upper bounds show that the benefits of implementing ordered pooling per patient tends to increase
as the batch size increases.

• To further facilitate the usage of these upper bounds, a Shiny app (https://jcbrnd.shinyapps.io/
shiny_app_anonymous/) was developed that allows users to input relevant parameters - such as disease
prevalence, test sensitivity, test specificity and batch size - and instantly obtain the maximum benefits
achievable by implementing positive assortative matching.

1 Introduction
Pooled testing is a technique commonly utilized for screening various infectious diseases like HIV, Hepatitis
B, and COVID-19. It involves amalgamating samples from different individuals (e.g., multiple samples of
blood) into pools and testing them together. In the approach conceptualized by Dorfman, often referred
to as Dorfman testing, whenever the pooled test detects an infection, each sample used to form the pool is
individually tested. When the prevalence of the disease is sufficiently low, this technique often reduces the
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total number of tests needed to effectively screen a population, as individual tests are only conducted when
infection is detected in the pooled sample.1

The foundational work in the field of pooled testing is often traced back to the seminal work of Dorfman
[1943], which introduced the concept of combining blood samples from American soldiers to identify syphilis
during the Second World War. This area of study has since expanded, yielding numerous new applications,
such as detecting other infectious diseases, including Chlamydia [McMahan, Tebbs and Bilder, 2012], HIV
[Nguyen et al., 2019] and, more recently, COVID-19 [Basso et al., 2022, 2023; Grobe et al., 2020]. Research
has also suggested implementing this procedure in industrial settings for pinpointing manufacturing defects
[Sobel and Groll, 1959] and in the food industry to detect salmonella [Price, Olsen and Hunter, 1972; Adams
et al., 2013].

Several different criteria can be used to form the pools. The literature has shown that ordered pooling,
i.e., the case in which subjects with similar probability of infection are grouped together, is optimal, as this
partition simultaneously minimizes the expected number of tests, the expected number of false positives, and
the expected number of false negatives, provided that certain testable conditions hold [Aprahamian, Bish
and Bish, 2019, 2018; Saraiva, 2023a].

Despite these results, in practice, pools are often formed randomly or by the order in which samples arrive
at the laboratories [Barak et al., 2021; Agoti et al., 2021]. I conjecture that this may be due to logistics costs
associated with implementing ordered pooling. Indeed, to effectively implement ordered pooling, laboratories
may need detailed patient information that is not readily accessible within laboratory information systems.
In addition, if pooled testing is not fully automated, ordering samples from lowest to highest probability of
infection may place additional strain on laboratory technicians.

Motivated by these considerations, this article devises a simple method to estimate an upper bound to
the potential benefits that can be achieved by implementing ordered pooling assuming all pools have the
same size, as opposed to matching subjects randomly. Testers can then weigh these potential gains against
the logistical expenses involved in implementing ordered pooling to devise an optimal policy. If the upper
bounds indicate that the savings in costs associated with ordered pooling are too small, testers may find it
more practical to simply match samples randomly or by the order they arrive for testing.

A desirable feature from the results presented in this article is their reliance on minimal information
regarding the distribution of agents’ infection probabilities. Indeed, my upper bounds only require informa-
tion regarding the average probability of infection (i.e., the prevalence of the disease), and the maximum
and minimum possible probabilities of infection. This is useful as, in practice, one may not have reliable
estimates of the full distribution of probabilities of infection.

Even if the tester does not have information on the minimum and maximum probabilities of infection,
the tester can conservatively set the minimum probability at 0 and the maximum at a very high level to
get a more conservative upper bound. Of course, what should be considered as a conservative upper bound
to the maximum probability of infection is relative: it should depend on the disease we are analyzing, the
targeted population, and the data we have about those being screened. For example, if we are screening
donated blood from the general US population, and the only data that we have from donors is their age and
gender, setting an upper bound to the maximum probability of HIV infection at 10% is quite conservative.
But if we are testing whether patients infected with HIV undergoing antiretroviral therapy are undetectable,
as in Fosah Tayong et al. [2025], then this upper bound becomes quite unrealistic.

Though the benefits of implementing ordered pooling do not vary monotonically with the prevalence of
the disease, for a given upper and lower limit to the probabilities of infection, this article shows how a tester
can easily set a conservative level for the prevalence so that this benefit is maximized.

Pooled testing is usually conducted in batches: at each period a laboratory receives a batch of N samples
to be grouped into disjoint pools of size K ≤ N . I show that, not only the pool size K has a significant
impact on the potential benefits of implementing ordered pooling, but the batch size N as well. Indeed,
when the batch size N is small, there are usually not enough samples with a high probability of infection
that can fill an entire group, which tends to reduce the benefits of implementing ordered pooling.

The article presents examples illustrating how these upper bounds can be applied to real data through

1Whether the prevalence of the disease is sufficiently low or not for pooled testing to be cost-effective relative to individual
testing depends on the dilution effect, sensitivity and specificity of the test and the costs associated with classification errors.
Using one of the features from the Shiny app https://jcbrnd.shinyapps.io/shiny_app_anonymous/ developed as a companion
material to this paper, readers can make this assessment for different assays.
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the analysis of two case studies. The first case study explores the potential advantages of implementing
ordered pooling for chlamydia detection in the United States. It highlights how the effectiveness of ordered
pooling is significantly influenced by both the batch size and pool size used. Specifically, smaller batches
and smaller pool sizes tend to yield considerably lower benefits.

The second case study analyzes the potential benefits that could have been achieved by implementing
ordered pooling to detect SARS-CoV-2 (the pathogen responsible for COVID-19) in Chile during the begin-
ning of 2022, using data on patients’ age and vaccination status. Using a dataset that was made publicly
available by the Chilean government during the pandemic, my upper bounds predict small gains from im-
plementing ordered pooling as opposed to matching subjects randomly when pools are of size 5 or 4 (the
pool sizes mostly used in Chile to detect SARS-CoV-2 during the pandemic). It is possible, however, that
with more detailed data on patients (e.g., if, in addition to age and vaccination status, one also had data on
patients’ symptoms) one would observe a higher dispersion in the probabilities of infection, thus increasing
the benefits of implementing ordered pooling in this context.

The derived formulas for the upper bounds can be easily implemented in other real-world applica-
tions. To further facilitate their use, I developed a Shiny app (https://jcbrnd.shinyapps.io/shiny_
app_anonymous/) that allows users to input relevant parameters - such as disease prevalence, test sensitiv-
ity, teste specificity and batch size - and instantly obtain the maximum benefits achievable through ordered
pooling.

2 Related Literature
It is well known since the seminal work from Dorfman [1943] that the optimum pool size associated with
Dorfman testing depends heavily on the prevalence of the disease: the more prevalent the disease, the lower
the pool size should be. If the prevalence is too high, testing every specimen individually is optimal. Based
on this simple result, scholars like Saraniti [2006] proposed matching together samples with equal risk of
infection and assigning those with a higher risk of infection into smaller pools. By construction, one can
easily see that this approach can substantially reduce the expected number of tests required to screen a
population.

One limitation of this result, however, is that it requires each pool to be comprised of individuals who
have the exact same probability of infection. This cannot always be accomplished, especially if the batch
size in question is small and we have a high diversity in risks of infection. Aprahamian, Bish and Bish [2019]
addressed this issue by creating an algorithm that finds the optimal partition when implementing Dorfman
testing. To accomplish this goal, the authors first showed that, for any given partition, we can always find
another partition, with the same pool size configuration, that yields better outcomes by matching together
those with similar probabilities of infection, without requiring every sample from each pool to have the
same risk of infection. This result allows the authors to narrow down their search for the optimal partition.
Focusing on this narrower set, the authors show that they can implement an optimal-path algorithm to find
the optimal partition in polynomial time.

Like in Dorfman [1943] and Saraniti [2006], Aprahamian, Bish and Bish [2019] assume that pooled testing
is not subject to dilution effects, i.e., they assume that adding more non-infected specimens into an infected
pool does not reduce the probability that infection is detected. Saraiva [2023a] derives conditions under
which the results from Aprahamian, Bish and Bish [2019] still hold when the precision of the test is affected
by dilution effects. Saraiva [2023a] finds that implementing ordered pooling can greatly reduce testing costs
by as much as 25% (a result similar to the one obtained in Aprahamian, Bish and Bish [2019]), but that
these savings become far less impressive when pool sizes are required to be small and have the same size.

Aprahamian, Bish and Bish [2018] derived similar results as the ones in Saraiva [2023a], but assuming a
different testing protocol, and requiring all pools to have the same size (i.e., that pool sizes are homogeneous).
One of the benefits of working with homogeneous pool sizes is that this procedure tends to be easier to
implement, especially when testing is not fully automated or in situations where we do not know patients’
exact probabilities of infection, only the order of their probabilities of infection. This may explain why many
laboratories implement Dorfman testing with homogeneous pool sizes. For this reason, and because the
literature has already established that implementing ordered partitions tends to greatly reduce costs when
pool sizes are allowed to be heterogeneous, throughout the paper, I assume that all pools must have the
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same size.
One potential limitation of implementing ordered partitions is that subjects may have incentives to

misreport their probability of infection to authorities to influence the pool they get assigned into and, hence,
the accuracy of their test. But in an environment in which lying is costly and all pools must have the same
size, Saraiva [2023b] shows that, in spite of these incentives, ordered pooling is still optimal. This happens
because, in equilibrium, there is no reversal of probabilities of infection, i.e., those who report having a
higher probability of infection are indeed more likely to be infected, so the signals from subjects’ reports are
still informative, albeit less informative than they would be if all agents reported their types truthfully. To
prove this result, Saraiva [2023b] requires that, for each possible risk of infection, there exists a sufficiently
large number of subjects who do not misreport their type. This ensures that, if someone reports having
probability of infection q̂i, one is most likely matched with others who have made the same report.

In a different setting, Lipnowski and Ravid [2021] also show that implementing positive assortative
matching is optimal when the planner has a limited number of test kits, and wishes to implement pooled
testing without the retesting phase to determine who should be quarantined and who should be released. In
their setting, the test kits are error-free (i.e., they have perfect sensitivity and perfect specificity) and the
objective of the planner is to minimize a linear combination of the number of individuals quarantined and
the number of infected individuals who are released.

One of the few studies that find potential benefits of not matching subjects according to ordered partitions
is the work of Bobkova, Chen and Eraslan [2023], who show that negative assortative matching may actually
reduce the expected number of tests. The testing scheme they study, however, differs from Dorfman testing.
In their proposed method, if a pool tests positive for an infection, each subject from the pool, but one, is
retested individually. If no infection is detected in this phase, then one can “safely assume” (if the test is
error-free) that the catalyst for the previous detection was the subject who was left out from the retesting
phase, so this subject does not need to be retested; otherwise, she is retested, as the original pool may have
been comprised of more than one infected specimen. While this testing scheme can marginally reduce the
expected number of tests compared to Dorfman testing, in practice, it can generate more false positives
if the test does not have perfect specificity. Moreover, this testing scheme may be perceived as unfair by
those who are excluded from the individual tests from the second phase of screening, as they are not as
thoroughly tested as the remaining subjects. Another disadvantage of this method is that it is slower to
implement than Dorfman testing. Indeed, under Dorfman testing, only two testing phases occur in parallel:
the pooling phase and the retesting phase. The mechanism proposed by Bobkova, Chen and Eraslan [2023],
on the other hand, requires three testing phases: the pooling phase, the first part of the retesting phase, and
then individually testing some of the subjects who were left out from the first part of the retesting phase.

Ghosh et al. [2021] propose a combinatorial testing scheme in which all patients are tested in one go, using
a novel “Tapestry” method. Using information on patients’ viral loads, they show that this testing scheme
has the potential to substantially reduce the expected number of tests compared with the random pooling
version of Dorfman testing while, at the same time, improving the speed with which results are generated,
as all tests occur in one phase, as opposed to two phases. This testing protocol is, however, computationally
more difficult to implement, and it is not very flexible to accommodate different batch sizes. In addition,
the test tends to require large batch sizes to guarantee its effectiveness (at least 105 samples). This testing
scheme also tends to generate more false negatives and false positive results on average.2 These limitations
may help to explain why Dorfman testing is still widely popular.

Though several studies dating back to the seminal work of Dorfman [1943] have documented the impor-
tance that the pool size and the prevalence of a disease has on the efficacy of pooled testing (e.g., Hwang
[1976], Wein and Zenio [1996] and Saraniti [2006]), to the best of my knowledge, researchers have not yet
analyzed the impact that the batch size (i.e., the total number of samples processed in a given period) may
have on the benefits of implementing the Dorfman testing protocol. This paper fills this gap by showing
that the benefits of grouping subjects according to positive assortative matching tends to be smaller when
the batch size is small, as, in this case, the tester is less likely to form pools comprised entirely of samples
that have a high risk of infection.

2With the assumptions invoked in Ghosh et al. [2021], Dorfman testing never generates false negative or false positive results,
but their Tapestry method can generate some false classifications, as infected patients are not as thoroughly tested under this
method compared to the case in which they are individually tested in a second phase.
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3 Environment

Table 1: Notation

Notation Description
S Batch of subjects to be tested on a given day.
N Batch size: N = |S|.
K Pool size.
n Number of pools: n = N/K.
I Number of infected within a pool.
h(I,K) Dilution function: it returns the probability that infection is detected in a pool with K

specimens with exactly I ≤ K of them infected.
Se Sensitivity of individual tests: Se = h(1, 1).
Sp Specificity of individual tests: Sp = 1− h(0, 1).
qi ith ordered statistic of probabilities of infection: q1 ≤ q2 ≤ · · · ≤ qN .
q Vector of risks of infection ordered from lowest to highest risk: q = (q1, q2, · · · , qn).
q Average risk of infection from the batch: q =

∑
i qi/N .

µ Prevalence of the disease.
a Minimum risk of infection.
b Maximum risk of infection.
Gg {(g − 1)K + 1, (g − 1)K + 2, · · · , gK}, where g ∈ {1, 2, · · · , n}.
α (b− µ)/(b− a).
UBT

o (µ, n,K) An upper bound to the reduction in the expected number of tests per subject
obtained by implementing ordered pooling conditional that q = µ.

UBFP
o (µ, n,K) An upper bound to the reduction in the expected number of false positives per subject

obtained by implementing ordered pooling conditional that q = µ.
UBFN

o (µ, n,K) An upper bound to the reduction in the expected number of false negatives per subject
obtained by implementing ordered pooling conditional that q = µ.

Suppose that there is a finite batch S of subjects to be tested, with |S| = N and S ∩N = ∅. Each subject
can either be infected or not infected.

Subjects may have heterogeneous probabilities of infection. While many articles adopting this framework
assume that the probabilities of infection from each subject are known at the time the tester is choosing
which pool size to implement (e.g. Aprahamian, Bish and Bish [2019] and Saraiva [2023a]), I instead assume
that these probabilities are random at this stage. This assumption is made to take into account that, in
practice, risks of infection may vary from batch to batch. Moreover, the objective os this study is to aid
testers in implementing an optimal pooling strategy using historical data from the population, before they
have engaged in the sunk cost of investing in the infrastructure necessary to implement ordered pooling
(e.g., improving information systems, increasing automation, etc.). So, ideally, the tester’s choice of which
pool size to use should not depend on idiosyncratic variations in the batch, but should be a function of the
“expected batch” that the tester gets.

Therefore, I assume that each subject s ∈ S is infected with a random probability Qs ∈ [0, 1], where
(Qs)s∈S follows an i.i.d distribution with support [a, b] ⊆ [0, 1]. The assumption that probabilities of infec-
tion are identically and independently distributed simplifies the analysis and generates a more conservative
estimate of the benefits of implementing ordered pooling. Indeed, if the tester pooled samples according to
the order in which they arrived and the probabilities of infection had positive serial correlation, matching
samples in this manner would already implement some degree of positive assortative matching. In this case,
the added benefits of ensuring that samples were grouped according to ordered pooling would diminish.

The realized probability of infection from subject s is denoted by qs. The realized vector of probabilities
of infection is denoted by (qs)s∈S . For each i ∈ {1, 2, · · · , N}, qi corresponds to the ith order statistic of the
realized vector of probabilities of infection, so that

q1 ≤ q2 ≤ · · · ≤ qN .
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Similarly, for a given realization of probabilities of infection, si ∈ S corresponds to the subject with the ith
lowest probability of infection.

If a subject is individually tested and she is not infected, the test will correctly classify her as not infected
with probability Sp ∈ (0, 1]. An infected subject who is individually tested is correctly classified as infected
with probability Se ∈ (0, 1]. So, Sp corresponds to the specificity of the test, while Se corresponds to its
sensitivity. It is assumed that Se > 1 − Sp, so that whenever a test detects an infection, the subject has a
higher likelihood of infection compared to the case in which no infection is detected.

In a Dorfman testing procedure, the subjects to be tested, S, are pooled into disjoint groups, and the
samples from subjects belonging to the same group are amalgamated and tested together. If the test detects
the presence of an infection in the pooled sample, each subject within the pool is tested individually.

Throughout this article all pools will be assumed to have the same size K ≤ N (i.e., pool sizes are
homogeneous). Though allowing pool sizes to be heterogeneous (e.g., by allowing those with a higher prob-
ability of infection to be polled in smaller groups) tends to substantially increase the potential benefits of
implementing ordered pooling, as documented in Saraniti [2006], Aprahamian, Bish and Bish [2019] and
Saraiva [2023a], in practice testers seem to rely mostly on homogeneous pool sizes,3 as they are simpler to
implement and require less information. Indeed, when pools are allowed to be heterogeneous, finding the
optimal partition requires knowing not only the relative ordering of patients in terms of their probability
of infection but also the precise magnitudes of these probabilities. Moreover, when laboratories are not
equipped with a high level of automation, the reconfiguration of pool sizes on a constant basis may increase
the work load from lab technicians.

In order to ensure that all pools indeed have the same size K, we must also have N = nK for some
n ∈ N. When this condition fails in practice, laboratories may form one residual pool containing the
remaining N mod K samples, with assignments to this pool made at random.4

I denote h(I,K) as the probability of detecting an infection in a pooled sample collected from K ∈ N
subjects, conditional that exactly I ∈ {0, 1, 2, · · · ,K} of them are infected. From the definition of sensitivity
and specificity, we must have h(1, 1) = Se and h(0, 1) = 1 − Sp. I will refer to h as the dilution function.
Because all pools are assumed to have the same size, I will sometimes write h(I) = h(I,K) to avoid clutter
notation. For each K ∈ N, I assume that h(I,K) is non-decreasing in I, i.e., the more infected subjects
there are in the pool, the more likely the pooled test will detect an infection.

Assumption 1 h(I,K) is increasing in I.

Letting µ denote the prevalence of the disease, we have that

µ = E[Qs].

Similarly, the average probability of infection from the batch is denoted by

q =

N∑
i=1

qi
N

.

Notice that, by the law of large numbers, q converges in probability to µ as the batch size N increases.
Defining

Gg ≡ {(g − 1)K + 1, (g − 1)K + 2, · · · , gK},

and
Sg ≡ {si ∈ S; i ∈ Gg}

3For example, to detect SARS-CoV-2, the coastal region of Kenya in 2020 implemented homogeneous pools of size K = 6
[Agoti et al., 2021], whereas Chile relied mostly on pools of size K = 5 [Basso et al., 2023].

4It should be noticed, however, that when implementing ordered pooling with heterogeneous pool sizes, it is usually (but not
always) optimal to assign those with higher probabilities of infection into smaller pool sizes [Aprahamian, Bish and Bish, 2019;
Saraiva, 2023a]. In particular, if N mod K = 1, it is always optimal to assign the subject with highest probability of infection
to be the one individually tested. Therefore, randomly assigning subjects to be part of the smaller pool and then implementing
ordered pooling with the remaining samples will tend to be suboptimal. But this procedure still outperforms random pooling.
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for each g ∈ {1, 2, · · ·n}, subjects are said to be matched according to ordered pooling if they are matched
according to the following partition of S:{

S1,S2, · · · ,Sn

}
=

{
{s1, s2, · · · , sK},

{sK+1, sK+2, · · · , s2K}, · · · ,

{sN−K+1, · · · , sN}
}

In words, subjects are matched according to ordered pooling if they are sorted from lowest to highest risk of
infection and then matched with those belonging to the same risk quantile.

Subjects are said to be matched according to random pooling if they are randomly assigned to any given
group with equal probability. So, under random pooling, subjects’ idiosyncratic probabilities of infection do
not affect the groups they end up assigned into.

It can be shown that, when all pools have the same size K and the dilution function h(I,K) is concave in
I, ordered pooling simultaneously minimizes the expected number of tests and the expected number of false
positives [Aprahamian, Bish and Bish, 2018; Saraiva, 2023a]. Notice that concavity of h(·,K) is arguably a
very mild assumption, as otherwise the dilution function would be extremely strong, in which case pooled
testing would not be a viable alternative to individual testing, as it would generate too many false negatives.

Assumption 2 (The dilution function is concave) ∂2 h(I,K)
∂ I2 < 0 for all I ≥ 0.5

For ordered pooling to also minimize the expected number of false negatives, a more technical assumption
is required: the dilution function h(I,K) cannot be “too concave” for positive values of I. Formally, the
following assumption must hold:

Assumption 3 (The dilution function is not “too concave”) The dilution function h(·,K) is such that, for
all I ∈ {1, 2, · · · ,K − 1},

I + 1

2I
h(I + 1,K) +

I − 1

2I
h(I − 1,K) ≥ h(I,K).

Therefore, if h(I,K) is increasing in I and assumptions 2 and 3 hold, ordered pooling is optimal in the
sense that it simultaneously minimizes the expected number of tests, the expected number of false positives
and the expected number of false negatives.

Proposition 1 [Saraiva, 2023a] If the dilution function h(I,K) is increasing in I and satisfies assumptions
2 and 3, and all pools have the same size K, ordered pooling minimizes the expected number of tests, the
expected number of false positives and the expected number of false negatives.

Example 1 As an example, one can easily show that the dilution functions

h(I,K) = (1− Sp) + (Sp + Se − 1)

(
I

K

)δ

, with δ ∈ (0, 1] (1)

and
h(I,K) =

{
1− Sp, if I = 0
Se, if I > 0

(2)

are increasing, concave and satisfy assumption 3, in which case implementing ordered pooling would be
optimal in all of the three attributes mentioned earlier. In practice, one can calibrate the parameters of these
dilution functions by using the results from experimental data, as illustrated later on in the case studies.

5As discussed in Saraiva [2023a], this assumption can be relaxed by only requiring “concavity at the discrete level”, i.e., all
that is needed is that h(I + 1,K) + h(I − 1,K) ≤ 2h(I,K) for all I ∈ {1, 2, · · · ,K − 1}.
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While proposition 1 predicts the optimality of ordered pooling, notice that it does not predict the mag-
nitude of the benefits obtained from assorting subjects this way.

For each (q, n,K) ∈ [a, b]×N2, define q(q, n,K) ∈ [a, b]N , where each coordinate i from q(q, n,K) is given
by

qi(q, n,K) =

 a, if i ≤ mn,K(q)
cn,K(q), if i = mn,K(q) +K
b, if i > mn,K(q) +K

,

where

mn,K(q) ≡

max

{
m ∈ {0,K, 2K, . . . , N −K};
ma+ (N −m)b ≥ Nq

}
, if Ka+ (N −K)b > Nq

N −K, else

and
cn,K(q) ≡ (Nq −mn,K(q)a− (N −mn,K(q)−K)b)/K

It is also useful to define
α ≡ b− µ

b− a
,

since mn,K(q)/N converges in probability to α as N goes to infinity.
Roughly speaking, q(q, n,K) ∈ [a, b]N corresponds to the realization of the order statistics (q1, q2, · · · , qN )

that maximize the variability of the probabilities of infection between pools, but minimize the variability
of the probabilities of infection within pools (assuming ordered pooling is implemented), subject to the
constraint that the average probability of infection is equal to q.6 In the next sections I show that, when
ordered pooling is implemented, the expected number of tests, the expected number of false positives and
the expected number of false negatives are minimized under this configuration of probabilities of infection,
conditional that subjects’ average probability of infection must be equal to q. If the batch size N is sufficiently
large, one can then approximate q by µ and use q(µ, n,K) to compute an upper bound to the benefits of
implementing ordered pooling as opposed to random pooling.

4 Expected Number of Tests
This section shows how to compute an upper bound to the reduction in the expected number of tests obtained
when implementing ordered pooling as opposed to random pooling.

It can be shown that, in infinite populations, the expected number of tests per subject obtained when
randomly matching N subjects into n equal groups of size K is given by:

TK
r (µ, n,K) ≡ 1

K
+

[
K∑

I=0

h(I)

(
K

I

)
µI(1− µ)K−I

]
. (3)

The second term from equation (3) corresponds to the probability that infection is detected in a pool.
This term should be multiplied by K because, in the event the pooled test detects infection, the K subjects
from that pool are individually tested. But we should also multiply this term by n/N = 1

K as this corresponds
to the total number of pools divided by the total batch size. Finally, 1

K is added to the expression to account
for the total number of pools tested per subject.

For a finite batch of size N , we can approximate the expected number of tests of random pooling by
computing TK

r (q, n,K) instead, i.e., by replacing the population prevalence, µ, by the prevalence from the
batch, q in equation (3) (numerical simulations indicate that this is indeed a reliable approximation).

6Notice that q(q, n,K) does not necessarily minimize the overall variance of (q1, q2, · · · , qN ) subject to the constraint that∑
i qi/N = q, as K of the probabilities in q(q, n,K) may end up equal to some value cn,K(q) ∈ (a, b), whereas the minimization

of variance requires that there can be no more than one probability that differs from the extreme values of the distribution, a
or b.
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It is straightforward to show that, for a given realization of (q1, q2, · · · , qN ), implementing ordered pooling
yields the following expected number of tests per subject:

TK
o (q1, q2, · · · , qN ) ≡

N/K∑
g=1

tg/N,

where

tg ≡ 1 +K

K∑
I=0

h(I,K)PGg
(I),

and
PGg (I) ≡

∑
G⊆Gg

s.t.|G|=I

∏
i∈G

qi
∏

j∈Gg\G

(1− qj), (4)

i.e., tg is the expected number of test associated with group Gg (i.e., the gth group with lowest probability
of infection), and PGg

(I) is the probability that group Gg has exactly I infected subjects.
The first result from this section states that, conditional that

∑
i qi/N = q, TK

o (q1, · · · , qN ) is minimized
when the dispersion in the probabilities of infection between pools is maximized, but the dispersion within
pools is minimized (so that everyone within the same pool must have the same probability of infection). The
intuition as to why the dispersion between pools should be as high as possible is intuitive enough: without
dispersion in the probabilities of infection, ordered pooling would be equivalent to implementing random
pooling. As to the requirement that the dispersion within pools must be minimal, this comes from the
concavity of the dilution function. Indeed, h(I,K) being concave with respect to I implies that the dilution
effect is low, which implies that, whenever the pool has at least one infected individual, the probability of
detecting infection in the pooled sample is high. So, take, for example, one pool comprised of only two
individuals, where one has probability of infection 1, and the other has probability of infection 0. In this
case, the pooled test would detect infection with high probability, as the pool is guaranteed to have 1 infected
subject. But if both subjects had probability of infection equal to 1/2, the average probability of infection
within the pool would be preserved, and yet, there would be a positive probability of 1/4 that none of them
was infected, in which case the expected number of tests from this pool would be smaller.

Proposition 2 Suppose that (q1, · · · , qN ) is such that
∑

i qi/N = q and qi ∈ [a, b] for all i. Then, if
h(I,K) is increasing and concave in I (i.e., assumptions 1 and 2 hold), we must have TK

o (q(q, n,K)) ≤
TK
o (q1, · · · , qN ).

For each (q, n,K) ∈ [a, b]× N2 define

UBT
o (q, n,K) ≡ TK

r (q, n,K)− TK
o (q(q, n,K)).

In words, UBT
o (q, n,K) corresponds to an upper bound to the reduction in the expected number of tests per

subject that one can get by implementing ordered pooling as opposed to random pooling, when assuming
the average probability of infection from the batch to be equal to q. Because the tester cannot know ex-ante
the exact average probability of infection from each batch, the tester may approximate q by the population
prevalence µ by relying on the law of large numbers. The following theorem states that, provided that n is
sufficiently large (so that the batch size N = nK is sufficiently large), this is indeed a good approximation,
as UBT

o (q, n,K) converges in probability to the limit of UBT
o (µ, n,K) as n goes to infinity. The proposition

also provides an analytical formula for this upper bound when the batch size is large.

Theorem 1

lim
n→∞

UBT
o (µ, n,K) =

K∑
I=0

h(I)

(
K

I

)[
µI(1− µ)K−I

−αaI(1− a)K−I − (1− α)bI(1− b)K−I
]
, (5)
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and

UBT
o (q, n,K)

p→ lim
n→∞

UBT
o (µ, n,K)

Now, one may ask whether the asymptotic upper bound given by equation (5) is indeed a reliable
approximation to the the actual upper bound for small levels of n. The next proposition indicates an
affirmative answer to this question, as the upper bound UBT

o (µ, n,K) converges to its limit from below, so
that computing expression (5) as opposed to UBT

o (µ, n,K) yields a looser (and therefore, more conservative)
upper bound.

Proposition 3 For all n ∈ N we have that

UBT
o (µ, n,K) ≤ lim

n→∞
UBT

o (µ, n,K)

Not only does UBT
o (µ, n,K) converge to its limit from below, but simulations indicate an increasing

trend in UBT
o (µ, n,K) as n increases, as illustrated in figure 1 below.
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Figure 1: The solid line corresponds to UBT
o (µ, n,K) for different values

of n, assuming K = 10, µ = 0.05, a = 0.01 and b = 0.3. The dilution
function is given by h(I,K) = (1 − Sp) + (Se + Sp − 1)(I/K)δ, with
parameters δ = 0.15, Se = 0.99 and Sp = 0.98. The dashed blue line
corresponds to limn→∞ UBT

o (µ, n,K) given by expression (5), which is
always greater than or equal to UBT

o (µ, n,K) for all n ∈ N.

Intuitively, this increasing trend occurs because, for small values of N and large values of b (relative to µ),
computing q(q, n,K) yields no groups in which agents have probability of infection equal to the maximum
possible probability, b, so that there is less variability between groups, which, in turn, implies that the
benefits of implementing ordered pooling are limited. Meanwhile, for large values of N there are enough
subjects with a high probability of infection who can fill an entire pool, in which case, implementing ordered
pooling becomes more beneficial. This is better illustrated in example 2 below.

Example 2 Suppose that a = 0.01 and b = 0.3 and µ = 0.05. Then, if the batch size is equal to N = 50
and the pool size is equal to K = 10, we have that

q(q, n,K) = (0.01, · · · , 0.01︸ ︷︷ ︸
40 entries

, 0.21, · · · , 0.21︸ ︷︷ ︸
10 entries

),

10



so that no group ends up with subjects with the maximum possible probability of infection b = 0.3.
But if I assume N = 100, while not changing the other parameters, then q(q, n,K) yields one group in

which all subjects have probability of infection b = 0.3, another group in which all subjects have probability
of infection 0.12, and the remaining groups have subjects with probability of infection a = 0.01.

A similar argument can be made when a is small relative to µ, and the batch size N is small: in this
case q(q, n,K) yields no groups in which agents have probability of infection equal to the minimum possible
probability, a, which diminishes the variability between groups and, thus, the benefits of implementing
ordered pooling.

The reason why UBT
o (µ, n,K) oscillates for values of n sufficiently high, potentially touching its asymp-

totic limit, follows from the discrete nature of pool sizes: if mn,K(µ)/N happens to be exactly equal to
α (a possible scenario when N is sufficiently large), all groups formed to create the upper bound must ei-
ther have subjects with probability of infection a, or subjects with probability of infection b, in which case
UBT

o (µ, n,K) should be equal to its asymptotic limit. But if mn,K(µ)/N < α, one of the pools will have
subjects with a probability of infection on the interval (a, b), reducing the variance of the probabilities of
infection between groups, thus causing UBT

o (µ, n,K) to fall below limn→∞ UBT
o (µ, n,K). But as the batch

size N increases (and consequently the number of pools n), this single group with intermediate probability
of infection starts having a lower impact on the total average, so that the discreteness of pool sizes starts
having a lower impact on UBT

o (µ, n,K). This is why the oscillatory behavior of UBT
o (µ, n,K) diminishes

as the batch size increases.
Notice that theorem 1 is an asymptotic result: in order for it to hold in practical settings, the batch size

must be sufficiently large.7 But, in the absence of dilution effects (i.e., when the dilution function is given by
equation (2)), I show that Eq

[
UBT

o (q, n,K)
]
≤ limn→∞ UBT

o (µ, n,K) for every n, dispensing the necessity
for the batch to be large.

Proposition 4 Suppose that

h(I,K) =

{
1− Sp, if I = 0
Se, if I > 0

.

Then,

Eq

[
UBT

o (q, n,K)
]
≤ lim

n→∞
UBT

o (µ, n,K) =

(Se + Sp − 1)
[
α(1− a)K + (1− α)(1− b)K − (1− µ)K

]
(6)

Proposition 4 may be applicable to situations in which dilution effects are believed to be very small. One
instance in which this might be the case is when pool sizes are restricted to be very small (e.g., pools cannot
have more than 5 samples). In this case, even if only one specimen from the pool is infected, the pooled test
should detect an infection with high probability.

5 Expected Number of False Positives
Minimizing the expected number of false positives is arguably as important as minimizing the expected
number of tests, as false positives may trigger follow up tests and can cause unnecessary anxiety to patients.
This section shows how to compute an upper bound to the reduction in the expected number of false positives
obtained when implementing ordered pooling as opposed to random pooling.

One can easily show that, for infinite samples, the expected number of false positives per subject obtained
when implementing random pooling with pool sizes equal to K is given by

FPK
r (µ, n,K) ≡(1− µ)

[
K−1∑
I=0

h(I)

(
K − 1

I

)
µI(1− µ)K−1−I

]
(1− Sp). (7)

For any given subject within a pool, the term in brackets from equation (7) corresponds to the probability
that the pooled test detects an infection conditional that the subject is not infected. This probability is

7The Online Appendix describes a method that can be used to assess whether a batch size is sufficiently large.
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multiplied by (1 − Sp), as this corresponds to the probability that the subject is (incorrectly) detected
as infected once retested. This expression must also be multiplied by (1 − µ) to yield the unconditional
probability that the subject receives a false positive classification.

Similar to the expected number of tests, the expected number of false positives obtained when implement-
ing random pooling in a finite batch can be approximated by FPK

r (q, n,K), i.e., by replacing the population
prevalence µ by the prevalence from the batch q.

It is straightforward to show that, for a given realization of (q1, q2, · · · , qN ), implementing ordered pooling
yields the following expected number of false positives per subject:

FPK
o (q1, q2, · · · , qN ) ≡

N/K∑
g=1

fpg/N,

where

fpg ≡
K∑

I=0

PGg
(I)h(I,K)(K − I)(1− Sp) (8)

is the expected number of false positives within group Gg (i.e., the gth group with lowest probability of
infection), and PGg

(I) is the probability that group Gg has exactly I infected subjects (see equation (4)).

Proposition 5 Suppose that (q1, · · · , qN ) is such that
∑

i qi/N = q and qi ∈ [a, b] for all i. Then, if
h(I,K) is increasing and concave in I (i.e., assumptions 1 and 2 hold), we must have FPK

o (q(q, n,K)) ≤
FPK

o (q1, · · · , qN ).

For each (q, n,K) ∈ [a, b]× N2 define

UBFP
o (q, n,K) ≡ FPK

r (q, n,K)− FPK
o (q(q, n,K)).

In words, UBFP
o (q, n,K) corresponds to an upper bound to the reduction in the expected number of

false positives per subject that one can get by implementing ordered pooling as opposed to random pooling,
when assuming the average probability of infection from the batch is equal to q. The following theorem
states that, provided that n is sufficiently large, one can approximate UBFP

o (q, n,K) by UBFP
o (µ, n,K),

since UBT
o (q, n,K)

p→ UBFP
o (µ, n,K).

Theorem 2

lim
n→∞

UBFP
o (µ, n,K) = (1− Sp)

K−1∑
I=0

h(I)

(
K − 1

I

)[
µI(1− µ)K−I − αaI(1− a)K−I

−(1− α)bI(1− b)K−I
]
, (9)

and

UBFP
o (q, n,K)

p→ lim
n→∞

UBFP
o (µ, n,K)

Like with the expected number of tests, I show that UBFP
o (µ, n,K) converges to its limit from below,

so that, for a given batch size N , expression (9) yields a more conservative (i.e., looser) upper bound to
the reduction in the expected number of false positives that stems from implementing ordered pooling, as
compared to UBFP

o (µ, n,K).

Proposition 6 For all n ∈ N we have that

UBFP
o (µ, n,K) ≤ lim

n→∞
UBFP

o (µ, n,K)
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Like UBT
o (µ, n,K), UBFP

o (µ, n,K) oscillates and increases with n until it converges to its limit from
below. The intuition for this pattern is the same as the one given for the expected number of tests: an
increase in the batch size allows for a greater variability in the probabilities of infection, which, in turn,
tends to increase the benefits of implementing ordered pooling. The oscillatory behavior of UBFP

o (µ, n,K)
comes from the fact that, for some values of n, one of the pools has an intermediate probability of infection,
which causes UBFP

o (µ, n,K) to be lower than its asymptotic limit. But as n increases, the effect that this
single pool has on the total average dissipates.

Like Theorem 1, Theorem 2 is an asymptotic result: to ensure it holds in practical settings, the batch
size must be sufficiently large. But I derive a result similar to Proposition 4 that shows that, in the absence
of dilution effects, Eq

[
UBFP

o (q, n,K)
]
≤ limn→∞ UBFP

o (µ, n,K) for every n, dispensing the necessity for
the batch to be large.

Proposition 7 Suppose that

h(I,K) =

{
1− Sp, if I = 0
Se, if I > 0

.

Then,
Eq

[
UBFP

o (q, n,K)
]
≤ lim

n→∞
UBFP

o (µ, n,K) =[
(1− Sp)Se − (1− Sp)

2
] [
α(1− a)K + (1− α)(1− b)K − (1− µ)K

]
(10)

6 Expected Number of False Negatives
The societal costs of false negatives are often substantial, as an infected individual erroneously diagnosed
as healthy may not end up receiving the necessary treatment for her recovery. Moreover, in the context
of communicable diseases, such as sexually transmitted infections, an undiagnosed individual poses a risk
of unwittingly transmitting the infection to others. So, minimizing the expected number of false negatives
should be one of the main priorities of the tester. This section provides an upper bound to the reduction
in the expected number of false negatives obtained by implementing ordered pooling as opposed to random
pooling.

One can easily show that the expected number of false negatives per subject obtained under random
pooling with pool sizes equal to K is (approximately) given by:

FNK
r (q, n,K) ≡ q

{[
K−1∑
I=0

(1− h(I + 1))

(
K − 1

I

)
qI(1− q)K−1−I

]

+

[
K−1∑
I=0

h(I + 1,K)

(
K − 1

I

)
qI(1− q)K−1−I(1− Se)

]}
. (11)

For any given subject, the first term inside the braces from equation (11) corresponds to the probability that
no infection is detected in the pooled sample conditional that the subject is infected. The second term inside
the braces corresponds to the probability that infection is detected in the pooled sample, but the subject
is subsequently misclassified as not infected in the retesting phase. Adding these two expressions yields the
probability that an arbitrary subject is incorrectly classified as not infected conditional that she is, in fact,
infected. This probability must then be multiplied by q to generate the unconditional probability that a
subject is incorrectly classified as not infected.

Rearranging the terms, equation (11) can be rewritten as

FNK
r (q, n,K) = q

[
K−1∑
I=0

(1− Seh(I + 1))

(
K − 1

I

)
qI(1− q)K−1−I

]
. (12)

It is straightforward to show that, for a given realization of (q1, q2, · · · , qN ), implementing ordered pooling
yields the following expected number of false negatives:

FNK
o (q1, q2, · · · , qN ) ≡

N/K∑
g=1

fng,

13



where

fng ≡
K∑

I=0

PGg
(I)I [1− Seh(I,K)] (13)

is the expected number of false negatives within group Gg (i.e., the gth group with lowest probability of
infection), and PGg

(I) is the probability that group Gg has exactly I infected subjects (see equation (4)).
The next proposition states that, for a given realization of the average probability of infection in a batch,

q, the expected number of false negatives obtained when implementing ordered pooling is minimized when
the variability of the probabilities of infection is as high as possible between groups, and as low as possible
within groups. That the expected number of false negatives diminishes with an increase in the variability of
probabilities of infection between groups is intuitive: in the absence of any variability in the probabilities of
infection, implementing ordered pooling would be equivalent to implementing random pooling. The intuition,
however, as to why the variability of probabilities of infection must be as low as possible within each group
is somewhat less intuitive, but it has to do with assumption 3. Indeed, if assumption 3 holds, then either
the dilution function is completely flat for positive values of I (this would represent the case in which pooled
testing is not affected by dilution effects), in which case the variability of the probabilities of infection
within a group would not alter the expected number of false negatives; or the dilution function h(I,K) is
strictly increasing in I, but not “too concave” for positive values of I, which causes the dilution effect to
be somewhat strong, in which case false negatives are reduced by reducing the variability of probabilities of
infection within the pool. Indeed, consider, for example, one pool comprised of only two individuals, where
one has probability of infection 1, and the other has probability of infection 0. In this case, if the dilution
effect is sufficiently strong, having only one infected subject reduces the probability that the pooled test
detects an infection, thus increasing the probability of a false negative. But if both subjects had probability
of infection equal to 1/2, the average probability of infection within the pool would be preserved, and yet,
there would be a positive probability of 1/4 that both subjects were infected, in which case the pooled test
would be less likely to fail to detect an infection, and there would also be a probability of 1/4 that none was
infected, an event that yields zero probability of a false negative.

Proposition 8 Let (q1, · · · , qN ) be such that
∑

i qi/N = q and qi ∈ [a, b] for all i. Then, if h(I,K) is
increasing in I and satisfies assumption 3, we must have FNK

o (q(q, n,K)) ≤ FNK
o (q1, · · · , qN ).

For each (q, n,K) ∈ [a, b]× N2 define

UBFN
o (q, n,K) ≡ FNK

r (µ, n,K)− FNK
o (q(q, n,K))

N
.

In words, UBFN
o (q, n,K) corresponds to an upper bound to the reduction in the expected number of

false negatives that one can get by implementing ordered pooling as opposed to random pooling, when
assuming the average probability of infection from the batch is equal to q. The following theorem ensures
that, provided that n is sufficiently large, one can approximate UBFP

o (q, n,K) by UBFP
o (µ, n,K).

Theorem 3

lim
n→∞

UBFN
o (µ, n,K) =

K−1∑
I=0

(1− Seh(I + 1))

(
K − 1

I

)
[µI+1(1− µ)K−1−I

− αaI+1(1− a)K−1−I − (1− α)bI+1(1− b)K−1−I ], (14)

and

UBFN
o (q, n,K)

p→ lim
n→∞

UBFN
o (µ, n,K)

Like with the expected number of tests and the expected number of false positives, I show that
UBFN

o (µ, n,K) converges to its limit from below, so that, for a given batch size N , expression (14) yields a
more conservative upper bound to the reduction in the expected number of false negatives that stems from
implementing ordered pooling, as compared to UBFN

o (µ, n,K).
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Proposition 9 For all n ∈ N we have that

UBFN
o (µ, n,K) ≤ lim

n→∞
UBFN

o (µ, n,K)

UBFN
o (µ, n,K) exhibits the same pattern as UBT

o (µ, n,K) and UBT
o (µ, n,K): it oscillates and increases

with n until it converges to its limit from below. The intuition for this pattern is the same as the ones
presented in the previous sections: the oscillatory behavior of UBFN

o (µ, n,K) stems from the discrete nature
of pool sizes, whereas the increasing trend in UBFN

o (µ, n,K) comes from the fact that, when the batch size
is too small, in expectation it does not end up with enough subjects with a high probability of infection to
fill out an entire group (or subjects with a very low probability of infection who can fill out an entire group),
thus diminishing the benefits of implementing ordered pooling.

It should be noticed that, in the absence of dilution effects, the expected number of false negatives is not
affected by how agents are matched to form the pools (e.g., see Aprahamian, Bish and Bish [2019]). This is
because, when there are no dilution effects, the likelihood of detecting an infected sample in a pooled test
is not influenced by how many other infected specimens there are in the pool. Therefore, when the dilution
effect is given by equation (2), UBFN

o (q, n,K) collapses to 0.

Proposition 10 [Aprahamian, Bish and Bish, 2019] Suppose that

h(I,K) =

{
1− Sp, if I = 0
Se, if I > 0

.

Then,

UBFN
o (q, n,K) = 0

for every q.

7 Upper bounds with partial information on µ, a, b, Se and Sp

The previous sections derived asymptotic upper bounds to the benefits of implementing ordered pooling,
assuming that information on the maximum and minimum probabilities of infection, a and b, were available.
In practice, however, this information may not be available. In these cases, the tester can set very low values
for a and very high values of b to get a conservative (i.e., loose) upper bounds to the benefits of implementing
ordered pooling. Indeed, for a given µ reducing a or increasing b should either increase or not affect all of
the upper bounds UBT

o (µ, n,K), UBFP
o (µ, n,K) and UBFN

o (µ, n,K).

Corollary 1 For a given µ, UBT
o (µ, n,K), UBFP

o (µ, n,K) and UBFN
o (µ, n,K) are non-increasing in “a”

and non-decreasing in “b”.

Similarly, there might be instances in which the tester does not know the exact prevalence of the disease,
µ. In this case, the tester can still get a conservative upper bound by maximizing equations (5), (9) and (14)
with respect to µ, or a linear combination of these equations. Optimizing these expressions with respect to
µ can be easily done computationally.

Regardless of the dilution effect, the benefits of implementing ordered pooling will usually have an inverted
U-shape relationship with respect to µ. This is because, at the extreme levels, i.e., when µ = a or µ = b,
everyone has the same probability of infection, in which case there is no distinction between random and
ordered pooling. It will be shown in proposition 11 that, in the absence of dilution effects (i.e., when the
dilution function is given by equation (2)), one can actually get a simple closed form solution to the level of
µ that maximizes the benefits of implementing ordered pooling.

In the absence of dilution effects, I show that the difference in the expected number of tests of random vs.
ordered pooling will increase with Se and Sp. Intuitively, this happens because, if Se is very low, most pools
are not retested, regardless of how samples were grouped, in which case the monetary benefits of arranging
samples optimally erode. On the other hand, if Sp is very low, we end up with a lot of retests caused by
false positives, regardless of how samples are pooled.
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As to false positives, increasing Se will increase the gap of false positives between random and ordered
pooling, while increasing Sp will tend to reduce this gap. Intuitively, a lower Se implies that virtually no
one is retested, so we end up with virtually no false positives, regardless of how samples are pooled. On
the other hand, at the maximum level of specificity, i.e., when Sp = 1, we cannot have any false positive
result, regardless of how samples are pooled. Though it is theoretically possible that a marginal increase in
Sp may actually increase the difference in false positives of random vs. ordered pooling, this only happens
when 2(1−Sp) > Se, an instance that is arguably uncommon as it requires the specificity of the test, Sp, to
be very low.

When it comes to false negatives, it has already been shown in proposition 10 that, in the absence of
dilution effects, the expected number of false negatives is not influenced by how agents are matched to form
the pools. This implies that UBFN

o (q, n,K) is always equal to zero regardless of Se, Sp, a, b or µ.

Proposition 11 Suppose that

h(I,K) =

{
1− Sp, if I = 0
Se, if I > 0

.

Then, limn→∞ UBT
o (µ, n,K) is increasing in Se and Sp, and limn→∞ UBFP

o (µ, n,K) is increasing in Se. In
addition, limn→∞ UBT

o (µ, n,K) and limn→∞ UBFP
o (µ, n,K) are single peaked with respect to µ, achieving

a maximum at

µ∗ = 1−
[
(1− a)K − (1− b)K

K(b− a)

]1/(K−1)

.

If we add the assumption that 2(1− Sp) < Se, then limn→∞ UBFP
o (µ, n,K) is decreasing in Sp.

Because UBFN
o (q, n,K) is always equal to zero in the absence of dilution effects, UBFN

o (q, n,K) is not
affected by changes on any of the parameters Se, Sp, a, b or µ.

Example 3 If

h(I,K) =

{
1− Sp, if I = 0
Se, if I > 0

,

then, conservatively setting a = 0 and b = 1 and

µ = 1−
[
(1− a)K − (1− b)K

K(b− a)

]1/(K−1)

= 1−
[
1

K

]1/(K−1)

,

and assuming that Sp = .98, Se = .95 and K = 5, we have that ordered pooling can reduce the expected
number of tests by at most 0.5 per person when samples are pooled into groups of K = 5. Of course, this
upper bound is extremely conservative, as it assumes µ ≈ 0.33, an instance in which the prevalence is so high
that pooled testing would actually be less cost-effective than simply testing every specimen individually.

But if we assumed b and µ to be smaller, we could get much tighter bounds, as displayed in figure 2a.
Similarly, assuming a smaller Se (or Sp) would also generate tighter upper bounds, as displayed in figure
2b. As to false positives, increasing Sp actually reduces the spread between random and ordered pooling, as
displayed in figure 2c.

8 Choosing the optimal pool size
In practical settings, a tester usually wishes to implement a pool size K that minimizes a linear combination
of the expected number of tests, the expected number of false positives, and the expected number of false
negatives. Because the set of possible pool sizes is finite, solving this problem is relatively simple when all
pools are restricted to have the same size.8 This section provides a brief characterization of the optimal pool
size as a function of the weights put to each of these attributes.

8When pools are allowed to have heterogeneous sizes, an optimal path algorithm described in Aprahamian, Bish and Bish
[2019] and Saraiva [2023a] can be used to find the optimal matching configuration. One of the features from the Shiny
app https://jcbrnd.shinyapps.io/shiny_app_anonymous/ developed as a companion material to this paper implements this
algorithm to find the optimal pool configuration.
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Figure 2: The benefits associated with ordered pooling as a function of
µ, b, Se and Sp. For the baseline, I assume Sp = 0.98, Se = 0.95, a = 0,
b = 1 and that the dilution function is given by equation (2).

It is well known, since Dorfman [1943], that when one’s interest is in minimizing the expected number
of tests, the optimal pool size is decreasing in the prevalence of the disease. If the prevalence is sufficiently
high, it becomes optimal to just test every sample individually.

The same principle applies when implementing ordered pooling: under smaller prevalences, it becomes
optimal to choose a larger pool size. If pooled testing is subject to dilution effects and the tester does not
care about classification errors, it becomes even more advantageous to choose larger pool sizes, as doing so
reduces the probability that an infected specimen in a pool triggers a retest.

So, if we only cared about the expected number of tests, and strong dilution effects were at play, and the
prevalence of the disease was sufficiently low, it would be optimal to just group every sample from the batch
into a single pool. Even if there were infected specimens in the pool, there would most likely be very few of
them, so that they would not trigger retests due to dilution effects. Such a pooled test would be worthless,
of course, as it would invariably generate negative results. For this reason, it is important for the tester to
also take into account how the pool size affects classification errors.

At the extreme case in which one’s sole purpose is to minimize false negative results, individual testing
becomes optimal [Saraiva, 2023a]. If individual testing is not allowed and pooled testing is subject to dilution
effects, smaller pools tend to reduce the expected number of false negative results (but if pooled testing is not
subject to dilution effects, the way that the pools are formed does not affect the incidence of false negatives,
as seen in proposition 10.). Indeed, conditional that a subject in a pool of size K is infected, the expected
number of infected specimens in the pool is given by 1+(K−1)µ

K (assuming random pooling is implemented),
which is decreasing in K. So, conditional that a sample is infected, increasing the pool size decreases the
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average concentration of infection in the pool, increasing the probability that the pooled test does not detect
an infection. This is arguably the main reason why small pool sizes are often chosen in practical settings.

That reducing the pool size tends to generate fewer false negative results is rather intuitive. What is
somewhat less obvious is that smaller pool sizes also tend to reduce the expected number of false positive
results. Indeed, in the next proposition, I show that, when pooled testing is not subject to dilution effects,
pools of size K = 2 minimize the expected number of false positive results.9

Proposition 12 Suppose that

h(I,K) =

{
1− Sp, if I = 0
Se, if I > 0

,

and the batch size N is even. Then, setting K = 2 minimizes the expected number of false positives, both
when implementing random pooling and when implementing ordered pooling.

The reason why proposition 12 may seem counterintuitive is that one might expect that, by minimizing the
expected number of tests, one is automatically minimizing the expected number of false positives. But that
is usually not the case, as minimization of the expected number of tests aims to minimize both pooled tests
and retests, whereas the minimization of false positives only takes retests into account. When probabilities
of infection are small, larger pool sizes tend to reduce the expected number of tests plus retests. However,
as we increase pool sizes, we also increase the probability that a pool has at least one infected specimen. If
dilution effects are negligible, this implies that increasing the pool size increases the probability of retests,
thus increasing the probability that false positive results are generated.

Therefore, another reason why a tester may prefer to set smaller pool sizes is that doing so tends to
minimize not only false negative results but false positive results as well. But as will be shown in the numerical
computations from the case studies, when pool sizes are small, the benefits per subject of implementing
ordered pooling also tend to be small.

9 Case study: Chlamydia Screening in the US
According to the CDC, in 2021 alone, 1,644,416 new cases of Chlamydia were reported in the US, making it
the most reported sexually transmitted disease for that year countrywide [Louisiana Department of Health,
2021]. Chlamydia mainly affects the young and sexually active, and symptomatic cases are more frequent
among women. Though in general, it can be cured with antibiotics, if left untreated, the disease can cause
severe sequelae in women, including Pelvic Inflammatory Disease (PID), ectopic pregnancy, and infertility
[Centers for Disease Control and Prevention, 2019].

This section analyzes the potential benefits of implementing ordered pooling to detect Chlamydia through
Dorfman testing, as opposed to matching subjects randomly. So, letting C(T ), C(FP ) and C(FN) denote
the expected cost of a test, the expected cost of a false positive, and the expected cost of a false negative,
respectively, we wish to compute

∆C ≡ C(T )
(
TK
r − TK

o

)
+ C(FP )

(
FPK

r − FPK
o

)
+ C(FN)

(
FNK

r − FNK
o

)
, (15)

and use the results presented earlier to derive an upper bound to this difference in costs.
For this analysis, I consider the Ligase Chain Reaction (LCR) chlamydia test, a test commonly used in

chlamydia screening [Aprahamian, Bish and Bish, 2018]. Following Aprahamian, Bish and Bish [2019], I use
the average between the cost of sequelae for men and women, estimated by Owusu-Edusei Jr et al. [2015],
to set the cost of a false negative at C(FN) = $2, 927.10 Also following Aprahamian, Bish and Bish [2019],
I set the screening cost per test at C(T ) = $55, and the cost of a false positive to be equal to the cost of an
additional screening test (i.e., I assume C(FP ) = $55).

9The part of proposition 12 that deals with ordered pooling is an extension of a result derived in Aprahamian, Bish and Bish
[2019]. The authors show that, when one’s sole objective is to minimize false positives, one cannot have pools of size greater
than 3. But I show that, when the batch size is even, it will never be optimal to have a pool of size 3 or 1.

10For simplification, this measure does not incorporate a health-related reduction in quality of life, nor costs associated with
transmissions that a true positive would have averted.
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9.1 The dilution effect for LCR chlamydia tests
Based on the framework proposed by Aprahamian, Bish and Bish [2018], I assume that the dilution function
for Chlamydia has the following format:

h(I,K) = (1− Sp) + (Se + Sp − 1)(I/K)δ. (16)

Clinical studies by Kacena et al. [1998] indicated that pools of size k = 4 achieved near-perfect sensitivity
and specificity, specifically:

h(1, 4) = 1,

and
1− h(0, 4) = 97/99 = 0.98.

This leads me to conjecture that Se = h(1, 1) ≈ h(1, 4) = 1 and Sp = 1 − h(0, 1) ≈ 1 − h(0, 4) = 97/99.
Nevertheless, by contrasting Se = 1 with the findings from studies like Schachter et al. [1994], I suspect that
this perfect sensitivity could be due to sampling error; so, I conservatively set Se = 0.99. Assuming constant
specificity across pool sizes, I equate h(0, 1) to h(0, 4), thus setting Sp = 1− h(0, 4) = 97/99.

In Kacena et al. [1998], Chlamydia’s prevalence for pools of size K = 10 was µr = 62/520, and the
detection rate in such infected pools was 37/38. Adopting the approach of Aprahamian, Bish and Bish
[2018], δ is chosen so that

37/38 =
1

1− (1− µr)10

10∑
I=1

h(I, 10)

(
10

I

)
µI
r(1− µr)

10−I , (17)

which aligns the sensitivity for pools of size 10 from Kacena et al. [1998] with the dilution function h. This
calculation results in δ = 0.0089, suggesting minimal dilution effects. However, considering the potential
sampling variability in Kacena et al. [1998], I opt for a higher δ value, more specifically, I assume δ = 0.15,
allowing for the possibility of non-trivial dilution effects (in the Online Appendix I show that very similar
results are obtained when δ = 0.0089).

9.2 Distribution of the probabilities of infection for Chlamydia
Table 2 reports the prevalence per demographic group extracted from the Centers for Disease and Control
Prevention (CDC) website for the year 2014.11 As in Aprahamian, Bish and Bish [2019], Aprahamian, Bish
and Bish [2018] and Saraiva [2023a], the probabilities of infection from each group have been multiplied by an
underreporting factor of 3, to account for patients who are not properly screened (e.g., because their infection
is asymptomatic). Indeed, According to Centers for Disease Control and Prevention [2000], approximately
75% of infected women and 50% of infected men exhibit no symptoms.

The multiplication of the probabilities of infection by a somewhat arbitrary underreporting factor of 3
reflects the lack of information that researchers usually have regarding the true distribution of probabilities
of infection in practical settings. This is one of the reasons why the upper bounds derived in this article
can be useful: even if one does not know the true distribution of probabilities of infection, one can still
simulate the benefits of implementing ordered pooling by assuming conservative values for a, b and µ. In
the present example, increasing the underreporting factor from 1 to 3 substantially increases both b and
µ, which increases the maximum benefits that can be achieved by implementing ordered pooling (see the
Online Appendix for detail).

Figure 3 depicts the distribution of probabilities of infection generated from table 2 assuming an under-
reporting factor of 3. An advantage of working with this distribution is that, because it corresponds to the
same distribution analyzed in Aprahamian, Bish and Bish [2019] and Saraiva [2023a], one can compare my
numerical results with the ones obtained in these articles.

11https://wonder.cdc.gov/std-race-age.html
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Table 2: Prevalence of Chlamydia and proportion in population by Gen-
der, Age, and Race/Ethnicity (Centers for Disease Control and Preven-
tion 2014).

Gender Race/Ethnicity Age Group (years) Prevalence (%) Demographic
Composition (%)

Hispanic 15-24 6.54 1.41
Female Other 0.65 7.01

Black 15-24 19.19 1.07
Other 1.22 5.67

Other 15-24 4.38 4.29
Other 0.25 31.31

Hispanic 15-24 1.78 1.53
Male Other 0.36 7.16

Black 15-24 7.45 1.09
Other 1.05 5.08

Other 15-24 1.20 4.51
Other 0.17 29.87

Total - - 0.97 100
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Figure 3: Distribution of probabilities of Chlamydia in the US during
2014 using the data from table 2.

9.3 Benefits of implementing ordered pooling to detect Chlamydia
It can be shown that the calibrated dilution function from equation (16) is concave for any δ ∈ (0, 1] and any
Sp, Se ∈ [0, 1] such that Se > 1− Sp. Moreover, for any δ ≥ 0, this dilution function satisfies assumption 3.
Therefore, it follows from proposition 1 that ordered pooling simultaneously minimizes the expected number
of tests, the expected number of false positives and the expected number of false negatives.
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Figure 4 depicts the simulated benefits of implementing ordered pooling as opposed to random pooling, as
well as the upper bounds UBT

o (µ, n,K), UBFP
o (µ, n,K) and UBFN

o (µ, n,K) with their respective asymptotic
limits. To generate these plots, I assumed a batch size of N = 100, which has a similar order of magnitude
as the batch size used in some practical settings.12 Whenever N was not divisible by K, I would redefine
N = ⌊N

K ⌋ × K to ensure that all pools had the same size. This is equivalent to randomly selecting some
samples to be assigned to the smaller batch of size N mod K.

From Figure 4a, one can see that the pool size that minimizes the expected number of tests is relatively
large: K = 15 under random pooling and K = 16 under ordered pooling. As discussed in section 8, this
happens because the prevalence of the disease is relatively low (less than 1%). Also notice that, consistent
with Proposition 12, the pool size that minimizes the expected number of false positives is given by K = 2,
both when implementing random pooling and when implementing ordered pooling. As the pool size increases,
both types of classification errors increase. Taking into account the costs associated with classification errors,
the overall costs associated with pooled testing is minimized at K = 10 when implementing random pooling
and at K = 11 when implementing ordered pooling.

Figure 5 zooms in the benefits of implementing ordered pooling displayed in Figure 4. From these
figures, one can see that, for batches of size 100, the savings in costs associated with ordered pooling are
somewhat modest (less than 1 USD per subject for pool sizes lower than K = 12), which is both captured
by the simulated differences and the upper bounds UBT

o (µ, n,K), UBFP
o (µ, n,K) and UBFN

o (µ, n,K). The
asymptotic upper bounds, on the other hand, are substantially higher. This is because, as the batch size
increases, the tester is able to form pools comprised entirely of risky subjects.

Indeed, as figure 6 illustrates, the benefits of implementing ordered pooling are substantially higher when
N = 300 (the total cost reduction per subject surpasses 1 USD for pool sizes greater than 8), and the
upper bounds UBT

o (µ, n,K), UBFP
o (µ, n,K) and UBFN

o (µ, n,K) are much closer to their asymptotic limit.
It should also be noticed that the simulated benefits of implementing ordered pooling depicted in Figure
6 are almost indistinguishable from the ones obtained in Saraiva [2023a] using a very large batch size of
N = 10, 000.

10 Case study: SARS-CoV-2 Screening in Chile
Throughout the COVID-19 pandemic, Chile relied heavily on pooled testing to detect SARS-CoV-2, the
pathogen responsible for COVID-19. According to Basso et al. [2023], between 10% and 20% of reverse
transcription polymerase chain reaction (RT-PCR) tests conducted in the country used this technique. This
section estimates the potential gains of implementing ordered pooling as opposed to random pooling to
detect SARS-CoV-2 in Chile during the beginning of 2022, a period characterized by an abnormally high
number of new infections.

10.1 The dilution effect for RT-qPCR tests
First, let us start by first estimating the dilution effect for COVID-19 tests. Currently, RT-PCR tests are
the most ubiquitous method used to detect the disease due to their high sensitivity and the high speed
with which they can generate final results [Habibzadeh et al., 2021]. RT-qPCR (Reverse Transcription
Quantitative PCR) is similar in nature to RT-PCR tests. However, it not only provides a classification of
infected vs. not infected but also provides a quantitative measure of the viral load in the sample.

Yelin et al. [2020] conducted clinical studies to determine the likelihood of accurately detecting SARS-
CoV-2 in samples using RT-qPCR tests at various dilution levels. Table 3 presents the likelihood of detecting
an infection as a function of how strongly the sample was diluted.13

As studies show that the specificity from RT-PCR tests to detect SARS-CoV-2 are usually close to 100%

12For example, according to Lewis, Lockary and Kobic [2012], the Idaho Bureau of Laboratories used to test approximately
40 specimens per day to detect sexually transmitted diseases such as Chlamydia (15,000 per year), implementing pooled testing
on most occasions.

13These estimates were recovered from a plot published in the online appendix of Yelin et al. [2020] assuming a cutoff of 38
polymerase chain reaction (PCR) cycles.
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Figure 4: Expected number of tests and classification errors per subject
for Chlamydia, assuming N = 100. The blue dot corresponds to the case
in which subjects are individually tested, i.e. K = 1. Parameters for
the dilution function (16): Se = .99, Sp = .98 and δ = 0.15. Parameters
for the upper bounds: µ = 0.0097, a = 0.0017 and b = 0.1919.

[Litchfield et al., 2022], I set Sp = 0.99. Assuming that each observed h(I,K) is given by

(1− Sp) + (Sp + Se − 1)

(
I

K

)δ

plus a random idiosyncratic shock ε ∼ N(0, σ2), one can easily estimate Se and δ through the method of
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Figure 5: Expected benefits per subject of implementing ordered pooling
for Chlamydia, assuming N = 100. The gray area corresponds to a 95%
confidence interval using non-parametric bootstrap and assuming that
10 separate batches are tested in total. Parameters for the dilution
function (16): Se = .99, Sp = .98 and δ = 0.15. Parameters for the
upper bounds: µ = 0.0097, a = 0.0017 and b = 0.1919.

maximum likelihood to obtain Se = 0.989 and δ = 0.0459. Because δ = 0.0459 ∈ [0, 1], the calibrated dilution
function is increasing and satisfies assumptions 2 and 3, which, from proposition 1, implies that ordered
pooling simultaneously minimizes the expected number of tests, the expected number of false positives and
the expected number of false negatives. Figure 7 depicts the estimated dilution function.
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Figure 6: Expected benefits per subject of implementing ordered pooling
for Chlamydia, assuming N = 100. The gray area corresponds to a 95%
confidence interval using non-parametric bootstrap and assuming that
10 separate batches are tested in total. Parameters for the dilution
function (16): Se = .99, Sp = .98 and δ = 0.15. Parameters for the
upper bounds: µ = 0.0097, a = 0.0017 and b = 0.1919.

10.2 Distribution of the probabilities of infection for SARS-CoV-2
During the COVID-19 pandemic, the Ministry of Science from Chile implemented strict lockdown policies
which relied heavily on surveillance data, which were made publicly available [Basso et al., 2023]. This
dataset contains the weekly incidence of SARS-CoV-2 for different combinations of age cohort and vaccination
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Table 3: Sensitivity of RT-qPCR tests extracted from
Yelin et al. [2020] under various dilution levels.

I/K h(I,K)
1 0.9623
1/2 0.9623
1/4 0.9623
1/8 0.9208
1/16 0.8472
1/32 0.8472
1/64 0.8094
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Figure 7: Dilution function h(I,K) = (1 − Sp) + (Sp + Se − 1)
(

I
K

)δ,
with Sp = .99, Se = 0.989 and δ = 0.0459. The dots correspond to the
sample observations displayed in table 3.

statuses. The vaccination status indicates whether subjects from the group were: 1) not vaccinated, 2) had
received only the first dose, 3) were fully vaccinated, 4) were fully vaccinated and received one vaccine boost,
and 5) were fully vaccinated and received two vaccine boosts. The dataset does not specify, however, the
type of vaccine received. Groups were also categorized based on the age cohort that they belonged, with 10
age cohorts in total. It should be noticed that this dataset is already aggregated at the vaccination status
and age cohort. So, I cannot incorporate additional information from patients, such as the commune where
they lived, to get more granular estimates of probabilities of infection.

Using this dataset, I computed the distribution of probabilities of SARS-CoV-2 infection in Chile during
the 5th week of 2022. I focus on this week because this is the week from the sample that had the highest
number of new confirmed cases. So, the benefits of implementing ordered pooling will tend be higher during
this period.

As I have data on incidence (i.e., number of new infections in a given week) and because the symptomatic
phase of the disease can last more than a week, and because many infected individuals often go undetected,
I multiply the number of new cases in this week by 2 to get an estimate of the prevalence per group during
this week.14

14If, instead of multiplying the incidence by 2, I added the current incidence level with the one from the previous period,
I would get a slightly lower prevalence at the peak (µ = 0.023 instead of µ = 0.025) and practically the same bounds on
probabilities of infection (a = 0 and b = 0.048).
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Overall, I find that in this week there is considerable dispersion in the probabilities of infection per
group, as illustrated in the histogram displayed in figure 8, though there is not as much dispersion as in the
chlamydia case study. The average probability of infection during this period was 0.0251. The maximum
probability of infection from this distribution was 0.048, and the minimum was 0, with variance equal to
5.039e-05.
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Figure 8: The distribution of probabilities of SARS-CoV-2 infection in
Chile during the 5th week of 2022. Prevalence per group was obtained
by multiplying the incidence (number of new cases) by two.

10.3 Benefits of implementing ordered pooling to detect COVID-19
Now the estimated dilution function

h(I,K) = (1− 0.99) + (0.99 + 0.989− 1)

(
I

K

)0.0459

can be used in conjunction with the distribution of probabilities of infection to estimate the benefits of
implementing ordered pooling as opposed to random pooling, as well as the upper bounds to these benefits
by computing UBT

o (µ, n,K), UBFP
o (µ, n,K) and UBFN

o (µ, n,K). These benefits are displayed in figure
9. These plots were generated using a batch of size N = 100, which has a similar order of magnitude as
the batch size used in some practical settings – for example, the Hadassah Medical Center in Jerusalem
implemented Dorfman testing in batches of size 64 using a pool size of K = 8 to detect SARS-CoV-2 using
RT-PCR tests [Barak et al., 2021].

Though I do not estimate the cost of a false negative and the cost of a false positive due to the complexity
involved in measuring these volatile costs, from the plots displayed in figure 9, one can see that the benefits
of implementing ordered pooling are quite small for each of the three attributes considered. Moreover, if I
follow Basso et al. [2023] and assume the average cost of a RT-PCR test to be 31.25 USD, then the savings
in costs associated exclusively with the expected number of tests is always below 0.1 USD per subject for
pool sizes less than or equal to 13.

For pools of size K ≤ 6, the small gains associated with implementing ordered pooling are captured by
the upper bounds UBT

o (µ, n,K), UBFP
o (µ, n,K) and UBFN

o (µ, n,K) displayed in figure 9. Given that Chile
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Figure 9: Expected number of tests and classification errors per subject
for COVID-19, assuming N = 100. The blue dot corresponds to the
case in which subjects are individually tested, i.e. K = 1. Parameters
for the dilution function (16): Se = .99, Sp = .989 and δ = 0.0459.
Parameters for the upper bounds: µ = 0.0251, a = 0 and b = 0.048.

relied mostly on pools no greater than K = 5 [Basso et al., 2023], whereas the coastal region of Kenya relied
mostly on pools of size 6 [Agoti et al., 2021], my upper bounds could have been used as an early indication
that the added benefits of implementing ordered pooling in this context would have been modest at best.
Increasing the batch size to N = 300 yields similar results.

The reason why these benefits are so small in this example compared to what was observed in the
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chlamydia case study, is that here there is less variability in the probabilities of infection. Indeed, comparing
the histograms from figures 8 and 3, one can observe a much greater dispersion in the probabilities of infection
for chlamydia than for COVID-19 (even though the overall prevalence for chlamydia is lower).

One could argue that perhaps the benefits of implementing ordered partitions could be greater during
other weeks of the pandemic, say, because there might be more dispersion in the probabilities of infection
during these periods. But doing this same numerical exercise in other periods results in equally small
savings in the expected number of tests, as illustrated in figure 10. This graph includes savings in testing
costs obtained when implementing ordered pooling as opposed to random pooling for each week from my
dataset, assuming a cost per test of 31.25 USD and ignoring the savings obtained from the reduction in the
expected number of false negatives and false positives. From the figure, one can see that the reduction in
costs is never above 20 cents per subject. Moreover, when implementing pools of size 5, the pool size mostly
used in Chile to detect SARS-CoV-2 [Basso et al., 2023], the benefits are never above 2 cents per patient.
Perhaps with more granular data, one could observe greater dispersion in the probabilities of infection for
COVID-19, in which case implementing ordered pooling could prove to be more beneficial. But at least for
the dataset that I have, these benefits appear to be rather small.
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Figure 10: Evolution of the savings in costs in USD related to the
expected number of tests obtained when implementing ordered pooling
as opposed to random pooling to screen for SARS-CoV-2 infections in
Chile using different pool sizes. These estimates assume a cost per test
of 31.25 USD. The red vertical dashed line corresponds to 5th week of
2022, the week with the highest prevalence in the sample.

One can also get looser upper bounds to the benefits of implementing ordered pooling by setting more
conservative values for µ, b and a. Figure 11, for example, depicts how the upper bounds to the monetary
benefits of implementing ordered pooling as opposed to random pooling would increase if we had b = 0.1 as
opposed to b = 0.048, for different prevalence levels µ, assuming a cost per test of 31.25 USD. As it can be
seen from the figures, the benefits from implementing ordered pooling increase substantially as b increases.

One practical element that can influence the magnitude of b is how rich the dataset is, e.g., whether or
not it provides information on patients’ symptoms. The next section explores how the upper bounds derived
in this paper can be used to assess the benefits of collecting richer surveillance data when conducting pooled
testing.
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(a) b = 0.048 (b) b = 0.1

Figure 11: Maximum savings in testing costs in USD obtained from
equation (5) for different pool sizes and assuming a = 0 and different
levels of µ and b, and assuming a cost per test of 31.25 USD.

10.4 Improving the information collected from patients
The COVID-19 dataset that I analyzed did not have information on patients’ probability of infection condi-
tional on their reported symptoms, as information regarding their symptoms was probably not collected by
most laboratories at the time of screening.

However, having data on symptoms could increase the variability in observed prior probabilities of in-
fection, which, in turn, could enhance the benefits of implementing ordered pooling as opposed to random
pooling. A desirable feature of the upper bounds derived in this article is that they can be used to assess
the benefits of collecting this additional information, requiring minimal experimentation. For instance, if
historical data indicates that unvaccinated patients with symptoms have a 10% infection probability, one
can simply replace b = 0.048 with b = 0.1 in the expressions for the upper bounds (equations (5), (9) and
(14)). This approach enables one to estimate the benefits of collecting data on symptoms even if one does
not know, ex-ante, the full distribution of infection probabilities that one would get by collecting this data.
Indeed, to assess the maximum benefits of gathering this additional information, one does not need to know,
for example, the proportion of the population that exhibits symptoms and is unvaccinated, nor the infection
probability of someone who is vaccinated and symptomatic. The only critical information required is the
highest possible probability of infection, b, which can be assessed by estimating the probability that an
individual is infected conditional that he is unvaccinated and exhibits symptoms.

Figure 12 depicts how the upper bounds would change if one collected data on patients’ symptoms and if
previous trials indicated that unvaccinated and symptomatic patients had a 10% chance of being infected,
thus lifting the upper limit of the support of the distribution of Qs from b = 0.048 to b = 0.1. From the
figures, one can see that collecting this data has a great potential of improving the benefits of implementing
ordered pooling. These benefits should, of course, be weighed against the costs associated with this greater
surveillance.
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Figure 12: Asymptotic upper bounds to the benefits of implementing
ordered pooling instead of random pooling for COVID-19 screening, as-
suming a = 0, µ = 0.0251 and b ∈ {0.048, 0.1}, for different levels of K.
The blue dot corresponds to the case in which subjects are individually
tested, i.e. K = 1. Parameters for the dilution function (16): Se = .99,
Sp = .989 and δ = 0.0459.

11 Discussion
This study has provided a simple method to compute an upper bound to the savings gained by implementing
ordered pooling as opposed to matching subjects randomly when conducting pooled testing. The results
presented have potential practical applications in healthcare management, as the upper bounds are easy to
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compute and require very little information regarding the distribution of the probabilities of infection within
the population.

Another desirable property of these results is that they pertain to a test scheme that is highly ubiquitous
due to its simplicity and high speed with which it can generate final results. Indeed, because tests can
be conducted in parallel in each testing phase (in the pooling phase and in the retesting phase), Dorfman
screening allows testers to obtain quick and reliable results compared to more complex forms of adaptive
testing [Hwang, 1975].

An interesting insight that emerges from these upper bounds is that they show that the benefits of
implementing ordered pooling tend to diminish as the number of patients tested per batch diminishes.
Therefore, for small-scale operations in which very few patients are tested each day, the benefits per patient
of implementing ordered pooling will tend to be limited.

In practice, laboratories usually pool samples based on the consecutive order in which they arrive for
testing. However, this method may already implement some degree of positive assortative matching if the
probabilities of infection are serially correlated. This may happen, for example, if samples that arrive at the
same time tend to be collected from the same region, and the probabilities of infection vary considerably
across regions. If this is the case, the added benefits of ordering samples from lowest to highest probability
of infection should be even lower than what the upper bounds derived in this article predict. As an example,
Barak et al. [2021] conducted Dorfman testing to detect COVID-19 infections, and they ended up testing
fewer samples than what the theory predicted. They conjectured that this happened because they grouped
specimens based on the consecutive order in which they arrived for testing, which may have unintentionally
generated some degree of positive assortative matching, thus reducing the expected number of tests below
the levels obtained when implementing random pooling.

It is also not uncommon for laboratories to implement individual testing on samples that have a high
risk of infection (e.g., Lewis, Lockary and Kobic [2012], Agoti et al. [2021] and Barak et al. [2021]). In these
cases, testers can still rely on the formulas derived in this article by adjusting the maximum probability
of infection from b to the threshold b̃ beyond which samples are individually tested, and by adjusting the
prevalence µ to the expected probability of infection conditional that the subject has probability of infection
less than or equal to b̃. Notice that, because this implies a reduction in b, µ and the average batch size N
that is actually pooled tested, this selective approach tends to reduce the maximum potential benefits of
implementing ordered pooling.

Notice that, to compute the upper bounds derived in this article, the tester must have some estimate
of the dilution function h(I,K). Because pooled testing is only effective when the dilution effect is not too
strong (otherwise, pooled testing generates too many false negatives), the requirement that the tester must
have a reliable estimate of h(I,K) is arguably not unreasonable. But if, for some reason, this information
is not readily available, I show in the Appendix that the tester may still compute alternative upper bounds
that do not require knowing h(I,K). The trade-off is that these alternative upper bounds are not nearly as
tight as the ones presented in the main text (though, for very small prevalence levels and small pool sizes,
these upper bounds can still be very close to zero, and, therefore, tight).

As improvements in data collection and surveillance tend to generate a higher dispersion in the prob-
abilities of infection, the derived upper bounds can serve as a tool to simulate the potential benefits of
implementing ordered pooling under improved surveillance conditions. For instance, in the COVID-19 case
study, significant benefits from ordered pooling were not observed for small pool sizes. This might be at-
tributed to the dataset lacking critical individual-level information, such as whether individuals exhibited
COVID-19 symptoms. By using the upper bounds, it is possible to estimate the maximum benefits of
implementing ordered pooling if, in addition to recording vaccination status, testing facilities also had infor-
mation on patients’ symptoms. Notably, this estimation does not require prior knowledge of the complete
distribution of infection probabilities resulting from collecting this additional information.

As shown in Aprahamian, Bish and Bish [2019] and Saraiva [2023a], the benefits of implementing or-
dered pooling tend to be much larger when pool sizes are allowed to be heterogeneous. If, however, samples
exhibit low variability in probabilities of infection or if the maximum pool size is restricted not to sur-
pass a certain threshold (e.g., if pools are not allowed to have more than 5 samples), then, even if pool
sizes are allowed to be heterogeneous, the benefits of implementing ordered pooling should still be lim-
ited. Indeed, consider a small batch of only 10 samples, where the probabilities of infection are given by
q = (.01, .01, .02, .02, .03, .03, .03, .03, .03, .03) with a dilution function given by equation (1) with parameters
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Se = .99, Sp = .98 and δ = .15. Also suppose that both the cost of a test and the cost of a false positive
are given by $55, whereas the cost of a false negative is given by $2,927. In this case, implementing the
optimal partition allowing for any pool size – a computation that can be done using one of the features from
the Shiny app https://jcbrnd.shinyapps.io/shiny_app_anonymous/ – reduces the expected costs per
subject by only 0.6% compared to matching patients randomly into one of two pools of size 5. Therefore,
future research could attempt to extend the results from this article by deriving upper bounds to the benefits
of implementing the optimal partition without imposing the restriction that all pools must have the same
size.
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A Proofs

A.1 Expected Number of Tests

To avoid clutter notation, in this and the following sections we will sometimes redefine:

mn(q) = mn,K(q), mn = mn,K(µ),

cn(q) = cn,K(q), cn = cn,K(µ).

Lemma A.1 (Online Appendix from Saraiva [2023]) If h(·, K) is concave, then, for any

arbitrary group Gg ⊆ S such that |Gg| = K, and any l ∈ Gg,

K−1∑
I=0

PGg\{l}(I)[h(I + 1, K)− h(I,K)]
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is decreasing in the probability of infection from each subject in Gg\{l}.

Lemma A.2 Suppose that the order statistics (q1, q2, · · · , qN) and (q̂1, q̂2, · · · , q̂N) are

such that:

1. qi, q̂i ∈ [a, b] for all i,

2. There is no i < j with i ∈ Gg and j ∈ Gg′ where g < g′ such that a < qi ≤ qj < b or

a < q̂i ≤ q̂j < b, (i.e., there can be no more than one group in which the probability

of infection from every subject within the group does not match the upper or the

lower bound),

3. There is no i, j with i, j ∈ Gg such that qi < qj or q̂i < q̂j (i.e., subjects belonging

to the same group must have the same probability of infection),

4. And suppose that
N∑
i=1

qi
N

=
N∑
i=1

q̂i
N

= q.

Then, (q1, q2, · · · , qN) = (q̂1, q̂2, · · · , q̂N) = q(q, n,K).

Proof: Define

na ≡ #{i; qi = a}, nb ≡ #{i; qi = b}

n̂a ≡ #{i; q̂i = a}, n̂b ≡ #{i; q̂i = b}.

Then we must have na + nb ≥ N −K and n̂a + n̂b ≥ N −K, which implies that there is

a c ∈ (a, b] and a ĉ ∈ (a, b] such that

∑
i

qi = naa+ (N − na −K)b+Kc

and ∑
i

q̂i = n̂aa+ (N − n̂a −K)b+Kĉ.

Suppose by way of contradiction that (q1, q2, · · · , qN) 6= (q̂1, q̂2, · · · , q̂N). This happens

if and only if na 6= n̂a. Without loss of generality suppose that na < n̂a, then n̂a−na ≥ K.
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Then, we must have∑
i

qi −
∑
i

q̂i︸ ︷︷ ︸
=0

= naa+ (N − na − 1)b+Kc− (n̂aa+ (N − n̂a − 1)b+Kĉ)

⇐⇒ 0 = (b− a)(n̂a − na) +K(c− ĉ)

⇐⇒ K(ĉ− c) = (b− a) (n̂a − na)︸ ︷︷ ︸
≥K

⇒ĉ− c ≥ b− a,

a contradiction with c ∈ (a, b] and a ĉ ∈ (a, b]. The rest of the proof follows from the fact

that (q1, q2, · · · , qN) such that:

qi =


a, if i ≤ na
Nq−naa−(N−na−K)b

K
, if na < i ≤ na +K

b, if i > na +K

∀i

satisfy properties 1 to 4, so, from our previous result, this must be the only realization

of order statistics that satisfy these properties.

Proof of proposition 2: Suppose that the order statistics (q1, · · · , qN) minimize

TKo (q1, · · · , qN) subject to the constraints
∑

i qi/N = q and a ≤ q1 ≤ qN ≤ b.

Suppose by way of contradiction that there is a qi and qj with i 6= j and si ∈ Gg and

sj ∈ Gg′ with g 6= g′ (i.e., the subjects with probability of infection qi and qj belong to

different groups) such that a < qi ≤ qj < b. Then there is an ε > 0 such that qi − ε ≥ a

and qj + ε ≤ b. So replacing qi by qi − ε and qj by qj + ε does not affect the average

probability of infection, and the restrictions a ≤ qi ≤ b∀i still hold.

Let tg be the expected number of tests from group Gg and let tg′ be the expected

number of tests from group Gg′ . Let t̃g be the expected number of tests from group Gg

after the probability of infection qi from subject si is replaced by qi − ε, and let t̃g′ be

the expected number of tests from group Gg′ after the probability of infection qj from

subject sj is replaced by qj + ε. We want to show that t̃g + t̃g′ ≤ tg + tg′ . Now notice that

t̃g + t̃g′ ≤ tg + tg′

⇐⇒ (qi − ε)
K−1∑
I=0

PGg\{i}(I)h(I + 1) + (1− qi + ε)
K−1∑
I=0

PGg\{i}(I)h(I)+

+ (qj + ε)
K−1∑
I=0

PGg′\{j}(I)h(I + 1) + (1− qj − ε)
K−1∑
I=0

PGg′\{i}(I)h(I) ≤
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qi

K−1∑
I=0

PGg\{i}(I)h(I + 1) + (1− qi)
K−1∑
I=0

PGg\{i}(I)h(I)+

+ qj

K−1∑
I=0

PGg′\{j}(I)h(I + 1) + (1− qj)
K−1∑
I=0

PGg′\{i}(I)h(I)

⇐⇒ ε
K−1∑
I=0

[
PGg′\{j}(I)h(I + 1)− PGg′\{j}(I)h(I)

]
≤ ε

K−1∑
I=0

[
PGg\{i}(I)h(I + 1)− PGg\{i}(I)h(I)

]
(1)

Because the probability of infection from each subject in Gg\{i} is lower than the

probability of infection from each subject in Gg′\{j} and because these groups have the

same size, it then follows from lemma A.1 that inequality 1 holds.

Now, suppose by way of contradiction that there is a subject si (with probability of

infection qi) and a subject sj (with probability of infection qj) who both belong to the

same group Gg where a ≤ qi < qj ≤ b. Then, for a given ε ∈
[
0,

qj−qi
2

]
we have that

qi + ε ∈ [a, qj] and qj − ε ∈ [qi, b]. Let tg be the expected number of tests from group

Gg and let tεg be the expected number of tests from group Gg after the probability of

infection qi from subject si is replaced by qi + ε and the probability of infection qj from

subject sj is replaced by qj − ε. We want to show that tεg ≤ tg. Notice that

tεg ≤ tg

⇐⇒ (qi + ε)(qj − ε)
K−2∑
I=0

PGg\{i,j}(I)h(I + 2)

+ [(qi + ε)(1− qj + ε) + (qj − ε)(1− qi − ε)]
K−2∑
I=0

PGg\{i,j}(I)h(I + 1)

+ (1− qi − ε)(1− qj + ε)
K−2∑
I=0

PGg\{i,j}(I)h(I) ≤

qiqj

K−2∑
I=0

PGg\{i,j}(I)h(I + 2) + [qi(1− qj) + qj(1− qi)]
K−2∑
I=0

PGg\{i,j}(I)h(I + 1)

+ (1− qi)(1− qj)
K−2∑
I=0

PGg\{i,j}(I)h(I)

⇐⇒ ε (qj − qi − ε)︸ ︷︷ ︸
>0

[(
K−2∑
I=0

PGg\{i,j}(I)h(I + 2)−
K−2∑
I=0

PGg\{i,j}(I)h(I + 1)

)

−

(
K−2∑
I=0

PGg\{i,j}(I)h(I + 1)−
K−2∑
I=0

PGg\{i,j}(I)h(I)

)]
≤ 0
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⇐⇒
K−2∑
I=0

PGg\{i,j}(I) [h(I + 2)− h(I + 1)] ≤
K−2∑
I=0

PGg\{i,j}(I) [h(I + 1)− h(I)] ,

a condition that holds since the concavity of h(·) implies that h(I+1)−h(I) is decreasing

in I.

Therefore, (q1, q2, · · · , qN) must satisfy conditions 1 to 4 from lemma A.2, which

implies that (q1, q2, · · · , qN) = q(q, n,K).

Lemma A.3

lim
n→∞

mn,K(µ)

N
=
b− µ
b− a

.

Proof: Notice that, for all n ∈ N, we have that

µ =
mn

N
a+

(
1− mn

N
− K

N

)
b+

cn,K(µ)K

N
,

where cn,K(µ) ∈ [a, b]. Because {cn,K(µ)}n is a bounded sequence, we have that

limn→∞
cn,K(µ)K

N
= 0. Therefore,

lim
n→∞

mn

N
a+

1− mn

N
− K

N︸︷︷︸
→0

 b

 = µ

⇒ lim
n→∞

[mn

N
a+

(
1− mn

N

)
b
]

= µ

⇒ lim
n→∞

mn

N
=
b− µ
b− a

.

Lemma A.4
mn,K(q)

N

p→ b− µ
b− a

.

Proof: Notice that, for all n ∈ N and every realization of q, we have that

q =
mn(q)

N
a+

(
1− mn(q)

N
− K

N

)
b+

cn,K(q)K

N
,

where cn,K(q) ∈ [a, b]. By the law of large numbers we know that

q
p→ µ

⇐⇒ mn(q)

N
a+

(
1− mn(q)

N
− K

N

)
b+

cn,K(q)K

N

p→ µ



Benefits of Implementing Positive Assortative Matching in Pooled Testing 7

Because the sequence {cn,K(q)}n of random variables is bounded, we have that
cn,K(q)K

N

p→ 0. Therefore,

mn(q)

N
a+

1− mn(q)

N
− K

N︸︷︷︸
→0

 b
p→ µ

⇒mn(q)

N
a+

(
1− mn(q)

N

)
b

p→ µ

⇒mn(q)

N

p→ b− µ
b− a

.

Proof of theorem 1: For each n ∈ N, we have that

UBT
o (µ, n,K) =

K∑
I=0

h(I,K)

(
K

I

)[
µI(1− µ)K−I − mn

N
aI(1− a)K−I

−(1− mn

N
− K

N
)bI(1− b)K−I − K

N
cIn(1− cn)K−I

]
.

Clearly, limn→∞
K
N

∑K
I=0 h(I,K)

(
K
I

)
cIn(1− cn)K−I = 0. Therefore,

lim
n→∞

UBT
o (µ, n,K) = lim

n→∞

K∑
I=0

h(I,K)

(
K

I

)[
µI(1− µ)K−I

−mn

N
aI(1− a)K−I −

1− mn

N
− K

N︸︷︷︸
→0

 bI(1− b)K−I


= lim

n→∞

K∑
I=0

h(I,K)

(
K

I

)[
µI(1− µ)K−I − mn

N
aI(1− a)K−I

− (1− mn

N
)bI(1− b)K−I

]
. (2)

But from lemma A.3 we have that limn→∞
mn
N

= b−µ
b−a , which, from expression (2)

implies that

lim
n→∞

UBT
o (µ, n,K) =

K∑
I=0

h(I,K)

(
K

I

)[
µI(1− µ)K−I

−b− µ
b− a

aI(1− a)K−I − (1− b− µ
b− a

)bI(1− b)K−I
]
,

as we wanted to show.
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To prove that

UBT
o (q, n,K)

p→
K∑
I=0

h(I,K)

(
K

I

)[
µI(1− µ)K−I − b− µ

b− a
aI(1− a)K−I

−(1− b− µ
b− a

)bI(1− b)K−I
]
,

we use an analogous argument, but instead of invoking lemma A.3 we invoke lemma A.4

and properties of convergence in probability. Indeed, notice that

UBT
o (q, n,K) =

K∑
I=0

h(I,K)

(
K

I

)[
qI(1− q)K−I − mn(q)

N
aI(1− a)K−I

−

1− mn(q)

N
− K

N︸︷︷︸
→0

 bI(1− b)K−I − K

N
cn(q)I(1− cn(q))K−I︸ ︷︷ ︸

p→0

 .
Because the function f(x) = xI(1− x)K−I is continuous, it then follows from the law

of large numbers and the continuous mapping theorem that qI(1− q)K−I p→ µI(1−µ)K−I

for all I ≤ K. Moreover, the sequence K
N
bI(1− b)K−I converges to 0 as n goes to infinity,

and K
N
cn(q)I(1 − cn(q))K−I

p→ 0. So, it suffices to show that the sequence of random

variables mn(q)
N

converges in probability to α = b−µ
b−a . From lemma A.4, this condition

holds.

Finally, TKr (q, n,K)
p→ TKr (µ, n,K) by the continuous mapping theorem.

Proof of proposition 3: Defining

θn ≡
α−mn/N

K/N

and

cn = θna+ (1− θn)b,

we have that

UBT
o (µ, n,K) =

K∑
I=0

h(I,K)

(
K

I

)[
µI(1− µ)K−I − mn

N
aI(1− a)K−I

−(1− mn

N
− K

N
)bI(1− b)K−I − K

N
cIn(1− cn)K−I

]
.

So, to prove that

UBT
o (µ, n,K) ≤

K∑
I=0

h(I,K)

(
K

I

)[
µI(1− µ)K−I − αaI(1− a)K−I

− (1− α)bI(1− b)K−I
]
, (3)
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it suffices to show that
K∑
I=0

h(I,K)

(
K

I

)[
θna

I(1− a)K−I + (1− θn)bI(1− b)K−I − cIn(1− cn)K−I
]
≤ 0 (4)

for all n ∈ N.

To show that inequality (4) holds, consider two groups, Gg and Gg′ , where the order

statistics from group Gg are given by (q1, q2, · · · , qK) and the ones from group Gg′ are

given by (q′1, q
′
2, · · · , q′K), where qi ≤ q′j ∀i, j. With this notation, consider the following

minimization problem:

min
(q1,··· ,qK),(q′1,··· ,q′K)

θ
K∑
I=0

PGg(I)h(I) + (1− θ)
K∑
I=0

PGg′ (I)h(I) (5)

s.t. θ

∑
i qi
K

+ (1− θ)
∑

i q̃i
K

= cn

a ≤ qi ≤ q′j ≤ b ∀i, j

So, if (q1, · · · , qK) = (a, a, · · · , a) and (q′1, · · · , q′K) = (b, b, · · · , b) is a solution to this

minimization problem we have that inequality (4) holds.

Suppose by way of contradiction that (q1, · · · , qK) and (q′1, · · · , q′K) solve this mini-

mization problem and there is a qi > a and a q′j < b. Then, there is an ε > 0 such that

qi − ε
θ
> a and q′j + ε

1−θ < b.

Let tg be the expected number of tests from group Gg (i.e., tg =
∑K

I=0 PGg(I)h(I))

and let tg′ be the expected number of tests from group Gg′ (i.e.,
∑K

I=0 PGg′ (I)h(I)). Let

t̃g be the expected number of tests from group Gg after the probability of infection qi

from subject si is replaced by qi − ε
θ
, and let t̃g′ be the expected number of tests from

group Gg′ after the probability of infection qj from subject sj is replaced by qj + ε
1−θ . We

want to show that θt̃g + (1− θ)t̃g′ ≤ θtg + (1− θ)tg′ . Now notice that

θt̃g + (1− θ)t̃g′ ≤ θtg + (1− θ)tg′

⇐⇒ θ
(
qi −

ε

θ

)K−1∑
I=0

PGg\{i}(I)h(I + 1) + θ
(

1− qi +
ε

θ

)K−1∑
I=0

PGg\{i}(I)h(I)+

+ (1− θ)
(
q′j +

ε

1− θ

)K−1∑
I=0

PGg′\{j}(I)h(I + 1)

+ (1− θ)
(

1− q′j −
ε

1− θ

)K−1∑
I=0

PGg′\{i}(I)h(I) ≤

θqi

K−1∑
I=0

PGg\{i}(I)h(I + 1) + θ(1− qi)
K−1∑
I=0

PGg\{i}(I)h(I)+
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+ (1− θ)qj
K−1∑
I=0

PGg′\{j}(I)h(I + 1) + (1− θ)(1− qj)
K−1∑
I=0

PGg′\{i}(I)h(I)

⇐⇒ ε
K−1∑
I=0

[
PGg′\{j}(I)h(I + 1)− PGg′\{j}(I)h(I)

]
≤

ε
K−1∑
I=0

[
PGg\{i}(I)h(I + 1)− PGg\{i}(I)h(I)

]
(6)

Because the probability of infection from each subject in Gg\{i} is lower than the

probability of infection from each subject in Gg′\{j} and because these groups have the

same size, it then follows from lemma A.1 that inequality (6) holds.

Therefore, if (q1, · · · , qK) and (q̃1, · · · , q̃K) is a solution to the minimization

problem (5), we must either have (q1, · · · , qK) = (a, a, · · · , a), which implies that

(q′1, · · · , q′K) = (b, b, · · · , b), or we must have (q′1, · · · , q′K) = (b, b, · · · , b), which implies

that (q1, · · · , qK) = (a, a, · · · , a). So (q1, · · · , qK) = (a, a, · · · , a) and (q̃1, · · · , q̃K) =

(b, b, · · · , b) is the only candidate to solve this minimization problem.

Clearly, the feasible set from this minimization problem is non-empty, as

(q1, · · · , qK) = (a, a, · · · , a) and (q′1, · · · , q′K) = (b, b, · · · , b) satisfy all the constraints from

this minimization problem. Moreover, the feasible set is compact, which implies that a so-

lution to the minimization problem (5) exists. So, because ((q1, · · · , qK), (q′1, · · · , q′K)) =

((a, a, · · · , a), (b, b, · · · , b)) is our only candidate for a solution, it must be the unique

solution, as we wanted to show.

Proof of Proposition 4: That

UBT
o (µ, n,K) = (Se + Sp − 1)

[
α(1− a)K + (1− α)(1− b)K − (1− µ)K

]
in the absence of dilution effects can be easily derived from equation (5). The rest of the

proof follows from the fact that (Se + Sp − 1) > 0 and that

α(1− a)K + (1− α)(1− b)K − (1− µ)K =
b− µ
b− a

(1− a)K +
µ− a
b− a

(1− b)K − (1− µ)K

is concave with respect to µ, which, from the Jensen’s inequality, implies that

α(1−a)K +(1−α)(1−b)K−(1−µ)K ≥ Eq
[
b− q
b− a

(1− a)K +
q − a
b− a

(1− b)K − (1− µ)K
]
.
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A.2 Expected Number of False Positives

For any group Gg ⊆ S and any j ∈ Gg define

CGg ,j ≡
K−1∑
I=0

PGg\{j}(I)h(I + 1)(K − (I + 1))(1− Sp)

and

DGg ,j ≡
K−1∑
I=0

PGg\{j}(I)h(I)(K − I)(1− Sp).

From the above expressions, CGg ,j is the expected number of false positives in group Gg

conditional that subject sj ∈ Gg is infected. Similarly, DGg ,j is the expected number of

false positives in group Gg conditional that subject sj ∈ Gg is not infected.

Now notice that, for any j ∈ Gg,

fpg = qjCGg ,j + (1− qj)DGg ,j = qj(CGg ,j −DGg ,j) +DGg ,j

Lemma A.5 (Online Appendix from Saraiva [2023]) If h(·, K) is concave and l ∈ Gg,

then

CGg ,l −DGg ,l

is decreasing in the probability of infection from each subject in Gg\{l}.

Proof of proposition 5: Suppose that the order statistics (q1, · · · , qN) minimize

FPK
o (q1, · · · , qN) subject to the constraints

∑
i qi/N = q and a ≤ q1 ≤ qN ≤ b.

Suppose by way of contradiction that there is a qi and qj with i 6= j and si ∈ Gg and

sj ∈ Gg′ with g 6= g′ (i.e., the subjects with probability of infection qi and qj belong to

different groups) such that a < qi ≤ qj < b. Then there is an ε > 0 such that qi − ε ≥ a

and qj + ε ≤ b. So replacing qi by qi − ε and qj by qj + ε does not affect the average

probability of infection, and the restrictions a ≤ qi ≤ b∀i still hold.

Let fpg be the expected number of false positives from group Gg and let fpg′ be the

expected number of false positives from group Gg′ . Let f̃pg be the expected number

of false positives from group Gg after the probability of infection qi from subject si is

replaced by qi− ε, and let f̃pg′ be the expected number of false positives from group Gg′

after the probability of infection qj from subject sj is replaced by qj + ε. We want to
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show that f̃pg + f̃pg′ ≤ fpg + fpg′ . Now notice that

f̃pg + f̃pg′ ≤ fpg + fpg′

⇐⇒ (qi − ε)
(
CGg ,i −DGg ,i

)
+ (qj + ε)

(
CGg′ ,i −DGg′ ,j

)
≤

qi
(
CGg ,i −DGg ,i

)
+ qj

(
CGg′ ,j −DGg′ ,j

)
⇐⇒

(
CGg′ ,j −DGg′ ,j

)
≤
(
CGg ,i −DGg ,i

)
. (7)

Because the probability of infection from each subject in Gg\{i} is lower than the

probability of infection from each subject in Gg′\{j} and because these groups have the

same size, it then follows from lemma A.1 that inequality (7) holds. Therefore, there can

be no qi and qj with i 6= j and si ∈ Gg and sj ∈ Gg′ with g 6= g′ such that a < qi ≤ qj < b.

Now, suppose by way of contradiction that there is a i, j ∈ Gg (i.e., subjects si and

sj belong to the same group Gg) where a ≤ qi < qj ≤ b. Then, for a given ε ∈
[
0,

qj−qi
2

]
we have that qi + ε ∈ [a, qj] and qj − ε ∈ [qi, b]. Let fpg be the expected number of

false positives from group Gg and let fpεg be the expected number of false positives from

group Gg after the probability of infection qi from subject si is replaced by qi + ε and the

probability of infection qj from subject sj is replaced by qj − ε. We want to show that
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fpεg ≤ fpg. Notice that

fpεg ≤ fpg

⇐⇒ (qi + ε)(qj − ε)
K−2∑
I=0

PGg\{i,j}(I)(K − I − 2)h(I + 2)

+ [(qi + ε)(1− qj + ε) + (qj − ε)(1− qi − ε)]
K−2∑
I=0

PGg\{i,j}(I)(K − I − 1)h(I + 1)

+ (1− qi − ε)(1− qj + ε)
K−2∑
I=0

PGg\{i,j}(I)(K − I)h(I) ≤

qiqj

K−2∑
I=0

PGg\{i,j}(I)(K − I − 2)h(I + 2)

+ [qi(1− qj) + qj(1− qi)]
K−2∑
I=0

PGg\{i,j}(I)(K − I − 1)h(I + 1)

+ (1− qi)(1− qj)
K−2∑
I=0

PGg\{i,j}(I)(K − I)h(I)

⇐⇒ ε (qj − qi − ε)︸ ︷︷ ︸
>0

[(
K−2∑
I=0

PGg\{i,j}(I)(K − I − 2)h(I + 2)

−
K−2∑
I=0

PGg\{i,j}(I)(K − I − 1)h(I + 1)

)

−

(
K−2∑
I=0

PGg\{i,j}(I)(K − I − 1)h(I + 1)−
K−2∑
I=0

PGg\{i,j}(I)(K − I)h(I)

)]
≤ 0

⇐⇒
K−2∑
I=0

PGg\{i,j}(I) [(K − I − 2)h(I + 2)− (K − I − 1)h(I + 1)] ≤

K−2∑
I=0

PGg\{i,j}(I) [(K − I − 1)h(I + 1)− (K − I)h(I)] . (8)

Because h(·) is increasing and concave, we have that [(K − I − 1)h(I + 1)− (K − I)h(I)]

is decreasing in I, which implies that inequality (8) holds, from which we conclude that

we cannot have a ≤ qi < qj ≤ b (where i, j ∈ Gg).

Therefore, (q1, q2, · · · , qN) must satisfy conditions 1 to 4 from lemma A.2, which

implies that (q1, q2, · · · , qN) = q(q, n,K).
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Proof of theorem 2: Noticing that:

UBFP
o (q, n,K) = (1− Sp)

K−1∑
I=0

h(I,K)

(
K − 1

I

)[
µI(1− µ)K−I − mn,K(q)

N
aI(1− a)K−I

−(1− mn,K(q)

N
− K

N
)bI(1− b)K−I − K

N
cIn(1− cn)K−I

]
,

we can apply the same steps as the ones presented in the proof of theorem 1 to get the

desired result.

Lemma A.6 For each µ ∈ [a, b] denote Gµ as a group with K−1 subjects, each of which

has probability of infection µ. Also, let

CGµ ≡ (1− Sp)
K−1∑
I=0

(
K − 1

I

)
µI(1− µ)K−1−Ih(I + 1)[K − (I + 1)]

DGµ ≡ (1− Sp)
K−1∑
I=0

(
K − 1

I

)
µI(1− µ)K−1−Ih(I)(K − I)

i.e., CGµ is the expected number of false positives from group Gµ conditional that one of

its subjects is infected, whereas DGµ is the expected number of false positives from group

Gµ conditional that one of its subjects is not infected.

Then, we have that

N(1− Sp)
K−1∑
I=0

h(I)

(
K − 1

I

)
µI(1− µ)K−I = n

[
µCGµ + (1− µ)DGµ

]
.

Proof: Notice that

n
[
µCGµ + (1− µ)DGµ

]
= n(1− Sp)

[
K−1∑
I=0

(
K − 1

I

)
µI+1(1− µ)K−1−Ih(I + 1)[K − (I + 1)]

+

K−1∑
I=0

(
K − 1

I

)
µI(1− µ)K−Ih(I)(K − I)

]

= n(1− Sp)
[
(1− µ)K−1h(0)K

+

[(
K − 1

0

)
+

(
K − 1

1

)]
µ1(1− µ)K−1h(1)(K − 1)

+

[(
K − 1

1

)
+

(
K − 1

2

)]
µ2(1− µ)K−2h(2)(K − 2) + · · ·

+

[(
K − 1

K − 2

)
+

(
K − 1

K − 1

)]
µK−1(1− µ)h(K − 1)

]
(9)

Now, noticing that, for all I ≥ 1

K

(
K − 1

I

)
= (K − I)

[(
K − 1

I − 1

)
+

(
K − 1

I

)]
,
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we can rewrite expression (9) as

n
[
µCGµ + (1− µ)DGµ

]
=

N/K︷︸︸︷
n K(1− Sp)

[
K−1∑
I=0

(
K − 1

I

)
µI(1− µ)K−Ih(I)

]

= N(1− Sp)
K−1∑
i=0

(
K − 1

I

)
µI(1− µ)K−Ih(I),

as we wanted to show.

Proof of proposition 6: Defining

θn ≡
α−mn/N

K/N

and

cn = θna+ (1− θn)b,

we have that

UBFP
o (µ, n,K) = (1− Sp)

K−1∑
I=0

h(I,K)

(
K − 1

I

)[
µI(1− µ)K−I − mn

N
aI(1− a)K−I

−(1− mn

N
− K

N
)bI(1− b)K−I − K

N
cIn(1− cn)K−I

]
. (10)

So, to prove that

UBFP
o (µ, n,K) ≤ (1− Sp)

K−1∑
I=0

h(I,K)

(
K − 1

I

)[
µI(1− µ)K−I

−αaI(1− a)K−I − (1− α)bI(1− b)K−I
]

(11)

it suffices to show that
K∑
I=0

h(I,K)

(
K − 1

I

)[
θna

I(1− a)K−I + (1− θn)bI(1− b)K−I − cIn(1− cn)K−I
]
≤ 0

(12)

for all n ∈ N.

From Lemma A.6, we can rewrite inequality (12) as

θn (aCGa + (1− a)DGa) + (1− θn) (bCGb + (1− b)DGb) ≤ cnCGcn + (1− cn)DGcn , (13)

where, for each c ∈ [a, b], Gc corresponds to a group with K − 1 subjects, each with

probability of infection c, and

CGc ≡
K−1∑
I=0

PGc(I)h(I + 1)(K − (I + 1))(1− Sp),
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DGc ≡
K−1∑
I=0

PGc(I)h(I)(K − I)(1− Sp),

so that cCGc + (1− c)DGc corresponds to the expected number of false positives from a

group with K subjects, each with probability of infection c.

To show that inequality (13) holds, consider two groups, Gg and Gg′ , where the order

statistics from group Gg are given by (q1, q2, · · · , qK) and the ones from group Gg′ are

given by (q′1, q
′
2, · · · , q′K), with qi ≤ q′j ∀i, j. Let fpg be the expected number of false

positives from group Gg (i.e., for any i ∈ {1, 2, · · · , K} fpg = qiCGg ,i + (1 − qi)DGg ,i)

and let fpg′ be the expected number of false positives from group Gg′ (i.e., for any

i ∈ {1, 2, · · · , K} fpg = q′iCGg′ ,i + (1− q′i)DGg′ ,i
).

With this notation, consider the following minimization problem:

min
(q1,··· ,qK),(q′1,··· ,q′K)

θfpg + (1− θ)fpg′ (14)

s.t. θ

∑
i qi
K

+ (1− θ)
∑

i q̃i
K

= cn

a ≤ qi ≤ q′j ≤ b ∀i, j

If (q1, · · · , qK) = (a, a, · · · , a) and (q′1, · · · , q′K) = (b, b, · · · , b) is a solution to this

minimization problem we have that inequality (12) holds.

Suppose by way of contradiction that (q1, · · · , qK) and (q′1, · · · , q′K) solve this mini-

mization problem and there is a qi > a and a q′j < b. Then, there is an ε > 0 such that

qi − ε
θ
> a and q′j + ε

1−θ < b.

Let f̃pg be the expected number of false positives from group Gg after the probability

of infection qi from subject si is replaced by qi − ε
θ
, and let f̃pg′ be the expected number

of false positives from group Gg′ after the probability of infection qj from subject sj is

replaced by qj + ε
1−θ . We want to show that θf̃pg + (1− θ)f̃pg′ ≤ θfpg + (1− θ)fpg′ . Now

notice that

θf̃pg + (1− θ)f̃pg′ ≤ θfpg + (1− θ)fpg′

⇐⇒ θ
(
qi −

ε

θ

) (
CGg ,i −DGg ,i

)
+ (1− θ)

(
qj +

ε

1− θ

)(
CGg′ ,i −DGg′ ,i

)
≤

θqi
(
CGg ,i −DGg ,i

)
+ (1− θ)qj

(
CGg′ ,i −DGg′ ,i

)
⇐⇒

(
CGg′ ,i −DGg′ ,i

)
≤
(
CGg ,i −DGg ,i

)
(15)

Because the probability of infection from each subject in Gg\{i} is lower than the
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probability of infection from each subject in Gg′\{j} and because these groups have the

same size, it then follows from Lemma A.5 that inequality (15) holds.

Therefore, if (q1, · · · , qK) and (q̃1, · · · , q̃K) is a solution to the minimization prob-

lem (14), we must either have (q1, · · · , qK) = (a, a, · · · , a), which implies that

(q′1, · · · , q′K) = (b, b, · · · , b), or we must have (q′1, · · · , q′K) = (b, b, · · · , b), which implies

that (q1, · · · , qK) = (a, a, · · · , a). So (q1, · · · , qK) = (a, a, · · · , a) and (q̃1, · · · , q̃K) =

(b, b, · · · , b) is the only candidate to solve this minimization problem.

Clearly, the feasible set from this minimization problem is non-empty and compact,

which implies that a solution to the minimization problem (14) exists. Therefore, be-

cause ((q1, · · · , qK), (q′1, · · · , q′K)) = ((a, a, · · · , a), (b, b, · · · , b)) is our only candidate for

a solution, it must be the unique solution, as we wanted to show.

Proof of Proposition 7: That

UBFP
o (µ, n,K) =

[
(1− Sp)Se − (1− Sp)2

] [
α(1− a)K + (1− α)(1− b)K − (1− µ)K

]
in the absence of dilution effects can be easily derived from equation (9). The rest of the

proof follows from the fact that [(1− Sp)Se − (1− Sp)2] > 0 and that

α(1− a)K + (1− α)(1− b)K − (1− µ)K =
b− µ
b− a

(1− a)K +
µ− a
b− a

(1− b)K − (1− µ)K

is concave with respect to µ, which, from the Jensen’s inequality, implies that

α(1−a)K +(1−α)(1−b)K−(1−µ)K ≥ Eq
[
b− q
b− a

(1− a)K +
q − a
b− a

(1− b)K − (1− µ)K
]
.

Proof of Proposition 12: Because N is even, matching all subjects into equal

pools of size K = 2 is feasible.

Random Pooling: Suppose that random pooling is implemented.

Case 1: Suppose we had a pool with K ≥ 4 subjects. In this case, the expected number

of false positives from this pool would be given by

K
[
(1− µ)(1− Sp)Se − (1− µ)K(1− Sp)(Se + Sp − 1)

]
. (16)

If we took two subjects from this pool and matched them together to form a pool of

size 2, the expected number of false positives from this new pool plus the expected
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number of false positives from what remained of the original pool would be given

by

2
[
(1− µ)(1− Sp)Se − (1− µ)2(1− Sp)(Se + Sp − 1)

]
. (17)

Subtracting (16) by (17) yields:

(1− Sp)(Se + Sp − 1)
[
(K − 2)(1− µ)K−2 + 2(1− µ)2 −K(1− µ)K

]
≥

(1− Sp)(Se + Sp − 1)
[
(K − 2)(1− µ)K−2 + 2(1− µ)2 −K(1− µ)K−2

]
=

(1− Sp)(Se + Sp − 1)
[
2(1− µ)2 − 2(1− µ)K−2

]
≥ 0.

Case 2: Suppose that there is a “pool” of size K = 1 (i.e., suppose that one of the subjects

is individually tested). Because N is even, this implies that there must be at least

one other pool with odd size. From the previous case analyzed, it will never be

optimal to have a pool of size K ≥ 4. So, we only need to consider two possibilities.

Case 2.1: Suppose that there is another “pool” of size K = 1 as well. In this case,

the expected number of false positives from these these two individual tests is

given by

2(1− µ)(1− Sp). (18)

Meanwhile, if we were to pool these two specimens together to form a pool of

size 2, they would generate the following expected number of false positives

2
[
(1− µ)(1− Sp)Se − (1− µ)2(1− Sp)(Se + Sp − 1)

]
. (19)

Subtracting (18) by (19) yields

2(1− µ)2(1− Sp)(Se + Sp − 1) + 2(1− µ)(1− Sp)(1− Se) > 0.

Case 2.2: Suppose that the other pool is of size 3. Then, the expected number of

false positives from these two pools is given by

(1−µ)(1−Sp)+3
[
(1− µ)(1− Sp)Se − (1− µ)3(1− Sp)(Se + Sp − 1)

]
. (20)

If, however, we randomly took one of the subjects from the pool of size 3 and

matched him with the subject being individually tested, these two pools would

generate the following expected number of false positives

4
[
(1− µ)(1− Sp)Se − (1− µ)2(1− Sp)(Se + Sp − 1)

]
. (21)
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Subtracting (20) by (21) yields:

(1− µ)(1− Sp)(1− Se) + (1− µ)2 [4− 3(1− µ)] (1− Sp)(Se + Sp − 1) ≥ 0.

Case 3: The only case remaining occurs when one of the pools has size K = 3. Suppose

by way of contradiction that this pool configuration is optimal. From the previous

cases, optimality requires that at least one other pool also has sizeK = 3. Together,

these two pools would generate the following expected number of false positives:

6
[
(1− µ)(1− Sp)Se − (1− µ)3(1− Sp)(Se + Sp − 1)

]
. (22)

If, however, we randomly matched the subjects from these pools to create 3 pools

of size 2, the expected number of false positives from these pools would be given by

6
[
(1− µ)(1− Sp)Se − (1− µ)2(1− Sp)(Se + Sp − 1)

]
. (23)

Subtracting (22) by (23) yields

(1− Sp)(Se + Sp − 1)(1− µ)2µ ≥ 0.

Ordered Pooling: Suppose that ordered pooling is implemented.

Case 1: Aprahamian, Bish and Bish [2019] has already shown that, when our objective

is to minimize the expected number of false positives, it is never optimal to have a

pool K ≥ 4.

Case 2: Suppose by way of contradiction that we have a pool configuration that minimizes

the expected number of false positives, where one of the “pools” has size K = 1 (i.e.,

one of the subjects is individually tested). Let qi be the probability of infection of

this subject that is individually tested.

From Case 1 and the fact that N is even, there must be at least one other pool of

size K = 3 or size K = 1.

Case 2.1: Suppose that there is another “pool” of size K = 1, and suppose that the

person in this pool has probability of infection qj. Then, the expected number

of false positives from these two pools is given by

(1− qi)(1− Sp) + (1− qj)(1− Sp).
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Meanwhile, if these two subjects were grouped together to form a pool of size

K = 2, they would generate the following expected number o false positives

(1− qi)(1− Sp) [(1− qj)(1− Sp) + qjSe]︸ ︷︷ ︸
≤Se

+ (1− qj)(1− Sp) [(1− qi)(1− Sp) + qiSe]︸ ︷︷ ︸
≤Se

≤

(1− qi)(1− Sp)Se + (1− qj)(1− Sp)Se ≤

(1− qi)(1− Sp) + (1− qj)(1− Sp).

Case 2.2: Suppose by way of contradiction that there is a pool of size K = 3.

Without loss of generality, suppose that the probabilities of infection from

subjects in this pool is given by (q1, q2, q3). Then, the expected number of

false positives from this pool plus the probability of a false positive from the

subject that is individually tested is given by

(1− qi)(1− Sp) +
3∑
j=1

(1− qj)(1− Sp)

 ∏
l∈{1,2,3}\j

(1− ql)(1− Sp)

+Se

1−
∏

l∈{1,2,3}\j

(1− ql)

 .

Meanwhile, if we were to merge together these two pools to generate a pool of

size K = 2, these subjects would generate the following expected number of
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false positives:

∑
j∈{1,2,3,i}

(1− qj)(1− Sp)

 ∏
l∈{1,2,3,i}\j

(1− ql)(1− Sp)

+Se

1−
∏

l∈{1,2,3,i}\j

(1− ql)

 ≤
(1− qi)(1− Sp)Se +

3∑
j=1

(1− qj)(1− Sp)

 ∏
l∈{1,2,3}\j

(1− ql)(1− Sp)

+Se

1−
∏

l∈{1,2,3}\j

(1− ql)

 ≤
(1− qi)(1− Sp) +

3∑
j=1

(1− qj)(1− Sp)

 ∏
l∈{1,2,3}\j

(1− ql)(1− Sp)

+Se

1−
∏

l∈{1,2,3}\j

(1− ql)

 .

Case 3: The only case remaining to analyze occurs when we have two pools of size K = 3.

Without loss of generality, suppose that the probabilities of infection from the first

of these pools is given by (q1, q2, q3), and that the probabilities of infection from the

other pool of size K = 3 is given by (q4, q5, q6). Then, the expected number of false

positives from these two pools is given by

3∑
j=1

(1− qj)(1− Sp)

 ∏
l∈{1,2,3}\j

(1− ql)(1− Sp) + Se

1−
∏

l∈{1,2,3}\j

(1− ql)


+

6∑
j=4

(1− qj)(1− Sp)

 ∏
l∈{4,5,6}\j

(1− ql)(1− Sp) + Se

1−
∏

l∈{4,5,6}\j

(1− ql)

 .

If, however, we were to rearrange these two pools to form 3 pools of size K = 2,

where the subjects with probabilities of infection q1 and q2 were matched together;

those with probabilities of infection q3 and q4 were matched together; and those

with probabilities of infection q4 and q6 were matched together, we would end up

with the following expected number of false positives:
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(1− q1)(1− Sp) [(1− q2)(1− Sp) + q2Se]

+ (1− q2)(1− Sp) [(1− q1)(1− Sp) + q1Se]

+ (1− q3)(1− Sp) [(1− q4)(1− Sp) + q4Se]

+ (1− q4)(1− Sp) [(1− q3)(1− Sp) + q3Se]

+ (1− q5)(1− Sp) [(1− q6)(1− Sp) + q6Se]

+ (1− q6)(1− Sp) [(1− q5)(1− Sp) + q5Se] ≤

(1− q1)(1− Sp) [(1− q2)(1− q3)(1− Sp) + Se[1− (1− q2)(1− q3)]]

+ (1− q2)(1− Sp) [(1− q1)(1− q3)(1− Sp) + Se[1− (1− q1)(1− q3)]]

+ (1− q3)(1− Sp) [(1− q1)(1− q2)(1− Sp) + Se[1− (1− q1)(1− q2)]]

+ (1− q4)(1− Sp) [(1− q5)(1− q6)(1− Sp) + Se[1− (1− q5)(1− q6)]]

+ (1− q5)(1− Sp) [(1− q4)(1− q6)(1− Sp) + Se[1− (1− q4)(1− q6)]]

+ (1− q6)(1− Sp) [(1− q4)(1− q5)(1− Sp) + Se[1− (1− q4)(1− q5)]] =

3∑
j=1

(1− qj)(1− Sp)

 ∏
l∈{1,2,3}\j

(1− ql)(1− Sp) + Se

1−
∏

l∈{1,2,3}\j

(1− ql)


+

6∑
j=4

(1− qj)(1− Sp)

 ∏
l∈{4,5,6}\j

(1− ql)(1− Sp) + Se

1−
∏

l∈{4,5,6}\j

(1− ql)

 .

A.3 Expected Number of False Negatives

For each group Gg and each j ∈ Gg we define

AGg ,j ≡
K−1∑
I=0

(I + 1)(1− h(I + 1)Se)PGg\{j}(I),

BGg ,j ≡
K−1∑
I=0

I(1− h(I)Se)PGg\{j}(I).

From the above expressions we have that AGg ,j corresponds to the expected number of

false negatives in group Gg conditional that j ∈ Gg is infected. Similarly, BGg ,j is the

expected number of false negatives in group Gg conditional that j ∈ Gg is not infected.

Now notice that, for any j ∈ Gg,

fng = qjAGg ,j + (1− qj)BGg ,j = qj(AGg ,j −BGg ,j) +BGg ,j.
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Lemma A.7 (Online Appendix from Saraiva [2023]) If hypothesis 3 holds we have that,

for each group Gg and each l ∈ Gg,

AGg ,l −BGg ,l

is decreasing in the probability of infection from each subject in Gg\{l}.

Proof of proposition 8: Analogous to the proof of proposition 5 but, instead of

invoking Lemma A.5, we invoke Lemma A.7.

Proof of theorem 3: Proof omitted, as it is analogous to the proof of theorems 1

and 2.

Lemma A.8 For each µ ∈ [a, b] denote Gµ as a group with K−1 subjects, each of which

has probability of infection µ. Also, let

AGµ ≡
K−1∑
I=0

(I + 1)(1− h(I + 1)Se)

(
K − 1

I

)
µI(1− µ)K−1−I

BGµ ≡
K−1∑
I=0

I(1− h(I)Se)

(
K − 1

I

)
µI(1− µ)K−1−I

i.e., AGµ is the expected number of false negatives from group Gµ conditional that one of

its subjects is infected, whereas BGµ is the expected number of false negatives from group

Gµ conditional that one of its subjects is not infected.

Then, we have that

N
K−1∑
I=0

(1− Seh(I + 1))

(
K − 1

I

)[
µI+1(1− µ)K−1−I

]
= n

[
µAGµ + (1− µ)BGµ

]
.

Proof: Proof omitted, as it is similar to the proof of Lemma A.6.

Proof of proposition 9: Analogous to the proof of proposition 6, but, instead of

invoking Lemmas A.5 and A.6, we invoke Lemmas A.7 and A.8.

A.4 Upper bounds with partial information on µ, a, b, Se and Sp

Proof of corollary 7: To compute UBT
o (µ, n,K), UBFP

o (µ, n,K) and UBFN
o (µ, n,K)

we basically choose a probability of infection configuration q that maximizes an objective

function subject to the constraint that
∑

i qi = µ and qi ∈ [a, b] for all i. When we

decrease a or increase b, we expand the domain of our objective function, without altering
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our objective function, which implies that a decrease in a or an increase in b should never

reduce our upper bounds.

Proof of proposition 11: Because the function f(x) ≡ xK is convex

and because (1 − µ) = α(1 − a) + (1 − α)(1 − b), we have that the term[
α(1− a)K + (1− α)(1− b)K − (1− µ)K

]
from equations (6) and (10) is greater than

or equal to zero. By analyzing the first derivatives of (6) and (10) with respect to Se and

Sp we can see that expression (6) is strictly increasing in Se and Sp, while expression (10)

is strictly increasing in Se and strictly decreasing in Sp when 2(1− Sp) < Se.

One can clearly see that the term

[
α(1− a)K + (1− α)(1− b)K − (1− µ)K

]
=

[
b− µ
b− a

(1− a)K +
µ− a
b− a

(1− b)K − (1− µ)K
]

is strictly concave with respect to µ. Therefore, from the first order condition we have

that the unique maximum is achieved at

µ∗ = 1−
[

(1− a)K − (1− b)K

K(b− a)

]1/(K−1)
.

B How large N needs to be for the upper bounds to

be accurate?

To derive the upper bounds presented in the paper, we had to assume the batch size, N ,

to be sufficiently large. This is done mainly to ensure that the average prevalence from

the batch q can be approximated by the population prevalence, µ. But precisely how

large N has to be for the approximation to be accurate?

In this section we show how one can find the minimum level of N that ensures that q

always stays sufficiently close to µ with a high probability. To accomplish this goal, we 1)

first find the maximum level of variance that q can possibly achieve, and set a tolerance

level τ > 0 for the deviations that q can have over µ. 2) Using this maximum variance,

we find the maximum batch size N such that Prob(|q−µ| ≤ τ) ≥ 0.95. 3) Then, we find

max
µ̃∈[µ−τ,µ+τ ]

lim
n→∞

UBT
o (µ̃, n,K)
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and check how far away this optimum is from limn→∞ UB
T
o (µ, n,K). If the difference is

very small, this means that the N that we found in the first step is indeed large enough

so that we can be confident that our upper bound is reliable.

It should be noticed that if, after implementing this process, the minimum N required

to ensure that our upper bound is accurate is unrealistically large, one can still get a

conservative upper bound by maximizing the asymptotic upper bound with respect to µ

on the entire domain [a, b], as discussed in section 7. It should also be noticed that the

minimum N that we obtain by implementing this process tends to be overly conservative,

as it relies on a distribution that generates the highest possible noise in q. Finally, it

should also be noticed that if a laboratory intends to test multiple batches, deviations of

q from µ will tend to average themselves out, so that this analysis becomes less relevant.

The next lemma shows how to implement step 1) from the process we just described.

Lemma B.1 Let Prob(pi) be the probability that a subject in the population has proba-

bility of infection pi, so that
∑

i Prob(pi) = 1. Then, the configuration of probabilities

of infection that maximize the variance of q subject to the constraint that E(q) = µ and

that pi ∈ [a, b] for every pi such that Prob(pi) > 0 is given by Prob(a) = α = b−µ
b−a and

Prob(b) = 1− α = µ−a
b−a , which yields the following variance for q:

σ2 = α
(a− µ)2

n
+ (1− α)

(b− µ)2

n
. (24)

Proof: Suppose by way of contradiction that there exists a pi and pj such that a < pi ≤

pj < b and Prob(pi) > 0 and Prob(pj) > 0. Then, there is a ε sufficiently small such that

pi − ε
Prob(pi)

> a and pj + ε
Prob(pj)

< b. Then, replacing pi and pj by pi − ε
Prob(pi)

> a and

pj + ε
Prob(pj)

< b, respectively, would preserve the mean of the distribution, µ, while not

violating the boundary constraint that pi, pj ∈ [a, b], and this would clearly increase the

variance of q.

Lemma B.1 in combination with the central limit theorem (CLT) implies that q can

be approximated by a normal distribution with mean µ and an unknown variance that is

less than or equal to α (a−µ)2
n

+ (1−α) (b−µ)
2

n
. Therefore, for a given tolerance level τ > 0,
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we have that1

Prob(|q − µ| ≤ τ) ≥ 2Φ

(
τ

√
N√

α(a− µ)2 + (1− α)(b− µ)2

)
− 1, (25)

where Φ corresponds to the cdf from a standard normal distribution.

Using simple numerical tools one can find the value of N such that

2Φ

(
τ

√
N√

α(a− µ)2 + (1− α)(b− µ)2

)
− 1 = 0.95.

We then optimize

max
µ̃∈[µ−τ,µ+τ ]

lim
n→∞

UBT
o (µ̃, n,K)

and check how far away this maximum is from limn→∞ UB
T
o (µ, n,K).

Example B.1 Suppose that µ = 0.01, a = 0.001, b = 0.05, K = 4 and that the dilution

function is given by equation (1) with Se = Sp = 0.99 and δ = 0.04. Then, if we apply a

tolerance level of τ = .005, we have that, as long as N > 55,

Prob(|q − µ| ≤ τ) ≥ 0.95.

Moreover, if we assume that the cost of a test is given by 30 USD, we have that the

maximum savings associated with the expected number of tests at µ = 0.01 would be 0.056

USD, i.e., approximately 5 and a half cents per subject (the reader is invited to replicate

this result using our Shiny app https: // rt0c5u-gustavo-saraiva. shinyapps. io/

shiny_ app/ ). Meanwhile,

max
µ̃∈[µ−τ,µ+τ ]

lim
n→∞

UBT
o (µ̃, n,K) = 0.076,

so that, with a 95% confidence level, our upper bound to the savings in the expected number

of tests associated with ordered pooling can be “far off from the truth” by at most 2 cents.

In this case, if we wish to be more conservative regarding our estimation of the maximum

benefits of implementing ordered pooling, we should assume 0.076 USD to be our upper

bound, instead of 0.056 USD.

This result is illustrated in figure I. The blue dot from the figure corresponds to our

upper bound (equation (5)) evaluated at µ = 0.01. The gray area corresponds to the levels

that q and our upper bound assume at least 95% of the time, assuming that N > 55.
1A looser condition that does not rely on the CLT can be obtained by using Chebyshev’s inequality,

https://rt0c5u-gustavo-saraiva.shinyapps.io/shiny_app/
https://rt0c5u-gustavo-saraiva.shinyapps.io/shiny_app/
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Figure I: The savings associated with ordered pooling as a function of µ, assuming that

a = 0.001, b = 0.05, K = 4 and that the dilution function is given by equation (1) with

Se = Sp = 0.99 and δ = 0.04. The blue dot corresponds to the benefits of implementing

ordered pooling evaluated at the population prevalence µ = 0.01. Assuming a tolerance

level for q of τ = 0.005, we have that our upper bound can be off by at most 2 cents

C Alternative Parametrization for the Chlamydia Case

Study

To be consistent with previous research and because of some limitations from the dataset

available, some arbitrary assumptions were made in the paper regarding some of the

parameters of the model for the Chlamydia Case Study. In particular, it was assumed

that the dilution parameter δ from h(I,K) was was equal to 0.15, in spite of some evidence

suggesting that this parameters should be much lower.

From figure II, however, we can see that the savings in costs associated with ordered

pooling do not change very much if we assume lower values for δ. If anything, our upper

bounds slightly diminish as we decrease δ, as decreasing this parameter decreases the

dilution effect: in the limit, when δ is very low, both ordered pooling and random pooling

generate the same expected costs associated with false negative results (see proposition

10).

which implies that

Prob(|q − µ| ≤ τ) ≥ α(a− µ)2 + (1− α)(b− µ)2

Nτ2
.
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(d) δ = 0.0089

0
1

2
3

4
5

Pool size, K

E
xp

. C
os

t p
er

 s
ub

je
ct

1 4 10 20

K = 1 (individual testing)
Asymptotic upper bound to E[∆C]
E[∆C]
Upper bound to E[∆C]
95% Confidence interval

Figure II: Expected benefits per subject of implementing ordered pooling for Chlamy-

dia, assuming N = 100. The gray area corresponds to a 95% confidence interval using

non-parametric bootstrap and assuming that we test 10 batches in total. The blue dot

corresponds to the case in which subjects are individually tested, i.e. K = 1. Parameters

for the dilution function (16): Se = .99, Sp = .98 and δ ∈ {.15, .1, .05, .0089}. Parameters

for the upper bounds: µ = 0.0097, a = 0.0017 and b = 0.1919.
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Another arbitrary assumption made corresponds to the underreporting factor of 3

used. As explained in the text, assuming a higher underreporting factor tends to sub-

stantially increase the expected benefits of implementing ordered pooling. Figure III

depicts the benefits of reporting ordered pooling when assuming an underreporting fac-

tor of 3 vs. an underreporting factor of 1.

(a) Underreporting factor of 3
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(b) Underreporting factor of 1
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Figure III: Expected benefits per subject of implementing ordered pooling for Chlamy-

dia, assuming N = 100. The gray area corresponds to a 95% confidence interval using

non-parametric bootstrap and assuming that we test 10 batches in total. The blue dot

corresponds to the case in which subjects are individually tested, i.e. K = 1. Parameters

for the dilution function (16): Se = .99, Sp = .98 and δ = .15.

Notice that these results can be easily replicated with the assistance of the companion

app https://rt0c5u-gustavo-saraiva.shinyapps.io/shiny_app/ developed for this

paper.

D Upper bounds without information on the dilution

effect

In this section, we derive upper bounds to the benefits of implementing ordered pooling

without relying on information regarding the dilution function h. The trade-off is that

https://rt0c5u-gustavo-saraiva.shinyapps.io/shiny_app/
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these upper bounds also tend to be much looser than the ones derived in the main text.

But as we will see at the end of this section, these upper bounds may still be useful in cases

in which the prevalence is very small, as, in these cases, even these loose upper bounds

predict small gains in implementing ordered pooling as opposed to random pooling.

Though we do not need to have a specific formula for the dilution effect to derive

the upper bounds from this section, small constraints must be imposed on the dilution

effect. More specifically, throughout this section we will assume that h(K,K) = Se, i.e.,

the probability of detecting an infection in a pooled sample comprised entirely of infected

specimens is the same as the probability of detecting an infection from an individual

sample of an infected subject. Similarly, it is also natural to assume that h(0, K) = 1−Sp.

As an example, the dilution function

h(I,K) = (1− Sp) + (Sp + Se − 1)

(
I

K

)δ
,

with δ ≥ 0 used in Aprahamian, Bish and Bish [2018] and Saraiva [2023] satisfy these

properties. Similarly, the dilution function

h(I,K) =

 1− Sp, if I = 0

Se, else
,

which corresponds to the case in which pooled testing is not subject to any dilution effect

whatsoever, also satisfy these properties.

Assumption D.1 h(0, K) = 1− Sp and h(K,K) = Se.2

D.1 Upper bound to the Expected Number of Tests without in-

formation regarding the dilution effect

In this section we show how to compute an upper bound to the reduction in the expected

number of tests obtained when implementing ordered pooling as opposed to random

pooling without relying on information regarding the dilution effect. For a given pool

size K, we show that only four parameters are required to compute the upper bound: µ,

a, Se and Sp.

In this and in the following section we will assume that µ ≤ 1
K
, i.e., the prevalence of

the disease is not too high. In many practical applications this is a very mild assumptions

for the following reasons:
2This assumption can be relaxed to h(0,K) ≥ 1− Sp and h(K,K) ≤ Se.
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1. Pooled testing is only cost-effective when the prevalence of the disease is small (e.g.,

Dorfman [1943]). Indeed, when the prevalence of the disease is high, most pools

end up infected, and therefore, retested, in which case laboratories are better off

just testing everyone individually.

2. In many practical applications pool sizes are rather small to mitigate the negative

impact that dilution effects may have on the precision of the test. As an example,

throughout the COVID-19 pandemic, Chile relied heavily on pooled testing, and

in the great majority of cases, pool sizes were no greater than K = 5 (Basso et al.

[2023]). Meanwhile, in Kenya samples for RT-PCR tests were usually pooled into

groups of size 6 (Agoti et al. [2021]).

3. The optimum pool size tends to decrease with the prevalence level, thus guar-

anteeing that µ ≤ 1
K

(see, for example, table I from Dorfman [1943] or

the shiny application from Christopher Bilder available at his personal website

https://www.chrisbilder.com/shiny).

Assumption D.2 µ ≤ 1
K
.

For our datasets and the pool sizes we consider, assumption D.2 always holds. More-

over, this assumption can be relaxed by the milder assumption that µ(1 − µ)K−1 ≥

a(1− a)K−1.

Proposition D.3 Upper bound to savings in the expected number of tests: If

assumptions 1, D.2 and D.1 hold, we have that

TKr (q, n,K)− TKo (q1, q2, · · · , qN)

N
≤ (Sp + Se − 1)

[
(1− a)K − (1− µ)K

]
.

Proof: Because the probability that each subject is retested in a group is increasing in

the subject’s probability of infection and also on the probability of infection of everyone

else within the group,3 we clearly have that a lower bound to the expected number of

test when implementing an ordered partition in which all pools have size K is given by

computing the same expression as before, but assuming that all subjects have the lowest

3This happens because h(I,K) is increasing in I, and because increasing the probability of infection

of someone within a pool causes a shift in the distribution of I that first order-stochastically dominates

the previous distribution.

https://www.chrisbilder.com/shiny
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possible probability of infection a. This yields the following expression:

TKo ≡
N

K
+
N

K
K

[
K∑
I=0

h(I,K)

(
K

I

)
aI(1− a)K−I

]
. (26)

So an upper bound to the expected reduction in the number of tests per subject that

one can achieve by implementing ordered pooling as opposed to random pooling is given

by:
TKr (q, n,K)− TKo

N
=

K∑
I=0

h(I,K)

(
K

I

)[
µI(1− µ)K−I − aI(1− a)K−I

]
. (27)

Because h(0, K) = 1− Sp, we can rewrite equation (27) as

TKr (q, n,K)− TKo
N

= (1− Sp)((1− µ)K − (1− a)K)

+
K∑
I=1

h(I,K)

(
K

I

)[
µI(1− µ)K−I − aI(1− a)K−I

]
. (28)

Because µ ≥ a, we have that µI(1− µ)K−I − aI(1− a)K−I ≥ 0 for all I ≥ 1 if and only if

µ(1−µ)K−1−a(1−a)K−1 ≥ 0. Noticing that the function f(q) ≡ q(1−q)K−1 is unimodal

within the interval [0, 1], having a single peak at q∗ = 1
K
, and noticing that a < µ, we

have that µ ≤ 1
K

implies that µ(1− µ)K−1− a(1− a)K−1 ≥ 0, which in turn implies that

µI(1 − µ)K−I − aI(1 − a)K−I ≥ 0 for all I ≥ 1. So, for every I ≥ 1, the term h(I,K)

from expression (28) is always being multiplied by a non-negative term, which implies

that this expression is increasing in h(I,K) for all I ≥ 1. But from assumption D.1 we

have that h(I,K) ≤ Se. Therefore

TKr (q, n,K)− TKo
N

≤ (1− Sp)((1− µ)K − (1− a)K)

+ Se


K∑
I=1

(
K

I

)
µI(1− µ)K−I︸ ︷︷ ︸

=1−(1−µ)K

−
K∑
I=1

(
K

I

)
aI(1− a)K−I︸ ︷︷ ︸

=1−(1−a)K


≤ (Sp + Se − 1)

[
(1− a)K − (1− µ)K

]
.

Notice that, if the tester does not know a, only the overall prevalence µ, he can

conservatively set a = 0 to get a looser upper bound to the benefits of implementing

ordered pooling in terms of minimizing the expected number of tests:

TKr (q, n,K)− TKo (q1, · · · , qN)

N
≤ (Sp + Se − 1)

[
1− (1− q)K

]
.
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Also notice that, the smaller µ is, the smaller is our upper bound to (TKr − TKo )/N .

Intuitively, this happens because, when the prevalence is small, very few subjects are

retested, regardless of how they are matched to form the pools, in which case, one should

expect small gains of implementing ordered pooling as opposed to random pooling. The

actual benefits of implementing ordered pooling are not, however, monotonic in µ. Indeed,

in the extreme cases in which µ = 0 or µ = 1, all subjects have the same probability

of infection, in which case ordered pooling becomes equivalent to random pooling. In

practice however, the prevalence of the disease tends to be relatively small, and therefore

in the region in which the benefits of implementing ordered pooling is increasing in µ.

D.2 Upper bound to the Expected Number of False Positives

without information regarding the dilution effect

In this section we show how to compute an upper bound to the reduction in the expected

number of false positives obtained when implementing ordered pooling as opposed to

random pooling, without relying on information regarding the dilution effect. Like in the

previous section, computing the upper bound only requires knowing the pool size K and

estimates for the following parameters: µ, a, Se and Sp.

Approximating q by µ (a good approximation when N is large) allows us to derive a

simple formula to an upper bound to FPKr (µ,n,K)−FPKo (q1,q2,··· ,qN )
N

.

Proposition D.4 Upper bound to the reduction in the expected number of

false positives: If assumptions 1, D.2 and D.1 hold, then, for a given realization of

(q1, q2, · · · , qN) with
∑

i qi/N = µ we have that

FPKr (µ, n,K)− FPKo (q1, · · · , qN )

N
≤ (1− Sp)(1− µ)(Sp + Se − 1)

[
(1− a)K−1 − (1− µ)K−1

]
.

Proof: Clearly, the probability that one receives a false positive classification is increas-

ing in the probability of infection from everyone else within the pool. So the following

expression corresponds to a lower bound to the expected number of false positives that
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one gets under ordered pooling:

FPK
o =

N∑
i=1

(1− qi)

[
K−1∑
I=0

h(I,K)

(
K − 1

I

)
qI1(1− q1)K−1−I

]
(1− Sp)

= N(1− q)

[
K−1∑
I=0

h(I,K)

(
K − 1

I

)
qI1(1− q1)K−1−I

]
(1− Sp)

= N(1− µ)

[
K−1∑
I=0

h(I,K)

(
K − 1

I

)
µI(1− µ)K−1−I

]
(1− Sp)

We wish to find an upper bound to

FPK
r − FPK

o

N
= (1− Sp)(1− µ)

[
K−1∑
I=0

h(I,K)

(
K − 1

I

)(
µI(1− µ)K−1−I

−aI(1− a)K−1−I
)]
. (29)

From assumption D.1 we have that h(0, K) = 1−Sp, so we can rewrite equation (29)

as

FPK
r − FPK

o

N
= (1− Sp)(1− µ)

[
(1− Sp)

(
(1− µ)K−1 − (1− a)K−1

)
+

+
K−1∑
I=1

h(I,K)

(
K − 1

I

)(
µI(1− µ)K−1−I − aI(1− a)K−1−I

)]
. (30)

Because µ ≥ a, we have that µI(1 − µ)K−1−I − aI(1 − a)K−1−I ≥ 0 for all I ≥ 1 if and

only if µ(1− µ)K−2 − a(1− a)K−2 ≥ 0. Noticing that the function f(q) ≡ q(1− q)K−2 is

unimodal within the interval [0, 1], having a single peak at q∗ = 1
K−1 , and noticing that

a ≤ µ, we have that µ ≤ 1
K
< q∗ = 1

K−1 implies that µ(1 − µ)K−2 − a(1 − a)K−2 ≥ 0,

which in turn implies that µI(1−µ)K−1−I−aI(1−a)K−1−I ≥ 0 for all I ≥ 1. So, for every

I ≥ 1, the term h(I,K) from expression (30) is always being multiplied by a non-negative

term, which implies that this expression is increasing in h(I,K) for all I ≥ 1. But from

assumption D.1 we have that h(I,K) ≤ Se. Therefore,

FPKr − FPKo
N

≤ (1− Sp)(1− µ)

[
(1− Sp)

(
(1− µ)K−1 − (1− a)K−1

)
+

+Se

K−1∑
I=1

(
K − 1

I

)(
µI(1− µ)K−1−I − aI(1− a)K−1−I

)]

≤ (1− Sp)(1− µ)
[
(1− Sp)

(
(1− µ)K−1 − (1− a)K−1

)
+Se

(
1− (1− µ)K−1 −

(
1− (1− a)K−1

))]
≤ (1− Sp)(1− µ)(Sp + Se − 1)

[
(1− a)K−1 − (1− µ)K−1

]
.
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Like in the previous section, if the tester does not know a, only the overall prevalence µ,

he can conservatively set a = 0 to get a looser upper bound to the benefits of implementing

ordered pooling in terms of reducing the expected number of false positives:

FPK
r − FPK

o

N
≤ (1− Sp)(1− µ)(Sp + Se − 1)

[
1− (1− µ)K−1

]
.

D.3 Upper bound to the Expected Number of False Negatives

with partial information regarding the dilution effect

In this section we show how to compute an upper bound to the reduction in the expected

number of false negatives obtained when implementing ordered pooling as opposed to

random pooling using only partial information regarding the dilution effect. For a given

pool size K, we show that only five parameters are required to compute the upper bound:

µ, b, Se, Sp and h(1, K).

To get a tight upper bound to the maximum reduction in the expected number of false

negatives obtained when implementing ordered pooling, we need to make the following

assumption:

Assumption D.5

µ(1− µ)K−2 ≤ b(1− b)K−2. (31)

While assumption D.5 is not very intuitive, notice that a sufficient condition for

it to hold is that b ≤ 1
K−1 . Indeed, noticing that the function f(q) ≡ q(1 − q)K−2

is unimodal within the interval [0, 1], having a single peak at 1
K−1 , we have that, if

b ≤ 1
K−1 , then b and µ both lie on the increasing side of the function f(·), in which case

µ(1− µ)K−1 ≤ b(1− b)K−1, since µ ≤ b.

To assess whether assumption D.5 is realistic or not, one only needs to find the

maximum b > µ such that inequality (31) holds and check whether or not it surpasses

the actual b observed in the data. Figure IV depicts the cutoff points for b below which

inequality (31) holds for different values of µ and K. As it can be seen from the figure,

the inequality is more likely to hold the smaller the pool size, and the lower the overall

prevalence rate µ.

Approximating q by µ (a good approximation when N is large) allows us to derive a

simple formula to an upper bound to FNK
r (µ,n,K)−FNK

o (q1,q2,··· ,qN )
N

.
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Figure IV: The b∗ ∈ (µ, 1] such that µ(1−µ)K−2 = b∗(1−b∗)K−2 for different combinations

of µ and K.

Proposition D.6 Upper bound to the reduction in the expected number of

false negatives: If assumptions 1, D.5 and D.1 hold, then, for a given realization of

(q1, q2, · · · , qN) with
∑

i qi/N = µ, we have that

FNK
r (µ, n,K)− FNK

o (q1, q2, · · · , qN)

N
≤ µSe(Se − h(1, K))

[
(1− µ)K−1 − (1− b)K−1

]
.

Proof: Clearly, the probability that an infected subject is incorrectly classified as not

infected is decreasing in the probability of infection of the subjects with whom she is

matched with. Therefore, the following expression corresponds to a lower bound to the

total expected number of false negatives obtained when implementing ordered pooling

with pools of size K:

FNK
o =

N∑
i=1

qi

[
K−1∑
I=0

(1− Seh(I + 1, K))

(
K − 1

I

)
bI(1− b)K−1−I

]

= Nq

[
K−1∑
I=0

(1− Seh(I + 1, K))

(
K − 1

I

)
bI(1− b)K−1−I

]
.

= Nµ

[
K−1∑
I=0

(1− Seh(I + 1, K))

(
K − 1

I

)
bI(1− b)K−1−I

]
.
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We wish to find an upper bound to

FNK
r − FNK

o

N
= µ

[
K−1∑
I=0

(1− Seh(I + 1,K))

(
K − 1

I

)(
µI(1− µ)K−1−I − bI(1− b)K−1−I

)]
.

Notice that

FNK
r − FNK

o

N
= µ

[
(1− Seh(1,K))

(
(1− µ)K−1 − (1− b)K−1

)
+

+
K−1∑
I=1

(1− Seh(I + 1,K))

(
K − 1

I

)(
µI(1− µ)K−1−I − bI(1− b)K−1−I

)]
.

(32)

Now notice that the sign of the second term inside the brackets from equation (32),

K−1∑
I=1

(1− Seh(I + 1, K))

(
K − 1

I

)(
µI(1− µ)K−1−I − bI(1− b)K−1−I

)
, (33)

is ambiguous, as µI(1 − µ)K−1−I − bI(1 − b)K−1−I could, in principle, be either positive

or negative. Because µ ≤ b, we have that µI(1 − µ)K−1−I − bI(1 − b)K−1−I ≤ 0 for all

I ≥ 1 if and only if µ(1− µ)K−2− b(1− b)K−2 ≤ 0, which, from assumption (D.5), holds.

So, for every I ≥ 1, the term h(I,K) from expression (30) is always being multiplied

by a non-positive term, which implies that this expression is increasing in h(I + 1, K)

for all I ∈ {1, 2 · · · , K − 1}. But from assumption D.1 we have that h(I + 1, K) ≤ Se.

Therefore, expression (33) is bounded from above by

K−1∑
I=1

(
1− S2

e

)(K − 1

I

)(
µI(1− µ)K−1−I − bI(1− b)K−1−I

)
=

− (1− S2
e )
[
(1− µ)K−1 − (1− b)K−1

]
.

This implies that

FNK
r − FNK

o

N
≤ µ

[
(1− Seh(1, K))

(
(1− µ)K−1 − (1− b)K−1

)
−(1− S2

e )
[
(1− µ)K−1 − (1− b)K−1

]]
≤ µSe(Se − h(1, K))

[
(1− µ)K−1 − (1− b)K−1

]
.

Notice that, in the absence of dilution effects, i.e., when h(I,K) = Se for all I ≥ 1,

the upper bound from proposition D.6 equals zero. This happens because, in the absence
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of dilution effects, the probability that someone receives a false negative result does not

depend on who the subject is matched with (e.g., see Aprahamian, Bish and Bish [2019]).

In general, the larger the dilution effect (and therefore the lower h(1, K) is), the greater

is the reduction in false negatives that can be achieve by implementing ordered pooling

as opposed to random pooling.

Remark D.7 The upper bound to the reduction in the expected number of false negatives

from proposition D.6 is decreasing in h(1, K).

So, if the tester does not have an accurate estimate of the dilution function h(I,K),

he can still conservatively estimate the upper bound from proposition D.6 by assuming

a h(1, K) well below Se.

D.4 Numerical exercises with looser upper bounds

Figure V replicates the numerical exercise conducted in section 9, but this time using the

looser upper bounds derived in this section. Similarly, figure VI replicates the numerical

exercise conducted in section 10. In both cases, the upper bounds are much looser than

the ones derived on the main text. But one can easily verify that, for small prevalence

levels of a disease and small pool sizes, even these loose upper bounds can be very close

to zero.



Benefits of Implementing Positive Assortative Matching in Pooled Testing 39

(a) TKr − TKo

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Pool size, K

E
xp

. N
um

b.
 o

f t
es

ts
 p

er
 s

ub
je

ct

Individual testing

Tr
K

To
K

Upper bound to Tr
K − To

K

Tr
K − To

K

1 5 10 15 20

(b) FPKr − FPKo

0.
00

0
0.

00
5

0.
01

0
0.

01
5

0.
02

0

Pool size, K

P
ro

b.
 o

f F
al

se
 P

os
iti

ve
 c

la
ss

ifi
ca

tio
n

Individual testing

FPr
K

FPo
K

Upper bound to FPr
K − FPo

K

FPr
K − FPo

K

1 5 10 15 20

(c) FNK
r − FNK

o

0.
00

0
0.

00
2

0.
00

4
0.

00
6

0.
00

8

Pool size, K

P
ro

b.
 o

f f
al

se
 n

eg
at

iv
e 

cl
as

si
fic

at
io

n

Individual testing

FNr
K

FNo
K

Upper bound to FNr
K − FNo

K

FNr
K − FNo

K

1 5 10 15 20

(d) ∆C

0
10

20
30

40
50

60

Pool size, K

E
xp

. C
os

t p
er

 s
ub

je
ct

Individual testing

Cr
K

Co
K

Upper bound to ∆C

∆C

1 5 10 15 20

Figure V: Expected number of tests and classification errors per subject for Chlamydia,

assuming N = 300. The blue dot corresponds to the case in which subjects are individu-

ally tested, i.e. K = 1. Parameters for the dilution function (16): Se = .99, Sp = .98 and

δ = 0.15. The purple lines correspond to the looser upper bounds derived in section D.
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Figure VI: Expected number of tests and classification errors per subject for Covid-

19, assuming N = 300. The blue dot corresponds to the case in which subjects are

individually tested, i.e. K = 1. Parameters for the dilution function (16): Se = .99,

Sp = .989 and δ = 0.0459. The purple lines correspond to the looser upper bounds

derived in section D.
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